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Abstract., In some previous works we have obtained seve-
ral curvature tensors in the space Ly with non=gymmetric affi-
ne connexion and generalized Riemannian space as a particular
case of the space Iy,

In the present work we study symmetry properties of these
tensors (the anti-symmetry with respect to two indices,the cyc-
lic symmetry,the symmetry with respect to two pairs of indices).

0. Introduction
In the space Iy with non-symmetric affine connexion Lj,
one can define four kinds of covariant derivative for a tensor.
For example,for a tensor @&; we have
E = gb Coaf )P at
a _awﬁi,,,,k&a L Qp
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where for particular gases we have inscribed only kinds of de-
rivatives on the left slde and corresponding indices on the
right side.sb,for example, ajnw signifies covariant deriva-
tive of the first kind with respect to 27 and comma (,) on the
right side in (0,1) denotes partial derivative on x™ ,In this
manner,by lst and 2nd %ind of derivative we can obtain in all

10 kinds of Ricci type identities for alternated covariant de-
rivative of the second derree,and alse 10 kinds of such iden-
tities bty 3rd and 4th kind of covariant derivative (see(11,[21).
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For example,for a tensor 4y, ¢, are possible next cases of

forming corresponding difference by the 1st and the 2nd kind

of covariant derivative
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where,for example, Q“.rwlm. denotes (2., Lh, One can express
the differences (0.2) by general formulas *from [1] in such a
manner that in the right side appear thredtensors,which we ha-
ve called curvature tensors respectively of the 1st,2nd and 3rd

kind,and also 15 magnitudes,which have the role and the form of
the curvature tensors,but they are not tensors and we have cal-
led them"curvature pseudotensors" respectively 1st to 15th kind.

The curvature tensors ? Jmn)Eme)n-me appear in the 1s%t,
2nd and last case in (0.2), whlle in the rest of cases appear
the curvature pseudotensors B,m“,)ﬁ,mn So,in the first two ca-

ses (for =1,2) we have

R " 'lf--""-c 0y
Q* i T htwl -
(0.3) 2 N Bve v
e _ e P Taa =
=Z5 e (i )al %;%P"P‘“(?} + (1) Z‘A L '*vlf )

P o Lygrre )Iq i e s
where(le)ﬂ”‘ denotes that in Qﬁ sk the index %, is supstitu-

ted by p,and (Q)W” has an analogical meaning, my denotes anti-
symme trisation over the indices myn,while

(0-4-} ?' é”h'n i JM n—L3“1M+[‘ ‘ZL"'- —j‘J"LFM )
(0.5) ;?,v:“"‘"‘ :LL"‘"JW_‘L'LLJ,W"'!-P!L? 45 *}‘

In the last case in (0,2) we have

o q
(O 6) a"f fvhu-.,, t'”'t'{}.ﬂ:m =1
where
(0.7)

is curvature tensor of the 3rd kind of the space L.
If in (0.2) we change the first kind of covariant derivative

~ L £ ~1P gL "‘~- ¢
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with the third kind,and the second with the fourth kind,in the
Ricei type identities,which we obtain in this way,the same cur-
vature tensors and peseudotensors appear as by the first and se-
cond kind,but in anofhpr arrangement {see [2] ).Beside this,a
new curvature tensor R §mwm appears,and this tensor we have
called curvature tensor of the fourth kind: | .

(0.8) Ripmn = Limm bt LT Lot E AL w8 (Lpi-Liy)

In the work [3] (the equdtions (47),(50),(51),(62),(79),
(80),(91),(92)) by curvature pseudotensors we have obtained new
curvature tensors,which we have called "derived curvature ten-
sors"i'iijmm }1;."“% of the space Iy,

Let us remark that in the case of symmetric connexion all
of 20 Ricei type identities reduce to well known Ricei identity
and all curvature tensors and curvature pseudotensors reduce to
the curvature tensor of this space,

As we have shown in [4],from all tensors l;.)..‘)l‘})'l}“,...,;i—
only five of them are independent,and the others can be express

ed as linear combinations by five of them and by tensor R.‘},ML ob-

tained by symmetric connexion Lj: (symmetric part of Lfe ).By
virtue of (2.25a-g)} from [4],we have (leaving out the indices):

(0.9a,b) §=za—f(i}+§)) E::M_E:)
(0.9¢) ¥ o= L(gr-2erR-R),

(0.9d,¢) gf:w-i}-f-;{, B =-he 2T

(0.9f,g) E :ﬁ§+z'§2.:) E:HR_E',_'ZE'

Accordingly,by B,%,R,R ,’FE,K one can express all remaining

curvature tensors.Because by virtue of (O.9a c) the tensors rz R
are idependent of 'f:', one cannot use R ; or "ﬁ:‘ instead ofR) to
1 =
express the remaining curvature tensors R, but one can use any
of the tensors X ,% % R,%. %
325 )6 ) ¥ 2 g

1. The mixed curvature tensors of the space

As it is known,the curvature tensor of the space of symme-
tric affine connexion possesses the next symmetry properties

(see,for example, [5],§61,the eq.(5),(4)):
(1.3,2) R jmm = 7 R mmn ) R ™ Romn # R = 0.

Introducing the denotation
(1.3) jff R fmm = R pum PR o + Ry
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and similarly in other cases,the equation (1.2) one can write

in the form .

(1.27) Cyceﬂ,bd.‘,% =0, |
As the tensorQR ,?,- ;g are generalizations of the

tensor R and reduce to 1015 tensor in the case of symmetriec con- \

nexion,we have to investigate the properties (1.1,2) for these |

tensors,

From (0.4,5,7,8) one gets

(1.4a,v) ?:-‘J'm-"r.'-'- ‘?-A‘J"n.m ) %bjm%: 'E'bjn% 5

while . . %1

(1.52,b) Vjma FR juom , R F 5 e ‘
and further . . |
(l.6) Czlcf RLJ' -'Z ct (AJ"'-)'A‘LZ f:'n.) 2 :
(108) Sz‘cf;kl"\n"‘f%cfipinf 3

(18 fz'—fk.{mn-o |

We see that only R {mn POSsSesses the eyelic symmetry of the form
(1.27).

Crossing to the derived curvature tensors,we remark that

one can use the relations (0.9%-g) too. Firstly,by virtue of
(0.92),(1.1 »2),(1.42a,b),(1.6 1) we have

(1.10,11) 1};,..%—-1}‘,.,%, Q,cua i -zQqu 15},

From (2.12,5b,6b) in (4] ,we get
(1.12) R’Lfmn = R'.:J"'“n Ldfan:“+/'P j—f’m )

2 V
from where is

(1.13,14) 'Pt Al }“,‘,m, GrelR ‘i, = 0.

j"""l dmn 2

Using The previous symmetry properties and (C,9b-g),we get

5 3 { ¢
(l 1_)16 ]} ;"’\.u:#f’ J?LWL 5 Jc_'?uﬂ"{& J‘M‘n —0-

A5 in virtue of (2.14,52~c) in [4] it is
= . v Y L‘\
(2027) T B ™ =L ;,,M,-.,.,,,.-z,g 5 zgztm-zz.g}zg), |
where the covariant derivative with respect to L % is
by semicolon (;),it is evidently
(1.18) Bt ma
b

denoted

p=y

jman E" Inom 2
while the relation of the forn (1.16) for ®

¥
Using the relations (0,9d-g) and the propertics of the ten-

is not in force.
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sors R, R R’E it is easy to prove that the tensorsi F
do not posqes~ the symmetry properties of the type (1.1 2)

2. The covariant curvature tensors of the spsce
2.0.In a generalized Riemannian space GRy,which is a par-

ticular case of a space L,,connexion coeficients G; are given
by the basical metric tensor 9:; , Which is non-symmetric.Accor-
dingly ( [6],eq.(1.1)):

(2.1) ;J.lc i {3“ K ?;z, sc‘x,i) ?

s . t-

(2.22,b) rj;: ?‘_ﬂrfjk =%7 (31’?:“'31’1‘%*7}:‘,4{)) réd‘x=§_cfr;i )
where ij signifies the symmetrisation on the i,j.From (2.1) it
is .
(2.3a,Db) r{,J‘z iR ?q, ) rij“-+ r‘J': = yi‘faf ‘
One defines covariant curvatvre tensors in GRys
(2.4a,b) 'ﬁ"-f’ﬂnz c?:_gp;jmu X Eii"\“zﬁc_ﬁ%dim“ (P, 325 40s8)

43 it is known,in a usual Riemannian space (for which it

5 &f‘%w ) for covariant curvature tensor the following relati=

ons hold
{(2.5a,b,c) R -Rﬁmm=‘1unm;Zﬁkqw$°ﬂﬁﬁ”“4LLmﬂﬁ3qunfkm“q

Since the space (Ry is a generalization of the usual Rie-
mannian space,we have %o examine relations of the type (2.5)
‘for covariant curvature tensors of the CRM.

2,1,0n the base of (2,1),(0.4),(2.21) it is

(2.6) R‘J""’L j.,.,'l-(’. J"’""-“?udr‘lm n jm dnam ':!: tf*\'_r rt?vv\. ;
From (2.2b) we get

a'jm'v\._

.‘-m)n\ = (j“'s J"\))'VL: ?ié'a"\f:{?m ?ﬂ r;’"":""- )

whence, by reason of (2.3) it follows

(2.7a,D) 3” Rl 1 Iy il (SR g.T ~[2 (rm;rm}_

s yv\w;_ 'J“”r""- §m
In accordance with (2,7a) the equation (2,6) becomes
(?-8) 3‘,_'“"‘“"—"- rLJM'“—r- i-rle[_P I_P

tim,m jn_rf’fm in
Using (2.2),we can writes 1he equation (2.8) in the form

(2.0
N sg) RLJMV\ L(j*m)JTL jj’m L ?‘-%,JW\ jj'n.,l"'\) PU’V\FP FJ“P\r\.’V\. .

From (2.9,8) we conclude

(2 ]l:‘) .R"-t"'l'h,'_ Ri-imn'_—_n!l"'“w“ b
that is,the same properties as in ordinary 3 emannisn space
are valid,




In virtue of {2.8) ons concludes that for R any of

< fmm
relations of the form (2.5b) is not in force,
Further,from (2.8) cne gets
(2.11) E{I‘-fmv\_e'“ni.j:?;‘m,j“-ﬁ(, ':"'\v‘?t'hh!'."'ﬂi_?«!hn c"'n“-
P
A Tpim TE - T[] = Toj 11 +rf,mafm >
which is ingeneral #0, tha+ is a relation of the form (2.5c¢) does
not held.

2.2.42 in the case of the tensor R, one concludes that

Fifmm
(2.,12) B‘i,f'mn_‘ gjimm\,—_}ijnw\_ 3

and estimating forg‘ the expression of the form (2,11),one con-
cludes

(2.13) .‘}l'nf"-wn.""lmwt.iof T E’w\-"‘-ij _%53'“'"\- 3

i,e. for E a relation of the form (2.5c) does not hold,

2.3.In accordance with (2.4a),(0.7),(2.7b,a) it is

(2.14) E"‘-.lv""""\v: r'—';'wn_,n_ ri"nd',m'*'r}:imrvg'—rP“ir}E\+2r~fmri'.y .
From(2.1) one obtains
(2-15) l:U -'|- qu., "_rP"J == "Jf 3

that is,the tensor EPJ is antlsymmetric in relation to any pair
of indices and (2,14) becomes

(2:26) Bigmm = 508ieme fijymnt Firnyim™ G i *Jogsim = I fon ) +

i
tg= (rfun mj r{-“dmrﬂmu) zl‘j‘m(g
wherefrom one concludes
(2-17) E’i;"nwz—ﬁ'dii,mn 3
while in general }c{mm.?'gijnw1-
For the tensor %grn“ any symmetry of the forms (2,5b,c)
does not hold,

HPT ja“i) F “iifj" '?*'P;J' +7P':)J.- if’i)") >

2.4.For the tensore, is
F4mm
(2.18)  Fejmn™~Riimm
but in generally it is Rejma®R ojmm . From (2.4) we have
i = ' ¥ —_ 6.
j.gf%m = gﬁf(jﬂg imn) = 9u %5 foiie
and based on (1.9) it follows
(1.19&) (;‘ftf‘R.‘_Jm”‘_ =0
dmm 1

As from (2.18) it is clfeahtm\“ wa‘dwm from (2.19a) one gets
Ly
(2.19b) GaelRyjn, =0.
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3imilarly to (2.13),ome ohiains
(2.20) Rijmn™ Emmij = Rijoam = Romuy
2,5.Let us examine,further,the symmetry properties of the

tensors ﬁc;‘mn (g=4,...,8).
From (0.9a) it is

N-‘ = % = o 1 i
{2.21) Rigmm = Jia R mwmn“z(’}ﬁmm‘“ﬁ‘imw),
and,using (2.5,10,12),we conclude
(2.22) Rijma == Rjgmn = "Rijnm .
The tensor ?}ﬁ“n does not possess gny cyclic symmetry.
By mesdns of (2.21,5c¢,13) one gets

(2-23) ?;\lL'J‘v'n.m\ = R"Tv\.fﬂ.l\.&l
Using (1.12),we obtain
-~ = §ids ‘
(2.24) Bipuns = Rifoan * (n’i}“r’@”"’?r“’\‘?)’

wherefrom we see that the tensor E}imﬂ is antisymmetric with re-
spect neither to i,j nor to m,n.
Ffrom (1.14;2.5b,24,15) we have

(2.25)  GlEojmn =0, uprReibimnt

On the base (2.24) one obtains

r~

-7 . b
R’t‘jm’ﬂ_ gmth = ? ( PMGJn+ ,_P,nr am-l-m’,t I;“‘I-_ rmﬂri,,‘:;) 5

and by reason of (2.15):
(2.26) Rqa,,,m '"R"“'M{

Using (0.9b) and properties of the tensors ¥, R , We conclu-
de that "
(2 274 28) Cgbe R'IJ'M.W{_O 4 ﬂrilc'\"nh"" “}; ‘R'Cfmn:g"mw\_ij 3
while the tensor K;“n% does not possess other symmetry proper-
ties.

From (0.9¢,7,8) it is

~ ~ 3 P
(2.29) R“J*’M-u ?..d y QJ""‘-"L B %(Hki:‘mn igmm ZEH an) >

and taking into consideration (2,15) and the properties of the
tensors R ) & ,one concludes

)
~ ~

(2.30) R.qmﬂ—- Eﬁm“ =—1¢',J'nm_.

=

From (0.9d-g)and corresponding properties of the tensorsR®,
ﬁ)i) , it follows that the tensorsk § do not possess any
symmetry properties.

.




3. The.curvature tensors of the space with respent ta the

Bubspace
Let Iy be a space of non~-symmetric affine connexion L;r.
If 4% are coordinates in Ly, then the equations

(3.1} J*=y¢(xt.“,xﬁ), (M:H‘)umnk[gi)-:”)
define a subspace ILy.We remark that in this section the Greek

indices refer to the space Ly,while the Latin refer to the sub-

e £ Mg e A
space Iye.In the work [7] for a tensor qauji ;”.*v we have

used the covariant derivatives;vn, fmo;

By B b g LB, m g—lm(na) o VS 2%y,
3 . mp EF_M
i

(3.2) g

] ) . IR £ ven | M
[RLn (e Sk, (] 1,
o

and obtained next identity:

S fe Ay Al fe A — A b
(3-3) Ql:',--nr_q{'...tv|y.,fh Goobo Bpady ot ;3 Pnﬂ(ae)a’"' ¥
3y Ny =4
i Gg
%, ) e, & o3 (F 322 & £ B s (L0,
R tla' +5 Ry A +2Z B gumlig b
+;!Z:‘3 tan(P) ’ Ei" tmm f‘\). 1’:45 L4 v

where the magnitudes
o o E g _ &g T
(3.4) E”’wﬂimﬂ-l%m*imlw ‘v/sifrﬂ)ym%w*
o I
“LEL"(%'""‘ XM i)
o’ i K g Yl P
(3.5) E'pm%:(i‘;ﬂ)"-j-:}i,ﬂ+Lg—;‘z”r‘1“’,ﬁirﬂ)7)*‘7’%+
oL oy &
+‘a‘}—ﬁ\£f(7:m'n—i’1:'&y)'f’)
are tensors and we call them curvature tensors of the third res-
pectively the fourth kind of the space Ly with respect to the

subspace Ly. If the connexion is symmetric,that is L:,=l}}, the
tensorslldpw.L (+=3,4) reduce to

(3.6) %&pmn =R«df5m\:g:‘m"]jn
where Ripmﬂ is the curvature tensor of the space with symme-
tric connexion,Because the tensor in the right side of (3.6)

possesses only the antisymmetry with respect to my,n,we have to
examine this property for ihe tensors (3.4,5).Fowever,it jig ea-

2

8y to see that such a property does not hold.
Let us observe,further,a generaliszed Riemannian space GRy
and his subspace CRy. 1If 4, and ?q are basical metric tensors
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for GRy and GRy; respectively,then the formulas (2,1,2) and si-
milar formulas for lupy Dbya, are in force,If we put

(3.7) Rupmm T REpumn  lE=34)

from (3.7,4),(2.7b,2) one gets
(3, 8) R«tp-m-n ._a,t&'R Boam = (r.,ep,ou v Tawp,m+

aﬁcﬂr - Troa mﬂ)yl""'“ 'zrd'a“(?”""‘ “""’J 'f’)
Calculating [y, ~Tasp, from formalas,_wnich are similar to
(2.1),we can write the previous equation in the form

(3.9) Rapmm =;,L(“ﬂo< w9 = apy 0o T gy, po~Ap v * Rop ot ‘%A,M)?LJ,J&*
frfamrb\’fb rrpp.-ram):f.m'?m*'z dﬁmw,mt £ ’Jﬂf')
Since from (2.15) it is Gﬂ? fbty)ln vlrtue of (3.9) one gets
(3.10) ‘f-v»pmwz"%lsdm%.
In the same way one concludes that we can write Edp,nn

in the form,which éiffers from (3.8) only that in the last bra-
ckets instead of [[f, is IF ~ and we have

(3-11) R-d.fam'v\. R-r.uimn
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Svetislav M, Mindid

O30BINE SIMETRIJY TENZORA KRIVINE PROSTORA SA NESIMETRICKOM
AFINOM KONZKSIJOM I GENFRALISANIH RIMANOVIH PROSTORA

U nekim prethodnim radovima smo dobili vife tenzora krivine
prostora Ly sa nesimetridnom afinom koneksijom i generalisanog
Rimanovog prostora,kao specijalnog sludaja prostora Iy,

U ovom radu proufavamo osohine simetrije ovih tenzora (an-
tisimetriju u odnosu nz dva indeksa,ciklidnu simetriju,simetri-
ju u odnosu na dva para indeksa).
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