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Abstract. In paper [9] we define the natural partial order

on an r-cancelative semigroup. In this paper we introduce the
notions of locally &"- ﬂ?ug unipotent semigroup and consid
the compatibility of the natural partial order on it. In this

er

way we obtain a generalization of results of Blyth and Gomes,[ll.

1. Preliminary results and definitions

A semigroup S 1is T-regular if for every a& S there
exists a positive integer m such that a" e amsa™. We shall
denote by RegS the set of all regular elements of S. An el
ment a” is an inverse for a if a=aa’a and a’=a’aa’. As
usually we shall denote by V(a) the set of all inverses of
If A dis a subset of S +then by E(A) we denote the set of
all idempotents of A. In [8] is defined a mapping r:S — Re
with r(a):am where m is the smallest positive infteger suc

(=5

=

g5
h

that dné_RegS. Define on a N-regular semigroup S an equiva-

lence «*, £ and #* by
82" e 8Sr(a)=8r(b), a&be=r(a)s=r(b)s, R*=T'NI" |

[4]. Recall that we can define a partial order on the Z'- (&
classes by

*

L. ¢ Ip < Sr(a) <8r(b) (R, £ Ry r(a)scr(b)s].
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1.1.PROPOSITION [#] Let S be a f-regular semigroup, then
(1) (a,b)ex*<=(3a’eV(r(2)))@AbeV(xr(b))) r(a)a’=r(b)b";
(ii) (a,b)e2'+=(JaeV(r(a)))(@beV(x(b))) a’r(a)=b r(b).

By % , % and % we denote the known Greens relations.
A Jf-regular semigroup S is an r—-semigroup if

(#a,b€ 8) r(ab)=r(a)r(bv),

[8]. If 8 is an r-semigroup then RegS 1is a subsemigroup of
S,[B]. A W-regular semigroup S 1is an r-cancelative semigroup
if c

(Ya,b € S-Regd) r(a)=r(b) => a=b,

[9].

1.1.THEOREM [9] Let © Dbe an r-cancelative semigroup. For
a,be § we define
ag be=R_< Ry AMEV(r(b)))r (a)=r(a)b’r(a)=r(a)b r(b)=r(b)br(a)

Then the relation £ is a (natural) partial order on 8.

1.1.THEOREM [9] On an r-cancelative semigroup S the fo-
llowing statements are equivalent:

(i) a<b ;

(ii) R < B A (de,f€ E(8)) r(a)=er(b)=r(b)r.

If 8 is a semigroup and E(8) # @ then relation
Me,fEE(S)) e< f <= e=ef=fe

ki

is a natural partial order on X(S8) and denoted by Sn . The
natural partial order < on an r-cancelative semigroup S is
an extension o the natural partial order £, Wwith #(8) on

8, [9]-

1.2.PROPOSITION ILet T be a JX-regular subsemigroup of a
I -regular semigroup S, then '»K"ED = 'QC*S('\TX'I' %

PROUF. Tet (a,b) C.IJC"T , then there exist x,y€TNS
such that =r(a)=xr(b) and r(b)=yr(a). Hence, (a,b)c L NI

Conversely, let (a,b)C ;Jj.*sﬂ’i‘x’]? and asV(r(a))NT ,
bEV(r(b))NT. Then
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(a‘r(a),a),(a,b),(b,b r(b))€ I*S

and so (a’r(a),b’r(b))E 3?8 . Now there exist x,y€ S such
that
a‘r(a)=xb r(b) and b'r(b)=ya’'r(a) ,

whence it follows that
_a'r(a)-b’r(b):&'r(a) and b r(b).a'r(a)=b ' r(b) .

Since a‘'r(a),b’r(b)ET we have (a’r(a),b’r(b))€ I*‘I‘ . Hence,
(a,a'r(a)),(a'r(a),b'r(b)),(b'r(b),b)eI'T

and so (a,b)€ CC'T .

We refer to [5,5] for nondefined notions.

2. The compatibility

If 5 is a regular semigroup and e,f€ E(5) then the sand-
wich set 8(e,f), introduced by Nambooripad in [7], can variously

be defined as follows:
(1) S(e,f)=f.V(ef)-e=8(3)N V(ef) Nfse
={g € B(8): ge=g=fg, egf=ef}.

Note that 5(e,f) # @ since it contains fxe for every x€ V(ef)
If 8 is a T -regular semigroup and e,f€ &£(8), then in
general case efQ:‘ Regh s0 V(ef) #@ and 8(ef) 1is empty.

2.1.LEMMA Tet S Dbe a J-regular semigroup, e,f€ &(8)
and RegS 1is a subsemigroup of 5. Then
(1)  8(e,f) # 8 .
(ii) 8(e,f) is a rectangular band.
(iii) (FaeVir(a)WeV(x(mNW s (al (a)r(bb )b ga €V (r(alr(b)).
_ e 't = (Vg B(8)) 5(e,g)=8(f,g)
Kbed {eﬁ'f == (Ve B(3)) 3(g,e)=8(g,f)
PROCF. As in paper il]

2,2, 15414 Let & be an r-cancelative semigroup, a,b& S,

a<b and beV(r(b)). Then there exist a2 ,2"€ V(r(a)) such
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(2) r(a)b'=r(a)a'£n r(b)b” and r(a)=r(a)a’r(b) ,

(3) b'r(a)=a"rla) = b'r(b) and r(a)=r(blar(a) .

PROUF. Let a<b, then for each bEV(r(b))
r(a)=r(a)d'r(a)=r(a)b’r(b)=r(b)b’r(a).

r -r_ # _p* * ® . - #® _
I‘l;zen Ra'Rr(a)'Rr(a)b’r(a)sRr(a)‘o' gRr(a) ’1mplles Rr(a)b'—
Ri‘(a) and so r(a)b'ER;_(a). Clearly r(a)bEE(B)NV(r(a)d’).
From r(a)b'jayrr(a), by 1l.l.Proposition, there exists a’€V(r(a))

such that r(a)b’=r(a)a’. Now
r(a)p’'r(b)b’=r(a)b’ , r(b)db'r(a)b’=r(a)b”’

and so 1r(a)b’=r(a)a’ B r(b)b”. Also, r(a)a’r(b)=r(a)b z(b)=r(a).
In the similar way we prove (3).

2.3.LEMA TLet S be a Jf-regular semigroup, then eSe is
a [-regular submonoid of & for all e€E(S).

PROOF. Clearly eBe 1is a submonoid of S. Let a€eSe,
then a=exe for some x€ S and there exist a positive integer
m and t€S such that a"=a"ta”. Now

m-1 m-—l: m—-1

m-1 _m m
al=atal=a ataa a exesete.exea =a .eze.a .

Since eze€eSe it follows that eBe 1is a f-regular submonoid

of 8.

We shall say that eSe is a local submonoid of S for
every e€E(8).

2,1.DEFINTITION A f-regular semigroup & 1is said to be
7*unipotent (R'-unipotent) if every & class (R -class) of
S contains a unique idempotent.

2,2.DEFINITICN A Jf-regular semigroup S is said to be
locally f-‘ff-unipotent (-ﬁ*—unipotent) if every local submonoid
of S 1is %-unipotent (JZ*—unipotent).

2.1.EXAMPLE A semigroup 8={1,2,3,4,5] given by the table
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Also, B8 1is an r-cancelative r-semigroup.

2.1.THEOREM Let S be an r-cancelative r—-semigroup. Then

9 2 345
1/]2 3112 |
23122 3 |
Zal. .2 5 31 ‘
4|1 5341
5123112 |
" |
is a local & -unipotent semigroup. This semigroup satisfies the
|
condition
(4) (ta,b€ 3) B = Rye== R__< Ry, - ‘
|
|

the following statements are equivalent:

(i) 8 is locally ¥“unipotent and satisfies the condi-
tion (4) ;

(ii) The natural partial order £ 1is compatible on the
right with multiplication ;

(iii) For every e,FCE(S) +the set S(e,f) is right-zero
band and S satisfies the condition (4).
PROOF. (i) = (ii) Let a,b,c€8 and a<b. Then by (2)
there exists a€V(r(a)) such that
(5) r(a)=r(a)a’r(b) . !

Also, a'r(a):r(c)c€RegS since S 1is an r-semigroup and so
S(a’r(a),r(c)e’) £ ¢ . If c¢€V(zr(c)) and g€ 5(a'r(a),r(cle”)
then we have
r(ac)-c'ga'-r(bc):r(a}r(c)c'g-a'-r(b)r(c):r(a)ga'r(b)r(c)
N

=r(a)ga'r(a)a'r(b)r(c)=r(a)ga'r(a)r(c):r(a}gr(c)

=r(a)a’r(a)gr(c)e’r(c)=r(a)r(c)=r(ac)
and so

(6) r(ac)=er(be) ,

where e=r(ac)c’ga’€ E(S) since c’ga®€V(r(ac)) by 2.1.Lemma
(iv). Now let BE€V(r(b)) and choose a”€V(r(a)) such that,
by (3)$

(7) a'r(a):a”r(a)b'r(b)=b’r(b)a'%(a), r{z)=r(bla’r(a) .
Choose ¢”€V(r(c)) and heE S(a"r(a),r(c)c™). Then we note
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first that ar(a)h,b’r(b)h€ E(S). Since
a’r(a)h=b r(b)ar(a)h=b r(blar(a)ha r(a)

=b'r(b)a'i(a)hafn(a)b'r(b)
and
b r(b)h=b’r(bdha’r(a)=b r(b)ha"r(a)b 'r(b) ,

we have that a™r(a)h and b'r(b)h are idempotents in
b’r(b)Sb ‘r(b). Since

a”r(a)heb r(b)h=a"r(a)har(a)b r(b)h=a"r(a)har(a)h=ar(a)h
and
b’r(b)ha“r(a)h=b " r(b)h-h=b r{b)h,

we have that a"r(a)h and b’r(b)h are X'-related idempotents
in the local submonoid b 'r(b)Sb r(b). By 2.2.Definition we have
a’r(a)h=b"r(b)h. Consequently

(8) r(be)e har(ac)=r(b)r(c)c ha’r(alr(c)=r(b)hr(c)
=r(b)b r(b)hr(c)=r(b)a’r(a)hr(c)=r(a)hr(c)=r(a)r(c)=r(ac)

so that r(ac)=r(be)f where f=c har(ac) € E(S) since ¢ ha”™
€V(r(ac)). Since a<b implies R <R, and S satisfies the
statement (4), we have R_ =R, .. By (6),(8) and 1.2.Theoren
(iv) we have ac<bc and = is right compatibility.

(ii) == (iii) Since 8 is r-semigroup then Reg8 is a
subsemigroup of 8. Hence, if e,f€ E(S) then by 2.1.Lemma
S(e,f) # @. Let g,h€ 8(e,f), then gfegf=ggf=gf (by (1)) and
so gf€ E(8). Now gf=gf.f=f-gf and so gf =, f. Because éhE(S)
=< and since < 1is right compatibility, we have gh=gfh

n

= fh=h. By 2.1.Lemma (ii) 8(e,f) is a rectangular band and so
gh=hgh=h. Thus 8(e,f) is a right zero band.

Condition (4) holds since = 1is right compatible.

(iii) =>(i) If ecE(8), acebe, f,sCE(S)Ne8e and
f,gE&L; in eSe, then by 1l.l.Proposition (ii) there exist
a’,a”cv(r(a))neSe such that f=a’'r(a), g=2 Tr(a). By l1l.2.Propo-
sition it follows that e2'f in S and by 2.1.Lemma (iv) we
have S(f,e)=5(g,e). Also, f,p€ 8(f,e)=6(g,e) and f=fg=g sin-
ce B8(f,e) is a right zero band. Hence, 5 is a locally “lyni-
potent semigroup.
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2.1.COROLLARY TLet S be an r-cancelative r-semigroup.
Then the following statements are equivalent:

(i) 5 is locally ﬁi—unipotent :

(ii) The natural partial order = is compatible on the
left with multiplication ;

(iii) For every e,fEE(S) the set 3(e,f) is left-zero
band.

PROOF. On arbitrary semigroup holds

¥a,pes) R < R = R.a<Bep -

2.3.DEFINTTION A f-regular semigroup S is said to be

locally X-inverse if every local submonoid is #-inverse semi-—
gToup.

2.3.LEMMA A X -regular semigroup S is a locally #f-in-
verse if and only if for each e €E(S) .submonoid eSe is
T unipotent and X'~unipotent.

PROOF. By Theorem 4.6.[4] and Theorem 1.[2].
2.2.THEOREM Tet S be an r-cancelative r—semigroup. Then
the following statements are equivalent:

(i) 5 1is locally Jf-inverse and satisfies the condition

(4) ;

(ii) The natural partial order = 1is compatible with
multiplication ;

(iii) For each e,f€ E(8) the set B5(e,f) is a singleton
and 8§ satisfies the condition (4),

PROOF, By 2.1.Thecrem, 2.1.Corollary and 2.3%.Lemma.

The idea of the next theorem which closely determines the
structure of an r-cancelative r-semigroup was given by D. Bla-
gojevic.

2.3, THEORIM Tet

3 be an r-cancelstive r-semigroup and
a€ -Regd, then |<ay|=2 or |<ay =4.
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PROOF., Tet a&5-RegsS, then r(a):am for some positive
integer m and m22. Then a,aa,...,am_lE;S—RegS. Let ai=aj
for some 1<i<«<j=m-1, then Jj=i+k and 1=k<m-i-1., Now ai=
aj=ai+k=ai+gk=...=ai+ik=ai(l+k). If k=1, then ai=a2i and
alc B(8). If k>1 then k=p+l and

1(1+p+1)_alap i

at=a
and so ale.RegS. In both cases aleiRegS what is a contradic-
tion. Hence
(9) al #ad (1=i<jzm1).
Now we prove that r(al):am+1_l (1=2,3,.4.,m~1). Clearly, since
5 is an r-semigroup we have r(a )= (r(a)) =™ ana r(at )-
rla-al h)=r(a)r(at ™ )=z(e(a)r(a ™)) r(ae ) or (4™ 7Y),

am+l 1E_S—Regs then since S 1is r-cancelative semigroup we ha-—

ve a1=a?+l_l: Since a"€ amSam. then al=a?+l_l=amal—l

¢ alga®ti-1 gt t-1g,0-1 1e el and so al€ RegS what is a
contradiction. Hence, g™ A 6 RegS and

(10) r(al)=a®1"1 (i=2,3,...,n-1)

Since S8 is r-cancelative and (8) holds, we have aP? £ a% for
m<p<g<2m-2. We have 32m=r(a2)=am+l by (10) for i=2 and it
follows that

am=r(am)=r(am-l-a)=r(am_l)r(a)=a2m_2am=agmam_a‘

m+l _m-2 2m=1
=g a =3

Hence, |<ayl =2m-2. If m=2, then kax =2. If m>2, then by
(10) r(am—2)=a2mn3_ Also, r(am—2)=a(m_2)p

sm?lle?t positive integer such that a(m—2)pE RegS. Now
m-2)p
=a

where p is the
= ]
aBm 2
; 1 3 :
and 2m-3=mp-2p, i.e. m=2 + ri what implies
p=m=%. Hence, [Ka> =
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Blagoje Stamenkovié i Petar V. Protié

STABILNOST PRIRODNOG PARCIJALNOG UREDENJA NA
r-KANCELATIVNOJ r-POLUGRUPT

U radu [9] uvodimo pojam r-kancelativne polugrupe i dokazu-
Jjemo da na njoj relacija = definisana sa

a=b< R=R, AW EVERD)))(r (a)=r(a)br(a)=r(a)b r(b)=r(b)b r(a))

jeste (prirodno) parcijalno uredenje. U ovom radu uvodimo pojam
lokalno '~ (&'-) unipotentne polugrupe i na njej ispitujemo
desnu (levu) stabilnost relacije = (2.1.Tcorems i 2.1.Posle-
dica).
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