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Abstract� By use of antisymmetric characteristic method� from cubical P �
symmetry groups GP

�
�P � �� 
� ��� �
� �P�l��symmetry three�dimension�

al space groups Gl�P

�
are derived�

Cubical P �symmetry three�dimensional space groups GP
� �P � ��� ��� ��	

��
 are derived by Yu� S� Karpova �Yu� S� Chubarova
 �	��� From space

groups G� are derived �� junior G��
� 	 �� G��

� 	 �� G��
� and �� G��

� � By the
use of the generalized antisymmetric characteristic method �AC�method

introduced by the author ���	 some of the results mentioned will be corrected	

and derived all cubical �P� �l
�symmetry three�dimensional space groupsGl�P
�

�P � ��� ��� ��� ��
�

�� Some general remarks on ���
�� ���
�� ���
� and ���
�symmetry

The cubical symmetries ���
�	 ���
�	 ���
� and ���
� �or ���C�
�	 ���C�
�	
���C�v
� and ���C�v
�symmetry	 according ���
 are particular cases of the
general P �symmetry ��	�� with P � T� Th� O and Oh respectively�

In the case of ���
�symmetry P � A� is the irregular permutation group	
generated by the permutations c� � ���
 and c� � ��
���
	 satisfying the
relations�

c�� � c�� � �c�c�

� � E�

In the case of ���
�symmetry P � Th � A��C� is the irregular permutation
group	 generated by the permutations c� � ���
����
	 c� � ��
���
���
���

and c� � ��
���
���
���
	 satisfying the relations�

c�� � c�� � �c�c�

� � E c�� � E c�� c�c��

Received February ��� ����

���� Mathematics Subject Classi�cation� �H���
Supported by the Serbian Scienti�c Foundation� grant N� ��M���

�



 S�V� Jablan

In the case of ���
�symmetry P � O � S� is the irregular permutation
group	 generated by the permutations c� � ����
 and c� � ���
	 satisfying
the relations�

c�� � c�� � �c�c�

� � E�

In the case of ���
�symmetry P � Oh � S��C� is the irregular permutation
group	 generated by the permutations c� � ����
�����
	 c� � ��
���
 and
c� � ��
���
���
���
	 satisfying the relations�

c�� � c�� � �c�c�

� � E c�� � E c�� c�c��

By introducing l antiidentity transformations e�� � � � � el �l � N
 ��	�� com�
muting between themeselves and with the generators of group P we have
�P� �l
�symmetry	 with the group P � � P � Cl

��

De�nition ��
�a� a �P� �l
�symmetry group is called the Mm�type �P� �l
�symmetry gro�

up� if it is a Mm�type group regarded as a l�multiple antisymmetry group�
�b� a �P� �l
�symmetry group Gl�P is the group of the complete �P� �l
�

symmetry� if every ei�transformation can be obtained in the group Gl�P as
an independent �P� �l
�symmetry transformation� If the condition �b� it is
not satis�ed� such a group Gl�P is the uncomplete �P� �l
�symmetry group�

�c� a complete �P� �l
�symmetry group Gl�P is the junior �P� �l
�symmetry
group if all the relations given in the presentation of its generating symmetry
group G remain satis�ed after replacing the generators of the group G by the
corresponding �P� �l
�symmetry group generators�

In this work will be considered only the junior Mm�type complete �P� �l
�
symmetry groups�

From the reducibility of the group Th � A� �C� � fc�� c�g� fc�g results
the equality of ���� �l
� and ���� �l��
�symmetry	 and from the reducibility of
the group P � S� �C� � fc�� c�g � fc�g results the equality of ���� �l
� and
���� �l��
� symmetry� Using that equalities	 the problem of the derivation
of all cubical �P� �l
�symmetry groups �P � ��� ��� ��� ��
 is reduced to the
derivation of �P� �l
�symmetry groups �P � ��� ��
�

The derivation will be realized by the use of generalized AC�

De�nition �� Let all the products of P �symmetry generators of a group
GP � within which every generator participates once at the most� be formed�
and then subsets of transformations equivalent with regard to P �symmetry�
be separated� The resulting system is called the antisymmetric characteristic
of the group GP and denoted by AC�GP 
 	
��

In the case of ���
�symmetry	 in every transition from the antisymmetric
characteristic AC�G
 of a generating group G to the antisymmetric charac�
teristic AC�G��
 of a ���
�symmetry group G�� derived from it	 the anti�
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symmetric characteristic remains unchanged	 and the conditions for ���� �l
�
symmetry groups of the Mm�type are the same as the conditions for l�
multiple antisymmetry groups of the Mm�type� Hence	 from every ���
�
symmetry group G��

� can be derived Nm junior ���� �l
�symmetry groups of
the Mm�type	 where the number Nm is the same as the number of l�multiple
antisymmetry groups of the Mm�type derived from its generating symme�
try group G�� The corresponding data about ���� �l
�symmetry groups and
���� �l
�symmetry groups are given in Table �

Table �
��� ��� � ��� �� ��� �� �
� �
� � �
� ��

��s � �

��s � � �
��s �  �  �

��s � � 
 � 

��s �  �  �

��s �  �  �
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��s � � �
	
s � � �

	�s �
	�s � 
 � 
 �
	�s � � 
 � 


	�s � � �
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��h �  �  �

�
h � �

 � �  �

	�a � � �
	�a � � �

��a � � �

��a � � �

�	a � � 
 � 


��a � � 
 � 


��a � � �
��a � � 
 � 

��a �

�
a � � �
��a � � �

��a �  �  �

� �� � �� �

�� �� �� �� �� �� ��

Having in mind the equality of ���� �l
� and ���� �l��
�symmetry	 the only
non�trivial problem is the derivation of ���� �l
�symmetry groups�
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�� ���� �l
�symmetry three�dimensional space groups Gl���
�

The application of the theoretical assumptions given above will be il�
lustrated by example of junior ���� �l
�symmetry three�dimensional space
groups of the Mm�type derived in the family with the common generating
symmetry group G ��	s �P���
	 fa� b� cg����
 with the AC�f�� �ag belong�
ing to the AC�equivalency class ��� ���� In the case of ���
�symmetry we
have two junior ���
�symmetry groups ���

�
 fa� b� cg��������
	

��
 fa��� b��
�

� c���g���������
�
The AC of the �rst group is of the form f��� ��g	 so from it can be

derived N� �  ���� �
�symmetry groups� The AC of the second is of
the form f��
� ��
��g� Because of non�equivalence of the transformations
��
 and ��
�� � ��	 in the sense of ���
�symmetry	 this AC results in
the new AC�f�gfag belonging to the AC�equivalence class �� and giv�
ing N� � � ���� �
�symmetry groups� Because of the equality between
���� �
�symmetry and ���
�symmetry	 to the three obtained ���� �
�symmetry

groups� fa� b� cg���������	 fa��� b��
�

� c���g���
�����
 and fa� b� cg���������
	

correspond three ���
�symmetry groups� fa���� b���� c���g��������
	 fa��� b��
�

	

c���g���������
 and fa��� b��
�

� c���g��������
�
In the same manner is realized the partial catalogue of all junior complete

���� �l
�symmetry three�dimensional space groups of the Mm�type Gl���
� 	

making possibile their complete cataloguation ��� � The �nal results cor�
responding respectively to symmorphic	 hemisymorphic and asymmorphic
���� �l
�symmetry groups are summarized in the catalogue	 which can be
obtained directly from the author� The enumeration results are given in
Table ��

Table �
���� ���� � ���� �� ���� �� ��
� ��
� � ��
� ��

�
s �  
��s �  

��s �  
��s � � �

��s � � �

�	s � � �
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��s � � � � �
�
s � 
 � 
 �

��s � � � � �
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�	s � � � � �
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� �� �
 
�
	�s  � �
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� �� �� �� ��

�� ��� ��� 
� ��� ��� 
�

From the results of the derivation of the ���� 
�symmetry groups we
can �rst conclude that	 because of the equality between ���� 
� and ���
�
symmetry	 there exist �� �not ��
 �	�� ���� 
�symmetry groups and	 con�
sequently	 the same number of ���
�symmetry groups� Such a disagreement
with the results mentioned implies the necessary corrections for the ���
�
symmetry groups in the families with the generating groups 
�s �R��
	 ��s
�P��m
	 �a �P���
	 ��a �P���
	 ��a �P���
	 ��a �P���
 and �	a

�P����
� For these families	 the correct numbers of ���
�symmetry groups
are respectively	  �not �
	 � �not �
	  �not �
	 �not �
	 �not �
	 �not �

and � �not �
�

�� Conclusion

As the �nal result	 for the junior cubical complete �P� �l
� symmetry
three�dimensional space groups of the Mm�type the numbers NP

m �P �
��� ��� ��� ��
 are the following�

N��
	 � �� N��

	 � ��

N��
� � N��

	 � �� N��
� � N��

	 � ��

N��
� � N��

� � �� N��
� � N��

� � ���

N��
� � N��

� � �� N��
� � N��

� � ���
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