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THE SEMI-CONTINUITY OF THE BROWDER
ESSENTIAL GENERALIZED SPECTRUM

Slavisa Djordjevié

Abstract. In this paper the points of upper semi-continuity of the Browder
essential generalized spectrum and generalized spectrum of bounded opera-
tors on Banach space are characterized.

1. Introduction

Let X De an infinite-dimensional Banach space and denote the set of

bounded (compact) linear operators on X by B(X) (K(X)). For A € B(X)
denote, respectively, by N(A) and R(A) null space and the range space
of A. Set N(A®) = U,N(A"), R(A>®) = N, R(A"), a(A) = dimN(A),
B(A) = dimX/R(A) and k(A) = dimN(A)/(N(A) N R(A*)) .
Recall that an operator A € B(X) is semi-Fredholm if R(A) is closed and
at least one of a(A) or B(A) is finite. For such an operator we define an
index i(A) by i(A) = a(A) — f(A). Let &, (X) (2_(X)) denote the set
of semi-Fredholm operators with a(A) < co (8(A) < o0) and o.,(A) Kato
essential spectrum of 4, i.e., '

oer(A)={reC: A-Ag 3, (A)UB_(A)}.

Let 0.(A) and o4(A) denote, respectively, the approximate point spec-
trum and the approximate defect spectrum of an element A € B(X), i.e.,

m(A)={AeC: wmf (A = Azl = 0},
aq(A)={A e C : A— Xis not onto }.
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Set

V(X)={A € B(X) : R(A)is closed and k(A) < oo},
Va(X)={A € B(X) : R(A)is closed and k(A)=n}, n=0,1,2,....

Recall that @, (A)U®_(A) C V(X)[3], and k(A) = 0if and only if N(A%) C
R(A™) [4]. Let

0(A)={AeC: A= X ¢ V(X))
o(A)={AeC: A-A¢ V(X))

denote the generalized (regular) spectrum of A and the Browder essential
generalized spectrum of A.

If (7,) is a sequence of compact subsets of C, then the limit inferior, in
notation liminf 7, is

liminfr, = {A € C: there are A, € 7, with An — A},

and the limit superior, in notation lim SUp Ty, 18

limsup7, = {A € C : there are Any € T, With A, — A},

If lim inf 7, = lim sup 7, then lim 7, is said to exist and is equal to this
common limit, .

Let p be a mapping on B(X), whose values are compact subsets of C.
A mapping p is upper (lower) semicontinuous at A, if for every sequence
{4.} C B(X) such that A, — A then lim sup p(A,) C p(A) (p(A) C
liminf p(A,)). If p is both upper and lower semicontinuous at A, then pis
contivous at A and in this case we write lim p(A,,) = p(A).

In this note we investigate the sufficient and necessary conditions for upper
semi-continuity of the Browder essential generalized spectrum and generali-
zed spectrum of bounded operators on a Banach space which are mentioned
in private correspodence between Prof. Laura Burlando and Prof. Viadimir
Rakotevié (see [6]).

2. Results

Remark 2.1. Reccal that o, and Ogp are not upper semi-continuous in
the algebras of bounded linear operators on infinite-dimensional Banach
space. [xample in which ¢, and o, are not upper semi-continuous can
be constructed using [2, Theorem 1]. By [2, Theorem 1]if A € V(X),
a(A) = oo and F(A) = oo, we can find a sequence A, € B(X) with non-
closed ranges, such that A, — A. Thus, we have that 0 ¢ ag(A)(og(A)) and
0 € 04(An)(044(Ar)) for each n, ie. 0 € lim sup 0 4(An)(lim sup og( Ay )).
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Remark 2.2. Let us remark that in the commutative Banach algebra of
linear operators B(X) the Browder essential generalized spectrum and gen-
eralized spectrum are upper semi-continuous in every A € B(X) [7, Theorem
4.3].

Theorem 2.3. Let A € B(X). Then ag, is upper semi-continuous at A if
and only if o (A) = 0eu(A).

Proof. Let o,,(A) = oek(A) and A, — A, A, € B(X). Since, for every .

T € B(X) ogu(T) C oex(T) [7, Coll. 3.4], and oy, is upper semi-continuous
in B(X), we have

lim sup o gy(A,) C imsup oox(An) C oer(A) = o4(A),

i.e. o, is upper semi-continuous at A.
Conversely suppose that g5(A) # oex(A). Then there exists A € ger(A)\
ag(A). For that A we have:

1) R(A-X)=R(A-2})
2) k(A-X) <
3) a(A-AN)=p(A-A)=00.

There exists a sequence T, € B(X) with non-closed ranges such that T}, —
A — X [2). Thus, we have that 0 € lim sup 0,4(Ty), i-e. for 4, = To + A,
X € limsup o,(An), 4n — A and A ¢ og(A). Hence, agp is not upper
semi-continuous at A. O

Lemma 2.4. Let A € B(X). Then a, Nay 1s upper semi-continuous at A.

Proof. Since o, and og are upper semi-continuous at A [1], we have that
o, N og is upper semi-continuous at 4. 0O

Theorem 2.5. Let A € B(X). If a,(A) = 04,(A)No4(A), then oy is upper
semi-continuous at A.

Proof. If a4(A) = 04(A) N a4(A), then for every sequence {A,} C B(X)
such that A, — A, since for every T € B(X), 0,(T) C aa(T) N aq(T) [5],

we have:
lim sup oy(Ay,) C lim sup(ca(An) N aa(An)) C (0a(4)N aq(A)) = ag(A),

i.e. o4 is upper semi-continuous at A. O
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Theorem 2.6. Let A € B(X). If 0, is upper semi-continuous at A, then
Jek(A) & G'g(A).

Proof. Suppose that o.4(A) € 0,(A). Then there exists a A € Ter(A) \
a4(A). For that A we have:

1) R(A-XN)=R(A-N)
2) kKA-A)=0
3) a(A-X)=pA-))=co.

Then there exists a sequence T}, € B(X) with non-closed ranges such that
T, — A=A [2]. Thus, we have that 0 ¢ lim sup a4(Th), ie. for A, = T}, + A,
A ¢ limsupoy(A,) and A, - A. 0O

Acknowledgement: My special thanks to Professor V.Rakotevié, who was
so kind to discuss with me about the results of this paper.
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