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ON COMMON FIXED POINT FOR COMPATIBLE
MAPPINGS OF (A) TYPE ON METRIC AND 2-METRIC
SPACES

Ljiljana Gajié

Abstract. In this paper, using the concept of compatible mappings
of (A) type of G. Jungck [5], we will give a common fized point
theorems for mappings defined on meiric and 2-meiric spaces.

1. Introduction

Let us recall the definition of compatible mappings.

Definition 1.1. Let S and I be mappings from metric space (X,d) into
itself. A pair {S,I} is said to be compatible on X if whenever {z,} is a
sequence in X such that

lim Sz, = lim {2z, =2z¢€ X

Th—+ 00D

then
d(5Tz,,[52z,) — 0, as n — oo.

In [5] G. Jungck introduced the concept of compatible mappings of (4)
type.

Definition 1.2. Let S and I be mappings from metric space (X,d) into

itself. A pair {S,I} is said to be compatible of (A) type on X if whenever

{z,} ts a sequence in X such that

lim Sz, = lim fo2, =2€ X

fi—r00 =00

then
d(I1Sz,,552,) — 0 and d(STz,, [12,) — 0, as n — oa.
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In [5] G. Jungek, P. P. Murthy and Y. J. Cho proved that pairs of com-
patible mappings and compatible mappings of type (A) on metric space are
equivalent each other under some conditions. For instance:

Proposition 1.1. Let § and I be continuous mappings on X. Then a pair

15, T} is compatible on X if and only if it is compatible of type (A) on X.

The following examples show that this proposition is not true if § and I
are not continuous on X.

Example 1. Let X = R with usual metric and define two mapping
S, I: X — X as follows

Both, 5 and I are discontinuous at = = 0. CFor any sequence {z.} C X we
have

A | e

1
, +#0 andf:v:{ﬁ’ z#0
0

&= 1, z=0.

d{ ST vy, I82, )=

so the pair {5, I'} is compatible on X. But now consider a sequence z, = n,
n € N. Then lim Sz, = lim Iz, =0 € X but

n—00
d(SIz,,I1z,) = |n* —n*| - 00, as n — o

implies that the pair {5, I'} is not compatible of type (4) on X.
Example 2. Now, for

-1, # % 1l 2, z>1
I = 1, 0<2<1 and Sz= 1, 0<z <1
0, <0 0, z<0

let us chek that I and 5 are compatible mappings of (A) type. Since re-
striction of I and .5 on (—o0, 1] are equal it’s enough to prove conditions for
sequences {z,} C (1,+oc). Then {/z,} C (~1,0), {Sz,} C (0,1) so for
every n € IV
I{lz,) =0, (8w, ) = 1,
§(fwy) =0; 5(52.)=1,
and so
S(Ux,)=I(Iz,)=0
I(5¢,)—5(S2z,) =0, ne N
To prove that I and 5 are not compatible it’s enough to find just one sequence
{#,}such that lim = lim =2 € X and

n—oo n—og

S(lx,)—I(Sz,) 40, n— oco.
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Let 2, = n, n € N. Then lim Iz, = lim Sz, = 0 but for every n € N,
S(Iz,) =0, I(Sz,)=1so0
S(,)—I(S%,) # 0, n— oo,

2. Result in a metric space
In [3] next fixed point is proved.

Theorem 2.1. Let {5,1} and {T,J} be compatible pairs of mappings of
complete metric space (X, d) into itself such that

a) T(X)C I(X), S(X)cC J(X);

b) For all @,y in X eilher

d(Iz,S2)d(Iz, Ty) + d(Jy,Ty)d(Jy, Sz)

d(Sz,Ty) < :
if d(Iz,Ty) + d(Jy, Sz) # 0, where o, >0 a+ B < 1, or
(1) d(Sz,Ty) =0 if d(Iz,Ty)+ d(Jy,Sz) =0

If one of §,T,I or J is conlinuous then 8, T, I and J have unique fized point
z. Further, z is the unique common fized point of S and I and T and J.

Since only one of mappings 5, T, I, J have to be continuous it is interesting
to see what happens when {9, [} and {T, J} ate compatible mappings of (4)
type. With some modifications in proof of Theorem 2.1 we shall show the
next theorem.

Theorem 2.2. Let {5, 1} and {T,J} be compatible of (A)type pairs of map-
pings of complete metric space (X, d) into itself such that conditions a) and
b) of Theorem 2.1 are salisfied.

If one of 8,T,1 or J is continuous then §,T,I and J have unique fized
point. Further, z is unique common fized point of 5 and I and T and J.

Proof. Let z, be an arbitrary point of X. Since S(X) C J(X) we can
find a point @; in X such that Szy = Jz;. Also, since T(X) C I(X) we
can choose a point x5 with Tx; = Jz,. In general for the point x4, we can
pick up a point zy,41 such that Szy, = Jxz,4; and then a point Za, 4o With

' Tagngr = [Tonyp forn=10,1,2...

Let us put ug, = d(Sz2,, T2n41) and Ugaqr = d(Txans1, STony2)-

Now, we distinguish two cases:

(i) Suppose ua, # 0, Ugpyy # 0 for n=10,1,2...

Then on using inequality (1), we have

(2) Ugns1 < (a+ Blug, < . S (a4 B)*"tlu,, for n =0,1,2,...
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It follows that the sequence
{S.’BD, T.‘El, S.’L‘Q, T ,Tl’gn_h Sﬂ)gn, T$2n+1, -~ }

is Cauchy sequence in the complete metric space (X,d) and so gets a limit

zin X. Hence the sequences {5z,,} = {Jx2n11} and {T2a,_1} = {Iz4,} as
1t’s subsequences also converge to the same point z.

Let us now suppose that [ is continuous so that the sequences {I?23,}
and {/S5z,,} converge to the same point Iz.

Since 5 and I are compatible mappings of (A) type, by continuity of 7
and because of

d(S12gn, 12) < d(STwgy, [13y,) + d(I1zs,,1z)

we have that the sequence {5/x,,} also converges to the point Iz.
As in [2] one can see that

d(I*xy,, ST23,) - d(IPT 3, TTop 1)
d(I2$2ru T$2n+1) + d(J$2n+13 SI:EZH)

d(SImZHaTm2n+1) < Q’( +

d(Jm2n+17T$2n+1) ~d(JZ3nq1, SImzn)
d(1*230, T2ony1) + d(JTan41, S1z,,)

+ﬁd(12$2r11 JxZn-f—l)
which on lgtting n — oc reduced to
d(1z,z) < Bd(Iz,z),
giving Iz = z.
Now let us prove that Sz = z.
d(]z, SZ)d(IZ, T$2n+1)
d(IZ, T$2n+1) + d(J$2n+1, SZ)

d(Sz9T$2n+l) < ( +

fi(Jﬂ?:mH,T$2n+1)d(-fﬂf2n+1,SZ))
d(IZ., T$2n+1) - d(J$2n+1, SZ)

+Bd(1z, Jxo,41)
When n — oo it’s reduced to

d(S5z,2) < Bd(Iz,z2)
which meach that d(Sz,2) = 0.
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Further, since §z = z and S(X) C J(X) there always exists a point z*
such that Jz* = z. Thus
d(Iz,52)d(I1z,Tz*)+ d(J=z*,Tz")d(Jz*, 5z)

d(z,Tz") =d(52,Tz") <
(2,T2") = d(52,T2") < @ d(Iz,Tz*) + d(Jz*, 8z)

+A3d(Iz,Jz")
giving thereby T'z* = z.
Using compatibility of (A) type, Tz* = Jz* = z implies that
d(TJz",JJz")=10
which means tha Tz = Jz.
At the end we have that
N d(1z,52)d(1z,Tz)+ d(Jz,Tz)d(Jz,52)
) d(Iz,Tz)+d(Jz,85z)

iz, Tz) = d(8z1T=2)

+Ad(1z,Jz)

= Bd(z,T%?)

which implies that z = Tz = Jz.
Thus we have proved that z is a common fixed point of 5,7, I and J.
Now suppose that S is continuous, so sequences {5%zs,} and {51z,,}
converge to the point Sz. Since S and I are compatible mappings of (A)
type one can see that

d(IS29,,52) < d(15%an,8522,) + d(S5 Sz, S2)

implies that ISz,, — 5z, as n — oo.

One can prove that Sz = z similarly as in [3].

As S(X) C J(X) and Sz = 2z, we can find a point z* in X such that
Jz* = z, and show that T'2* = z. Since T and J are compatible mappings
of (A) type it again follows as above that Tz = Jz. Further

d(I2 9, S2an)d(I29,,T2)
d(1z9,,T2) + d(Jz, San)

d(Sz2,, T2) < o

d(Jz,Tz)d(Jz, S%2,) )
d(Izo,,T2) + d(J 2, 52s,)

+3d(I2ay,, J2)

which on making n — oo gives z = T'z.
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Thus the point z is in the range of T and since T(X) C I(X) there always
exists a point Z in X such that /3 = z.
Thus, on (1),

d(1%,5%)d(1%,T=z)
d(12,Tz)+ d(Jz,5%)

d(5%,2) =d(5%2,Tz) < of

d(Jz,T2)d(Jz, S2) )
d(IZ,Tz) + d(Jz, 53)

+0d(1z,J2) =0
s0 5% = z.

Since § and J are compatible mappings of (A) type we have, since 5% =
1z, that

d(SI1z,11z) =0,

soSz2=8I2=1Iz=1I:.

Thus we have proved again that z is a common fixed point of 5,7, I and
Y

If the mapping 7" or J is continuous instead of § or [ , then the proof that
z is a common fixed point of S, 7,1 and J is similar.

One can prove that using (1) z is unique common fixed point for 5 and 1
and 7" and J.

(ii) If ug, = 0, for some n, then inequality (2) gives Usne1 = 0 which
implies that

L]
S8Top = Jagnyr = Toapg1 = I2anyn = STapyg == 2.
As in [3] one can argue that z is a unique fixed point of S,T, I and J.
Remark. By choosing o, 3,1, .J,5 and T suitably, we can derive a multi-
tude of fixed point theorems which generalized well known results for weakly
commuting and compatible mappings.
3. Results in 2-metric spaces

At first let us recall the notion of 2-metric space.

Definition 3.3. A 2-metric space is a nonempty set X with a non negative
real value function d on X x X x X satisfying the following conditions:

1) For two distinct points x,y in X there is a point z in X such that
d(w,y,2) # 0;

2) d(z,y,2) = 0 if at least two of z,y, z are equal;

3) d(z,y,2) = d(z,2,y) = d(y, v, z) for all z,y,z in X;

4) d(z,y,2) < d(z,y,u) + d(z,u,2) + d(u, y, z) for all z,y,2,u in X
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Funection d is called a 2-metric on the space X and (X, d) is called 2-metric
space.

Remark. It has been shown that although d is a continuous function of
any one of its three arguments it need not be continuous in two arguments
but if it is continuous in two arguments that it is continuous in all three
arguments.

Number of mathematicians have studied the aspects of fixed point the-
ory in the seting of 2-metric spaces. For references see [6]. They have
been motivatied by various concepts known for the metric spaces and have
thus introduced analogues of various concepts in the frame work of 2-metric
spaces.

Let us recall definition of asymptoticaly regular sequence and define the
notion of compatible mappings in 2-metric spaces.

Definition 3.4. Let (X,d) be a 2-metric space, and S and A be mappings

from X into itself. Then a sequence {z,} in X is said to be asymptotically
{8, A}-regular if for all a in X

lim d(Azn, Szp,a) = 0.

n—nu

In 2-metric space the notion of compatibility has the following form.

Definition 3.5. Let S and A be mappings from 2-metric space X into ilself.
Then {A, S} are said to be compatible if for every a € X

lim d(ASwz,,SAz,,a)=0

TL— 03

whenever {x, } is sequence in X such that

lim Az, = lim Sz,=2¢€ X.

T 00 nN—=00
Definition 3.6. Let S and A be mappings from 2-metric space X into it-
self. Then {A, S} are said lo be compatible of (A) type if whenever {x,} is
sequence in X such thal

lim Az, = lim Sz, =2¢€ X

n—oo n—o
then for every a € X

lim d(ASa,,S5Sv,,a) =0 and lim d(5Az,, AAz,,a)=0.

11— 00 TL— 0O

Since d(z,y,z) = 0if at least two of 2,y and z are equale it is easy to check
that in the case when 4 and 5 are continuous the notions of compatible and
compatible mappings of (A) type are equale. In oposite case it is not true.

Theorem 3.3. Let (X,d) be a complete 2-metric space, d continuous and
A, S and T mappings from X into itself such that
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1) § and T are sequentialy continuous;

2) {A, 8} and {A, T} are pairs of compatible mappings of (A) type;

3) There ezists an asymptotically {A, S} and {A, T}-regular sequence;

4) d(Az, Ay,a) < ad(Sx, Az,a) + a2d(Tz, Az, a) + asd(Sy, Ay, a)
+asd(Ty, Ay, a) + asd(Sz, Ay, a) + agd(Tz, Ay, a)
tazd(Sy, Az, a) + asd(Ty, Az, a) + agd(Sz, Ty, a)
tad( Sy, Tz, a)

Jor all z,y,a in X where a;, i = 1,2,...,10 are non-negative real numbers
such that

max{a,s-i—aﬁ—i----+am,c@+a3+a5+ag+a9+a10,a3+a4+a5+a6,

) + as + ar + ag} < 1.
Then A,S and T have a unique common fized point in X

Proof. Let {,} be an asymptotically {4,585} and {A,T}-regular se-
quence. Then by (4)

d(Az,, Az, a) < ayd( Sz, Az, a)+ ad(Tz,, Az, , a)+
+asd( Sz, Atm,a) + agd(Ti,,, Az, a) + asd(Sz,, Az, a)+
tasd(Txy, A, @) + azd(Se,,, Az, a) + agd(T2, Az, a)+
Faod(82n, T, a) + a10d( Sz, T, a)
for all @ in X and hence, by condition 4) of 2-metric
(1—as —ag — a; — ag — ag — ay0)d(Az,, Az, a) <

<(ar + as + ag)d(Sw,, Ax,,, a) + (ag + ag + ayo)d(Tz,, Az,,a)+
+(as + az + a10)d(Sw,,, Ay, a)+ (a4 + as + a9)d(Tz,,, Az, a)+

+(as + a9)d(Tx,,, Ax,y, Ay) + (as + a10)d(Ax,,, Az, Tz, )+
tasd(5T,, Az, Axy) + ard( Sz, Az, Azm) + agd(Szp, T2y, Az, )+ |
Fa10d( 52, Ty, Az,y,) “

for all @ in X.

Since {z,} is an asymptotically {4, 5} and {A,T}-regular sequence, as
m,n — 00, we have

(1—a5 —as—ar — ag — ag — ayo)d(Az,, Az,,,a) — 0
for all @ in X.

Therefore, {Az,} is a Cauchy sequence in X. Since (X, d) is complete 2- ‘|
metric space, { Az, } has the limit z in X. It means that lim d(Az,,z,a) =0 .
for all a in X.
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Since
d(Szp,z,a) < d(Sw,, 2, Az,) + d(S2,, Az,, a)+
+d(Az,,z,a) — 0, n— oo,
Sz, — z as n — oo. Similarly, we have Tz, — z, n — co. Maps S and T
are sequentially continuous, so it follows that

SAz, — Sz, %, — Sz, STz, — Sz, TAz, — Tz, T?z, — Tz,
15z, — Tz, asn— o0,
Since, for any a € X,
d(ATz,,Tz,0) < d(ATz,,TTz,,a)+ d(AT2,, T2, TTz,)
+d(TTz,,Tz,a)
as n — 00,
d(ATz,,Tz,a)— 0

we prove that
lim ATz, =Tz

Similarly, we have also ASx, — 5z as n — oo.
One can prove, just as in [1] or [3], that 5z =Tz = Az.
Let us prove that Az = A*z. At first notice that
lim d(A(5%,),5(5%,),a) =0 and

lim d(A(S,),T(Sz,),a) = 0 for each a € X.
so {Sz,} is asymptotically {A, 5} and {4, T}-regular sequence. Now, if we
repeat the above procedure for sequence {Sz,}, using that lim A(S%,) =
Az, we have that
A(Az) = §(Az) = T(Az).
Now by 4), for all @ in X,
d(Az, A’z,0) < @, d(5z,Az,a) + a:d(Tz, Az,a) + agd(S Az, Az, a)
+agd(T Az, A%z, 0) + asd( Sz, A%z, a)+
tagd(Tz, A%z, a) + a7d(S Az, Az,a) + asd(T Az, Az,a)+
+agd(5z, TAz, a)+ a10d(5A2,Tz,a)
= (a5 + as + ar + as + g + a19)d(Az, A%z, a).
Since as + ag + a7 + s + @y + ajp < 1, d(Az, A%z,a) = 0 that is Az = A%z,
Putting p = Az we have that

p=4Ap = Sp="Tp.

Thus, p is a common fixed point of A, § and T'. For uniqueness see [1].
Remark. Mapping A is sequentially continuous at common fixed point
of A,5 and T in this case too.
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