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STARLIKENESS OF A CERTAIN CLASS
OF UNIVALENT FUNCTIONS

M. Obradovi¢®, S. Moldoveanu and S.S. Pascu

Abstract. We consider the starlikeness of the class of univalent functions
investigated earlier in [2].

1. Introduction and preliminaries
Let A denote the class of functions which are analytic in the unit disk
U ={z:|z| < 1} and have the form
(1) f(z):z-l—a2z2+...
Further, as usual, let
z2f'(2)
f(2)

be the class of starlike functions of order a. We put §*(0) = §* (the class
of starlike functions in U). These classes are the subclasses of the class of
univalent functions in U (see, for example [1]).

S*(a)z{feA:Re{ }>a,{)§a<1,z€U}

In their paper [3] Ozaki and Nunokawa gave the following
Theorem A. Let f € A satisfy the condition

2f'(z) _
(=)

(2)

1’(1, zel.

Then f is univalent in U.

Later, in the paper [2] the authors considered the class of functions f € A
which satisfy the condition (2). They obtained the representation formula for
those functions and other results in connection with starlikeness and close-
to-convexity in the unit disk. Among others results we cite the following
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Theorem B. Let f € A satisfy (2). Then
z
X |75~ 1 < el Qual 412D, zew

In this paper, by using another method, we will consider the starlikeness
in the unit disk in general, not only in the case when a; = 0 as in [2]. For
our results we need the following

Lemma A ([4]). Let0 < Ay < A< 1 and let Q be analytic in U satisfying
Q(2) <14+ Mz, Q(0)=1.
(a) If p is analytic in U, p(0) = 1 and satisfies
QB+ (1-B)p(2)] < 1+ Az,

where
- A
1——, 0<A+M <1,
(@) 14+ X
1— (A2 4 M%) "
_ ME<1<A
2(1—/\12 ) /\ + 7 >~ +A1:

then Re{p(2)} >0,z € U,
(b) If w is analytic in U, w(0) = 0 and

QML +w(2)] < 1+ Az,
then

(5) lw(2)] <

=r<l

= £ 1.
= n <1, A+2Mh<1

The value of 3 given by (4) and the bound (5) are the best possible.

2. Results and consequences

Theorem 1. Let f(z) = z+ ay2* + --- € A satisfy the condition (2) with
0 < |az| = a < 2. Then the following statements are true:

(a) Re {%;—)} >0, |z <ri(a),

where r1(a) € (0, 1) is the positive root of the equation

(6) 2rt 4 2ar® +a?? —1 =0,
gz _1_’ .Y
(b) f(z) 28 < 2,6’ |2| <r,
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where  and r are given by

1—r(a+r7) ' 2

S PRl <2 =
1+72 v T
1 [(r(a+ ) + 7]

2(1—r4) '

(1) B=

ra(a) < r < ri(a)

(r1(a) is the same as in ().
©) f(2) r(a+r)+r? 2
2f'(z) 1—r? Va+12+a
Proof. Since f satisfies the condition (2) then using the estimation (3) and
the proof of Theorem 1 in (2], we can write

<1, |z2l<r, 0<r<

rr
\ Fird) \ <ve+r), zel,

and
2fl
-] 5wt sev.

which are the same as the following

(8) }—('-'%) < 14r(a+r)z
and

(9) (—"if);(j;;gzl <147z
If we put

@RS )
Q(Z)— f2('rz) 1p( )— 'f'Zf'(TZ) A ( F ) A =17,

then we have that 0 < Ay < A < 1 and the conditions (9) and (8) are
Q(z) <14+ Mz,

Q(z )[p() ('—ﬁ)+ﬂ] <1+ Az,

where 3 is given by (7) and where in the second case, instead of ro(a) <
r < ri(a), it should be r2(a) < 7 < ri(a). By Lemma A we have that
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. f(r2) |
Re{p(2)} > B, z € U, or equivalently Re{m > 8,z € U. For

7 = r3(a) we get § = 0 which implies the statements (a) of the theorem. For
ra(a) < r < r1(a) the last result is equivalent to

(rz)f'(rz) 1 1
7ezy 28| <2 *€

which is the same as the statement (b) of the theorem.
If we write the condition (8) in the following form

Q(z) = [(M—l)-u] <14 Az,

rzf'(rz)
; _ _f(r2) :
and if we put w(z) = W — 1, then, by applying Lemma A (c), we have

the statement (c) of the theorem.
We note that the equation (6) we get from from the condition A2 =1,
and since the function ¢(r) = 2r! + 2ar3 + 422 — 1 has the properties:

\
p(0)=-1, @)= (a4 1)2 >0, @'(r) = 8r% + 6ar® + 2a2r > 0 |
for r € (0, 1), it means that the equation has only one root in the interval
(0,1). O

If |az| = @ — 0, then from Theorem 1 we have the following
Corollary 1. Let f(2) = 2+ asz® + agz* +... be analytic in U and satisfy
1
the condition (2). Then f is starlike Jor, at least, |z| < —= = 0.84089... O

V2
This is the former result given in [2].
For example, for a = 1 in Theorem 1, we have
Corollary 2. Let f(2) = z 4 €22 + a32% + ... satisfy the condition (2).
Then the following statements are true:

(a) Re{ﬂz—)} >0, |z|<mr,

f(z)
where Ty = 0.58975... is the positive root of the equation 213 +r — 1 = 0.
z2f'(z) 1 1
b — —ral € |H<r
™ 1 | <z M
where # and r are given by
1—r(l1+47) 1
Z _ v vy &=
Tarz 0<r< 5’
S TR O RS) )
- <
2(1— 1) r f TR

.
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f(=) r+ 27 VI3 -1
_1 I< e o = . ] l—...
© |3~ < To A< 0<r< == =o0mas. O

We note that the radius of starlikeness for the whole class of univalent
functions in U is equal to p = tanh q= 0.65579..., and in that sense our

result in (a) is not so good. But, for a smaller value of a we have a better
result. For example, for 0 < a < 0.72 we get that the radius of starlikeness
is greater than p.

From Theorem 1 (c) we also get the following

Corollary 3. Let f(z) = z 4+ a22? + - -+ € A satisfy the condition (2) with
as| = a 03(552.Then_f65*()ﬂ)riz

Remarks. For f € A which satisfies (2) and (3) we obtain (where we put
laz| = a): :

2 =z 2
(T)) _1': |76~ 1] 75+ 1] < It el (l=lta + 121) + 2),

and similarly as in the proof of Theorem 1, we can write that

rz \?
(10) (WZ)) <14+r(a+r)r(at+r)+2)z

Now, if we put

(rz)? f'(rz) ‘ ’
Z) =y O A=rle+r)(r(at+r)+2), Ay =7°,
Q) = 55 (0 = o A= et 1) et 1) 42
and combine the relations (9) and (10), we can have the appropriate re-

: as for 1(2)
f'(2) zf'(z)

sults for a function

in Theorem 1, but they are more

complicated.
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