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ON A GENERAL ITERATIVE METHOD FOR SOLVING
HEREDITARY DIFFERENTIAL EQUATIONS (I)

Svetlana Jankovié and Miljana Jovanovié

Abstract. In this paper we consider a general iterative method for solving
hereditary differential equations. We give sufficient conditions for uniform
convergence of a sequence of iterations to the solution of the original equa-
tion and we estimate the speed of convergence of these iterations. Also, we
construct some concrete iterative methods as special cases of this general
iterative procedure.

1. Introduction

In some sense, the idea of the present investigation goes back to the
paper of R. Zuber ([10]) treating one general analytic method for solving
the ordinary differential equation y' = f(z, ), y(zo) = %. The essence is in
what follows: suppose that the functions f(z,y) and F,(z,y), n = 0,1,...,
are defined and continuous on a compact Il = {(z,y) : |z —=0o| < ¢, |y—w0| <
b}. Each of these functions satisfies on IT the Lipschitz condition on the
second argument with a same constant L. Let y,41(z) be a solution of
the equation y),41 = Fu(Z,¥n+1)s ¥n+1(20) = %o, defined on the segment
[:rﬂ - a,Tg + G’]' If E;L.o—_-o SUP |z—up|<a IFn(ma yn(m)) - f(:l:, yn(m))l < 00, then
there exists a constant h, 0 < h < @, such that the sequence of solutions
{#n(z),n € N} converges uniformly in x, 2 € [z — h, zo + h], to the solution
y(x) of the equation ¥’ = f(z,y), y(zo) = yo. If the choice of the functions
Fo(z,y), n = 0,1,... is good enough in the sense that the corresponding
differential equations can be effectively solved, then we are in a position to
find an e-approximation of the solution y(x) of the original equation.

This iterative procedure presents a general algorithm for solving ordinary
differential equations, in the paper [10] called the Z-algorythm, because many
well-known, historically important iterative methods, are its special cases,
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for example, Picard-Lindelof method of succesive approximations, Chap-
lygin methods of secants and tangents, Newton-Kantorovich method and
some interpolation methods ([11]). Later, this approach was appropriatelly
extended to analyse special classes of stochastic differential and integrodif-
ferential equations of Ito type (for example, see [5], [6], [7]).

The aim of the present paper is to construct an analogous general itera-
tive procedure for solving functional differential equations, called hereditary
differential equations. From purely theoretical point of view, and much more
from the point of view of various applications, it is very important to make
suitable methods for finding at least approximate solutions of these equa-
tions and to estimate an error of n-th approximation of the solution of the
original equation. Notice that in the paper [10], in general case, such esti-
mation is not given. Also, it is important to make some concrete algorithms
as special cases of this general algorithm.

At the beginning we give some known notions from the theory of hered-
itary differential equations. Let us have in mind that the hereditary phe-
nomena are based on different problems in continuum mechanics of materials
with memories, as a version of the theory of “fading memory”. Historically,
the first fundamental results, such as existence, uniqueness and stability
problems of solutions of different classes of these equations, are investigated
in the papers [1], [2], [3], [8], [9] and in many others.

Let R* be the real k-dimensional Euclidian space and L, 1< p< o0, be
the usual space of classes of measurable functions, i.e.,

L£={<p| pirt 5 | |so(t)|f’p(t)dt<oo},

where the function p : R — R*, called an influence function with relaxation
properties, is summable on R and for every ¢ > 0 one has

K (o) = esssup B +) <K < o0,
seRt p(S)
K (o) = esssup _Ae) < o0,

sERt P(S + 0’)

Also, p is essentially bounded, essentially stnct]y positive and sp(s) — 0 as
s — 0 (see [1]).

Let X be a past-history space, i.e., a product space X = RF x Lf of
elements z, z = (¢(0),¢), with the norm

o0 1/p
||l|x = (|<P(0)|”+/0 |90(t)|pp(t)dt) = ()P + | ¢l2 )"
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Obviously, X is the Banach space.
An essential property of this space is the existence of the mappings (see
[1], [2]): for & > 0,

(0), s €[0,0]
p(s—0o), s€o,00),

e B 0, 5 E [050]
(T"¢)(s) = { p(s = o), s€[o,00),

e = {

for s > 0, ¢ € X, and limy_e ||T%% — ©(0)F||x = 0, where @(0)* is
the constant function with value (0). Because of that, one can formulate
the notion of X-admissibility for measurable functions defined on any left
semiaxis of R.

The measurable function z : (—oc0,a] — R*, ¢ =conste R, is X-admissible
if for each ¢ € (—c0,a] the function ¢, called its history up to ¢ and defined
by z(s) = z(t — s), s € BT, is itself an element in X. ‘

Therefore, if = is X-admissible, 2! = (z(t),2%) € X for each t € (—o0,a].

From the definition of the norm on the space X, for each t > g, o €
(—00,al, it follows

(1) llz'llx <K Im(t)|+f%||w“’l|r+( lfﬂ(u)lpp(t—“)d“)p],

to

where K =371V 1 (see [9]).
In the papers cited earlier, and many others, the functional differential
equation, called the hereditary differential equation

(2) #(t) = f(t,2"), 2’ =¢, @eX,

is investigated, where f: R X X — R is the given functional. Its solution
consists of a function z : (=00, a] — R¥, a =const> 0, such that:

a) z is X-admissible on (—o0,al;

b)  is differentiable for each t € (0, al;

c) the equation (1) holds for ¢ € [0, a];

d) 2° = 4.

Therefore, in order to determine a solution of the equation (2), we have to
find an X-admissible function = € C'((—00, a]; R¥), such that z(0) = ¢(0)
and for which this equation is valid. Here, 2t = (z(t), z%), where

[ (1), 0<t<a
=150 s
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mf.(s):{x(t 5), 0<s<t

(s — 1), 8> 1.

The continuity of the function z(¢) on [0,a] implies that the function z*

t € [0,a], is also continuous with respect to the norm of the space X.
There is a number of papers, for example the papers cited earlier, first

of all [2] and [3], in which various sufficient conditions of the existence and

uniqueness of a solution of the equation (2) are considered. So, let the

functional f be continuous in the pair of arguments and satisfies the local

Lipschitz condition on the second argument on some compact Q C [0,a]x X,

i.e., there exists a constant I > 0, such that for all (t,z),(t,y) € Q,

(3) |f(t:$)—f(tay)|SLHE“y“ta

where ||z||; = sup,eo 4 |l2°||x. Under these conditions it is proved that
there exists a unique solution of the equation (2), defined on an interval
(=00, T, 0< T < a. '

In what follows, X denotes the Banach space X = C([0,T]; X) with the
norm |Ja]| = |[2||r.

Let us have in mind that the equation (2) is equivalent to the correspond-
ing hereditary integral equation

z(t) = ¢(0) +f0 f(s,z%)ds, 2°=¢, te[0,T),

and that the proof of the existence and uniqueness of its solution is based
on Picard-Lindelsf method of succesive approximations

y !

2 € X, z0=¢,
. i
za(t) = (p(O)-I—/ f(s,22_)ds, 2% =p, t€[0,T], neN.
1]

2. Main results

Together with the equation (2) we consider the sequence of hereditary
differential equations

(4) Ent1(t) = Fﬂ(t!$:1+1)= :1:91_'_1 =9, meEN,

where F}, : RXx X — R* n € N, are given functionals. We suppose that the
functionals f and F,,, n € N, are continuous in the pair of arguments and
satisfy the local Lipschitz condition (3) on a compact 2. We suppose, also,
that solutions of these equations are defined on an interval (=00, T), T > 0.

The main problem is to give some sufficient conditions of closeness of the
functionals F,, n € N, with the functional f, such that the sequence of

solutions {2, (%), n € N} converges to the solution z(t) of the equation (2)
as n — oo,
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Theorem. Let the functionals f aend F,, n € N, be defined as the above
and let the condition

(5) Y sup |Fo(t,ah) — f(t,ah)] < oo

=1 tE[D.T}

be fulfilled. Then the sequence of solutions {x,(t), n € N} of the equations
(4) converges uniformly int, t € [0,T], to the solution x(t) of the equation
(2) as n — oo.

Proof. Denote

€n = sup |Fp(t,2b)— f(t,2%), n€N.
t€[0,T)

So, the condition (5) implies )~ €, < .
From (2) and (4), using corresponding hereditary integral equations, for
n€ N and 0<s<T wefind

2(5) ~ 241 (8)
= [twe - s e+ [ Utwzt) - Pt a2 du
o 0

+ _/:)E[Fn(u,mﬁ) — Fo(u,a")] du + ]:[Fn(u,:c“) — Fp(u,zpy )] du.
Applying the Lipschitz condition (3) in 2, we obtain
|z(8) — Ens1(s)|
<2L /08 [|z% — 23||x du + L /03 llz¥ — @y pq|lx du + €ns.
For 0 < s <t < T we have |

sup |#(s) — Tny1(s)]
s€[0,1]

t ¢
SQL/ Hm”—mgHX—I-L/ [lz¥ = zpy1llx du + et
0 0

Since

R o EENCI OLY
0

= [ letw - pwrpu du =0,
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from the property (1) of the norm we find

i

sup |2(s) — zn41(s)| < 2LB sup |w(’u) — Z,(v)| du
s€[0,¢] 0 weE0,u,

t
+ LB[ sup |z(v) — zpy1(v)| du + €,t,
0 vE[0,uy] :

. 1
where B = K (1 + [[p||},). Denote LB = a and

sup |2(s) — za(s)| = an(t), te]0,T].

sef0,t

Then

i t
anp1(t) < 2a / a,(s)ds+a / any1(s)ds+ent, te0,T].
0 0

If we apply one version of the well-known Gronwall-Bellman lemma, we get
the following recurrence formula

t
(6) an41(t) < 2a / a,(s)ds + €.t
0

4 ]
+a / [2& / an(u) du + ens] e=9ds, t€[0,T], ne€N.
0 0

This formula is considered in the paper [6]. The following upper bound for
@n+1(t) is obtained by induction, repeating integrations

(2at)"1 I ex(2at)"F | et —1
ang1(t) < [ 2eM —— -I-z ] @ —
(7) (n—-1)! = (n—k)! a
at __
= Poy(2at) - &1,

where M = supy¢p, 1y |@1(?)| and P,_; is a polinomial of degree n — 1. The
f,L 1

proof is based on the fact that fo sFe Sds=1—e¢t [k, + =t

+t+1]andt|+(k 1),+ v e g o = (k+1),,t>0 b=0,1,.
wlla.tlmphes

(Qa.s)” ’
(n— k)

(2at)n—k+1 eat -1

2et (1-—e"*)ds <

(m—k+1)! ¢
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k=1,2,...n. Since

00 o2 24T n—1 i

Z Pﬂ_l(QGT) < Z %— I:QOZM + Z En] < 00,
n=1 : n=1

n=1
it follows P,_1(2aT) — 0 as n — co. Therefore,

(8) ant1(T) = sup |2(t) = zna(t)) = 0 as n— oo,
tel0,T)

i.e., 2,(t) — x(t) as n — oo, uniformly on the inteval [0,T]. Because of
the inequality (1), it is easy to prove that zf{ — z' as n — oo, uniformly
on [0,T]. Let us prove that fot Fo(s,z544)ds — fot f(s,z%)ds as n — oo,
uniformly on [0,77].

Since

¢ t
/ f(s,2%)ds — / Fo(s,z;,.1)ds
0 0

t t
< 2a / ap(s)ds+a f any1(8)ds+ ent, 1€[0,T),
0 0

from (8) we get

—0 as n—o00.

¢ t
f f(s,ws)ds—/ Fo(s,z;,,)ds
0 0

sup
te[0,T]

Finally,

t t
i) = 9(0) = [ Falosa4a) ds = 2(2) = 9(0) - | #satys

0
as n — oo, uniformly on [0,T). Thus the proof of the Theorem is com-
plete, O

Therefore, the solutions of the equations (4) approximate the solution of
the equation (2). From (7) we have obtained an error of n-th approximation

aT _ 1
(9) sup |2(t) = zn(t)] < Pas(2aT) > . n=2,3,....
tefo,T] a

Remark. Notice that the proof of the Theorem is different of the proof of
the analogous theorem in the paper [10], in which is shown that the sequence
of iterations {yn(z),n € N}, converges uniformly in #, # € [0, min{T, 371,
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to the solution y(z) of the original equation. As was stated above, in the
general case an error of n-th approximation is not given. So, it will be in
the form (9) with suitable constants.

From purely theoretical point of view, the Theorem suggests us an idea
how to construct an e-approximation of a solution of the equation (2) by a
suitable choice of functionals F,,, n € N. For example, let 2¢ € X, 29 = ¢, be
an arbitrary function. We choose a continuous functional F,:Rx X — R*,
satisfying the Lipschitz condition (3) on €, such that

sup |Fy(t,2}) - f(t,28)| < e1 < o0.
t€[0,T)

Next we determine a solution () of the equation
&y(t) = Fl(f,iﬂ;), Sﬂg =@, te [OaT]'

Inductively, if we know z.,,(t), we choose a continuous functional F, satisfying
the same conditions as F} and such that

sup |F,(t, mi) — f(t,:z:ﬁl)| 5By C 00,
t€[0,7]

where ¢, is n-th term of any convergent series . . ¢,. So, the function
Zn41(t) is defined as a solution of the equation

51311+1(t) = Fn(ta$;+1)a 33?1,+1 =@, te€ [O,T],
etc..Thus, for arbitrary € > 0 there exists m € N such that

|

sUp |2() = 2 (t)| < Pp—z(2aT) < e
t€[0,T] a l

Analogously to the paper [10], we use the notion Z-algorithm for the
described iterative procedure. Since the functional F.(t,z) determines (n + ,‘
1)-th approximation, the sequence of the functionals { Fu(t,z), n € N} will
be called determined sequence for the Z-algorithm.

Obviously, the speed of convergence of the Z-algorithm depends on the
choice of the determined sequence. The Z-algorithm can be effectively used
only if the choice of the determined sequence is good enough, i.e. if the T
equations (4) can be solved. Certainly, in the case of hereditary differential
equations this requirement is too strong and it is difficult to make a such
algorithm. Because of that, our study is mostly based on theoretical con-
siderations of some well-known iterative methods for which we prove that
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they are concrete Z-algorithms. Also, this fact leads to the idea to make
simple forms of linearization of the functional f(t,x), as it will be shown in
the following examples.

Example 1. Let the functional f: R x X — R* be continuous in the pair
of arguments and satisfy the Lipschitz condition (3) on a compact . Also
let a, : [0,T] — RF, n € N, be uniformly bounded continuous functionsj
Then for each z € X the sequence

{an(t) ||z — zpllx + f(t,23), n€N}

is the determined sequence of the equation (2). Really, the functionals
Fo(t,2) = an(t)||lz — 24||x + f(t,2%), » € N, are continuous and for all
(t,z),(t,y) € Q the relation

|Falt,z) — Fu(t,9)| £ sup |an(t)llz — yllx
t€[0,T]

<llle-ylix <tz —ylls, neN,

is valid. Therefore, the functionals f(t,z) and Fn(t,z), n € N, satisfy on
Q the Lipschitz condition (3) with the same constant Ly = max{l, L}. The
condition (5) is also satisfied because

€, = Ssup |Fn(t,w;) — f(t,:cﬁl)| =0, n€EN.
tef0,T]

So, from the Theorem it follows that the functionals F,(t,z), n € N, de-
scribe the determined sequence of the Z-algorithm with the error of n-th
approximation

(2¢T)"2 e*T — 1

n=2)! pa— n=2305

sup |2(t) — za(t)] < 2aM -
te[0,T]

where @ and M are suitable constants.

Notice that Picard-Lindelof method of succesive approximations is a spe-
cial case of the preceeding algorithm for ay(t) =0,n € N, with the deter-
mined sequence { f(t,z%), n € N}.

Example 2. Let the functional f(t,z) be defined as in the example 1
and let B, : [0,T] — R, n € N, be continuous uniformly bounded functions.
Similarly to the example 1, it is easy to prove that the sequence of functionals

{ Ba(t) [2(t) = za(D)] + f(t, 3’:@.), n€ N},
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is the determined sequence of the Z-algorithm. Therefore, the sequence of
solutions of the linearized hereditary differential equations

Eny1(l) = Ba(®)[znt1(2) — za(?)] + f(2, xfx):
3?1-4-1:(»01 tE[O,T], ’I‘LEN,

presents iterations of the solution of the equation (2). In particular, if

Br(t) = 0, n € N, then this Z-algorithm is reduced to the Picard-Lindelsf
method of iterations.

It could be very interesting to compare speeds of convergences of different
Z-algorithms. Moreover, our intention is to form some other determined

sequences and to choose the best Z-algorithm. However, it will be a sub ject
of forthcoming papers.
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