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A BERGMAN-CARLESON MEASURE
CHARACTERIZATION OF
M-HARMONIC BLOCH FUNCTIONS

Miroljub Jevtié

Abstract. We prove two Bergman-Carleson measure characterizations of
the M-harmonic Bloch space

1. Introduction

Let B denote the open unit ball of C*, and m the 2n-dimensional Lebesgue
measure on B.

As in [5], we say that a w € C?*(B) is M-harmonic in B, v € M, if
;_’(.u(z) = 0 for every z € B. The operator A is the invariant Laplacian
defined by Au(z) = A(zo,)(0), z € B, where A is the ordinary Laplacian
and ¢, the standard automorphism of B taking 0 to z (see [5]).

For f € CY(B), Df = (%, ; ..,%) denotes the complex gradient of f,
V= ((,f—mfl,...,%), 2k = Top—1 + 1xop, k= 1,2,...,n, denotes the real

gradient of f.

For f € CY(B) let Df(2) = D(f o ,)(0), z € B, and Vi(z) = V(fo
©2)(0), z € B, be the invariant complex gradient of f and the invariant real
gradient of f respectively.

If f € CY(B) let
IV2f(2)]* = 2 (1Df(2)]* = |Rf(=)* + |DF(2)* - |RF(2)]*)

be the tangential gradient of f. As usual, R denotes the radial derivative
R= 2_?:1 Zj aiz,-‘
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In [1] it is proved that a holomorphic function f on B belongs to the
Bloch space B, i.e.

D : . 5 2 (1 — [af?) 1
sup [Df(z)| < co if and only if sup [ |Df(z)] T dm2)< oo,
=€B «€BJB |1 — za|?+

and we also obtain some other characterizations of the space MB . More

|

|

In this note we extend this recult to the M-harmonic Bloch space MU, ‘

|

precisely we prove

Theorem 1. Let 0 < p < oo and let f € M. Then the following statements
are equivalent:

(t) f is a M-harmonic Bloch function, f € MB, i.e. sup ]€7f(z)| < 00,
zeB

|
|
|
dm(z) < oo,

1 CL2 n+1
(41) SEEL“‘ |Z|2)p|vf(z)|pHE||2)T-l-2
(1 _ |a!2)”+1

(ie7) :25/3 |Vf(z)|p|1—_z_al27_l_2dm(z) < 00,

For £ € § and 0 < 6 < 2, put Q4(€) = {ze€B:|1-2f <6}. In
what follows, a positive measure p on B is called a Bergman-Carleson if ‘
#(Qs(€)) = O(6™*1) uniformly in £ € § and § > 0.

It is easily seen that a positive measure ¢ on B is a Bergman-Carleson |
measure if and only if

[ L= la)m |
oeh Jp T zapres 2) <.

Thus the following theorem is a corollary of Theorem 1.

Theorem 2. Let 0 < p < oo and let f € M then the following statements
are equivalent:

(i) f € MB,
(#7) du(z) = (1 — |2[*)?|V f(2)|Pdm(z) is a Bergman-Carleson measure.

(422) dv(z) = |€'f(z)|5°dm(z) is @ Bergman-Carleson measure.

2. Proof of Theorem 1

(i) = (#it). By standard estimates Je(1=[a|®)"*1|1-2@|~2"2dm(z) < C,
for every a € B (see [5], p.17). (Here and elsewhere constants a denoted by
€' which may indicate a different constant from one occurrence to the next.)
Thus, if sup,cp |V f(2)| < o0, then (ii1) holds.

T
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(#43) = (44). An application of Cauchy-Schwarz inequality shows that
IVrf(2)F > 2(1 - |2°)(IDf(2)]* + | DF(2)[*)
= (1= )V f(z)".
Also,
Vi) = 2(Df()* + |1 DF(2))
=(1-2)IVrf(2)]*  (see [4]),
and consequently, ~
V()| 2 (1= ")V F(2)l
Thus, (2i1) = (i1).

(1) => (i). Fora € Band 0 < r < 1let E.(a) = {z € B : |pa(2)| < r}. By
Lemma 3.1 in [3] we have

ve O Pl 3
VP < oy VAP, a€ B,

(here r € (0,1) is fixed). ‘
Since 1 — |a|*> 2 1 — 2|2 = |1 — 2@, for z € E,.(a) we have

(1-|a®)PIVf(a)F < Cf 2|)? |Vf( )]p(|11—:—|a_l|2)—:—::dm(z)
gt

Z C/(l |2|)P|V f(z )|P_I_1.—de(z).

From this it follows that if (i%) holds then sup,¢p(1 —|a|*)|V f(a)| < co. By
Theorem 1 ([3]), f € MB.

Carefully examining the proof of Theorem 1 we conclude that the follow-
ing is true.

Theorem 3. Let f € M and p,s > 0. Then the following statements are
equivalent:
(i) f € MB,
(1= af?)

(i) sup [ (1= VIV G [ = s () < o,

2
(414) sup/ IV f(z )|7’|1(—-%dm(z) < 00,
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3. Remark
The functions annihilated by the operators Ayp, @, 8 € C, defined by

K

0? =y
Agp = (1 - |z]2){ > (6 - Zﬁj)m +aR+ B8R - aﬁ}

i,j=1

are called (a, #)-harmonic.
Using a similar method of the proof of Theorem 1 we can obtain a
Carleson-Bergman characterization of the (a, §)-harmonic Bloch space B,g.

Theorem 4. Let 0 < p < 0o and let f be a (e, B)-harmonic function. Then
the following statements are equivalent:

(i) f € Bag, i.e. sup |Vf(2)| < oo,
zEB

(#4) (1 = [2*)?|V f(2)|Pdm(z) is a Bergman-Carleson measure,

(#22) |§f(z)jpdm(z) is a Bergman-Carleson measure.
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