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ABSTRACT: We extend weak Drazin inverses of sguare matrices to
rectangular, and investigate some properties of these inverses.
Applications to systems of matrix equations are also given.

1. Introduction and preliminaries
For every square complex matrix B there is a unique
solution of the system in X:

8P*1x =8P, XBX - X , BX - XB

for p2indB(k=indB is the smallest nonnegative integer such that
rank(Bk)=rank(Bk+1)). The unique solution X is called the Drazin
pseudoinverse (or simply Drazin inverse) of B and is dencted by
8111,

The generalization of the Drazin inverse for rectang-
ular matrices has been introduced by R.E. Cline and T.N.E. Gre-

ville [4] as the unique solution of the system in X:
B6) B Txw = (B0) R, XwBWX = X , BUX = XB

This unique solution is called W-weighted Drazin inv-
erse of B,

The concept of a weak Drazin inverse was essentially
introduced by S.L.Campbell and C.D.Meyer Jr.[2] (see also [3]) as
the solution for Bp+1X:BP and such a sclution was called a weak
Drazin inverse.

Following the idea of W-weighted Drazin inverse of
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rectangular matrices we define and investigate so called weigh-
ted weak Drazin inverses,

DEFINITION 1.Let B6C"™", wec"™and k= ind(3W).

(i) xec™Mig a weighted right weak Drazin inverse of
B if it satisfies

(1) B0 xw = (8P , p2r .

(ii) Xec™Mig a weighted left weak Drazin inverse of
B if it satisfies

(2) xuwBw) o By Y, qzk .

|

|

|

The set of all weighted right (left) weak Drazin inve-
rses of B is denoted by (B:W)d ((B:W) ).

S d,L

Recall that any element of the set of matrices ‘
{X|AXA= A} is called a {1}-inverse of A and is denoted A(1).

The following fact ([6],p.22) we shall use later:

(3) AB(AB) ()4 4 <=> rank (AB) = rank (A).
Also, Penrose [5] proved that the equation
AXB = C
is consistent if and only if
(4) anMegMyg _ ¢
and the general solution is then given by

where VY is arbitrary.

2. Results

THEOREM 1. Suppose that BEC"™", wec™™ and k- ind (Bu). Then, fox
positive integers p and ¢ such fhat p,azk, the genenal solutions

of (1), (2) and of the sistem (1)=(2)are hedpectively given by
(5) x = 80 % ey - B suvee (M |
(6) x = 80)Pw M+ u - uwsw(sw)Pw ")
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and

(7) X = 7+ ((1-2wBW) (8uw) 2~ (8w) PBwzw (1-Bw (8w 2w

where Y,U and 7 are arbifrary mathices.
PROOF ¢ By (4), the eguation (1) is consistent if and only

if
B0 P o Py DY e P Mo = 8o P,

i.e.

i P (e P D woyP = @BnP.

This condition is satisfied if and only if (see (3))
rank((Bw)p+1) = rank({Bw)p) , but this holds since p2ind(BW) .
Now the general solution of (1) is given by
(8) % =0 Py Y @y Pu D pye @y Py O e P yew D,
where V is an arbitrary matrix.

since ((BHP)1PT! is an {1)-inverse of (BW)P*', (8)

can be written as

x = (802 P g Pu My 8wy ®) P sy P ven 1
and finally, in the form (5).

The general solution of (2) can be obtained in a si-
milar way, and we omit the proof.

In order to solve the system of equations (1) and (2),
we substitute the general solution of (1) into (2) and obtain

the following equation in V:

+1
X

(9) (1- (Bw) P8w) v (B =0

The general solution of (9) can be written in the

form
(10) y = 7 -(1-(Bw) PBw) 2wBw (Bw) Pw 17,
where 7 is an arbitrary matrix.

Substituting (10) into (5) we get (7). It is easily
verified that (7) salisfies (1) and (2), which means that (7) is
the general solution of the system (1) and (2). This completes

the proof.
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and

(7) X = 7+( (1-20BW) (8)°- (Bw) PBwzw (1-8w (8w) Py)yw !

PROOF & By (4), the equation (1) is consistent if and only

£

|
wherne V,U and 7 are anbitrary mathices.
i
P een P Y e PeMe = oy P,

a P = O

@ P (e P Y sy P = B P.

This condition is satisfied if and only if (see (3)) |
rank ((B) Pt = rank(Bu)?) , but this holds since pzind (BW) . |
Now the general solution of (1) is given by |
(8) K =080 Py O gy P wyo @y PHY O (gwy P vew )
where ¥ is an arbitrary matrix.

Since ((BW)D1p+1 is an {1}-inverse of (BW)p+1, (8)

can be written as |

and finally, in the form (5).

The general solution of (2) can be obtained in a si-
milar way, and we omit the proof.

In order to solve the system of equations (1) and (2),
we substitute the general solution of (1) into (2} and obtain

the following equation in Y:

)q+1

(9) (1-(Bw) PBw) vw (Bw =0

The general solution ¢f (9) can be written in the

form

\
% = (2P @ Pu M ey (@u) 2y P 8w PH vuw
(10) y = 7 -(1-(8w) Bw) zwsw (8w) w1,

where 7 is an arbitrary matrix.

Substituting (10) into (5) we get (7). It is easily
verified that (7) salisfies (1) and (2), which means that (7) is
the general solution of the system (1) and (2). This completes

the proof.




— LLQtBEme”,WQCnxm. k=ind (BW) , XG(B:W)d ne VE(B:W)d 'L

ZE(B:w)d n”(B’w)d 2 and LEN. Then for each mz b we have

a) (8w) € (xw) "= cvw ™ (8w = (8w £ (2w =
=zw) " Boy C= (Buf ((B1)P) " for new ;
b) 0 © o = v H T swy e sy £ ozwy 2 2wy B gy e
—vw (8w) £ (xw) £= vy £ (8w Exu=
= vyt 8wy 251 (xwy b= 8wy ®
c) vwsi (8w) °= (8w) PBuxw= (Bw) Buzwaw (8w) P= 8y ® ;
a) v ( (8w)°) "= ( (1) °) "xw=2w ( (Bw) °) "= ((Bw) °) 2=
= ((BWJD)H+1, for nEN.
PROCF. a) For example, the relation

o)™ = @ @w )"

can be proved by mathematical induction in n. Note that the re-
lation
@ xw = 3w ¢ (8w)°

follows from (5), i.e. X can be replaced by the general solution
(5) . The other relations can be proved in a similar way.

Part b) follows directly from a); c) follows from ge-
neral solutions (5), (6) and (7); finally, d) can be proved by
mathematical induction,

THEOREM 3. Lez BEC™" wec™™ and ind(BW)=k. Then:
a) gor pzk, the genernal soluticn of the system

1) BN xw = B P
(11) BWXWBW = Bw

As gdven by
(12) x = (8u)° (1-uzwyw Vaz+ @) ) (7-8w B1) ®y (1-Bwzw) B (wmny §

where I Ls an arbitrany matrix;

b} for g2k, the genenal solution of the sgstem
(2)  xwEwm = (5w
{11) BWXWBW = BW
L5 given by
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(1 )(]k

(13) x= (1-tws) (80) P "+ v + B M 18wty (1-8w (8w P) Bw wawf

wherne U 4is an arbitrnary matrix.

PROOEF . a) By Theorem 1. we have that (5) is the general sclu-
tion of (1). Substituting (5) into the equation (11), we obtain the

following eguation in Y:
D D
(14) (I-BW (BW) ") BWYWBW = (I-BW(BW) )BW.

Because of (11) we have that rank(WBW)=rank (BW), so
that the equation (14) is consistent. The general solution of (14)
is

(15) y = z+80) " (1-Bw Bw) °) Bw (1-zwBw) (wBw) {17,

where Z is an arbitrary matrix.

Substituting (15) into (5) we get (12). Now (12) sati-
sfies (1) and (11), and it is the general solution of this system.
b) Can be proved in a similar way as a).

This completes the proof of the theorem.
THEOREM 4. Let Bec"™™", wec™™ ind(BWw)=k and p,q2k. Then the general
solution of the sysitem

(1) 8w) P xw = (B P
(2) xwBw T = (B ¢
(11) BWXWBW = B

i4 given by

(16) X=T+( (I-TwBW) (8w) 2= (8w) PBwTw (1-8w (w)°yyw' M +
+80) 1) (1-Bw B Py (1-BwTw (1-Bw (Bw) ) ) Bw (wBw) 1),

whete T 44 an arbitrary matrix,

PROOF. From Theorem 1. it follows that (7) is the general solution
of the system (1)A(2). The equation in Z

(17) (1-Bw (BW)P) Buwzwsw (1-Bw (8w) °) = (1-8w (Bw) °) Bw

is obtained when we substitute (7) into (11). It can be proved th-
at the equation (17) is consistent. Now the general solution of
(17) is




2 = 80 " (1-Bu(Bw ®) Bw(waw 1 +7- (5w (1) -
- (1-Bw (8w °) BuTwBW (1-8w (8w) °) (waw) 17,

where T is an arbitrary matrix. We substitute Z into (7) to obtain
(16) .

This paper was presented at the seminar "Generalized

Inverses" of the Mathematical TInstitute (Beograd) , taking place at
the University of Ni¥.

[11]

[2]

[3]

[4]

[51]

[6]

REFEREDNCES

BEN-ISRAEL, A; GREVILLE, T.N.E.: Generalized Inverses: Theory
and Applications, Wiley-Interscience, New York, 1974.

CAMPBELL, S.L.; MEYER, C.D.Jr.: Weak Drazin inverses, Linear
Algebra Appl., 20 (1978), 167-178.

CAMPBELL, S.L.; MEYER,C.D.Jr.: Generalized Inverses of Linear
Transformations, Pitman, New York, 1979,

CLINE,R.E.; GREVILLE, T.N.E.: A Drazin inverse for rectangular
matrices, Linear Algebra Appl., 29(1980), 53-62.

PENROSE,R.: A generalized inverse for matrices, Proc.Cambridge
Philos.Soc.,51(1955), 406-413,

RAO, C.R.;MITRA,S.K.: Generalized Inverse of Matrices and its
Applications, Wiley and Sons, New York, 1971.

Miomir S.Stankovié i Mirjana V.Djurié
TEZINSKI SLABI DRAZINOVT INVERZI

Definicija slabog Drazinovog inverza kvadratne matri-

ce proSirena je i na pravougacne matrice. Ispitane su neke osobine
ovog inverza i data je primena na re8avanje nekih sistema matriénih
jednacina.

Fakulbelt zsdtite ns radu
18ooo liis, Yugoslavia
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