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ON THE GENFRALIZED RICCATI EQUATION
( Recieved 10.05.1887)

Abstract., For the operator Riccati eguation (0.1), it is
shown that it has similar properties as the well known Riccati
differential equation., The ohtained results are applied to
different classes of equations: differential, difference,

partial differenial, functional, partial difference, etc. The
results are illustirated by & numbier of examples.

0. Introduction.

Let V be a commutative algebra over R (or C) an let L be a
linear operator on V, which belongs to the class DMfV), oleker L
( see L1131 - L[41 ), i.e.

Lf{uv) = uLv + vLu + dLuLv, for every u,v € V.

The properties of linear eguations which involve the
operator L are investigated in detail in [11 - [£47.
In this paper we will consider the generalized Riccati

equation:
(0.1) Lu + alu +odudu + bu +¢c = 0, ( a # 0,b,ceV, dekerL )

The ahove equation, as special cases, contains the well

known Riccati differential equation:
t0.2) ¥4 a(x)y2 + bix)y + clx) = 0,
Riccati difference equation

(0.3} ylxdd!l + a(x)yvix+Dy(x) + D(x)y(x) + c(x) = 0
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L see, for example [61 - [71 ), as well as certain well-known
funclional equations.

In  this paper we will investigete the properbies of the
eguation (0.1). Tt will be shown, in section 1, that (0.1) has a
muber of similar  properties as a standard Riccati differential
equation. Also, in scclion 2, the results from section 1 are
applied to different classes of equations of the type (0.1):
differential, difference, functional, partial differential,
partial difference, ete. A large number of examples illustrate
the obtained results.

REMARK 0.1. (i) In further text we will suppose that (V,-)
be a group. This additional supposition is introduced only for
the technical reasons. Without this supposition the results have
a gimilar form. In all examples this is satisfied.

(ii) Instead of (0.1) we can consider the equation

pLu + gqlu +eLLulu + ru + s = 0 ( p,q,r,s€V ),

which reduces to (0.1).

1. General properties.

In this section we will investigate the general properties
of (0.1). Certain properties will be given without a proof, and
in other cases only an outline of proof will be noted.

THEOREM 1.1. Substitution
(1.1} u = Lv/av
reduces (0.1) to the linear second order equation:

2
{123 L™ + ( b(l -oLa/a) - La/a JLv + cla +oLa)v = 0.

PROOF. Since a # 0 and

Lu = L{1/a)Lv/v + (VL2v - (Lv)z)fv(v+uLv)(a+dLa),
then (0.1) becomes (1.2).

THEOREM 1.2. Let Uy be s particular solution of (0.1). Then
the substitution

L. 3 u = 1/z + Uy
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reduces (0.1) te the linear first order eguation:

(1.4) ( La(u, +olLu. J+ db-1)Lz + (a(u1+dLu

1 1 + au,+h)z + a = 0

ik 1

The proof is omitted.

THEOREM 1.3. Let Ujr Uy, Ugy be different particular solu-
tions of (0.1). Then the general solution of (0.1) is given by
(1.5) 1/({u - ul) - 1/(u2 - ul) = C(l/(u2 # ul) o lf(u3 —ul)),
where C €kerL ig arbitrary.

PROOF. Since uqy satisfies (0.1), then 1/(u2—ul), 1/(u3-u1)
are particular solutions of (1.4) wherefrom follows (1.5).

THEOREM 1.4. The transformation
(1.6) u = (Pv + Q)/(Rv + 8), P,Q.R,5€V,
reduces (0.1) to the Riccati equation
1.7 Lv + Alv +{Lv)v + Bv + Cv = 0,
where

(1.8) D = 8P - RQ + (SLP-QLR)
+ ol(aQ(P +oLP) + (b0 + ¢S)(R +&«LR)) = 0.

In this case A,B,C €V are given by:
A = (RLP - PLR + aP(P+LP) + (bP+cR)(R+eLR))/D,

B = (RLQ - QLR + SLP - PLS + a(Q(P+elLP) + P{Q+aLD))

(1.9} + D(Q(R+LLR) + P(S+eLS)) + c(S(R+eLR) + R(S+elLS))) /D

C = (SLO - QLS + aQ(Q+elL) + (bQ+cS) (S+aLS))/D.

PROOI'. Substituting (1.6) dinto (0.1) it follows that v
satisfies (1.7) with (1.8) and (1.9).

REMARK 1.1. It was shown that the Riccati operator eguation
has the similar properties as Riccati differential equation
( see for example (51, LC61, [8B]1 - [111 ).

THEOREM 1.5. Let there exist d €V such that
(1.10) (1 + o4(d~b)/2)L((d-b)/2a) - (d—b)2/4a + did-b)/2a + ¢ = 0,

then the equation (0.1) reduces to a linear first order egquation.
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PROOF. Since uy = (d - b)/2a 1is a particular solution of

(0.1), then from theorem 1.2 the above result follows.

Specially, if d = 0, we gel the condition:
c = L(b/2a) + b2/4a - DbL(b/a)/4.

The condition (1.10) is analogous to well-known Mitrinovid's
condition for the integrability of Riccati differenatial equation
{ see [51, [6d, C81 - [113 ).

The canonical form of operator Riccali equations is

(1.11% LU + (U +LU) + F =0, ( FEV )
In further text we will give two transformations under

which equation (0.1) reduces to the canonical form.

THECREM 1.6. The transformations

(1.12) u=PU + 0,

{1139 P =1/a +0, 0 +olLQ = ~(L(1/a) + b/a)/2
and

(1.14) u = P/U + 0D,

(1.15) P = (b - 1)/c + 80, 0 +odLD = (L{1l/c) - bic ~ oLL(b/c))/2,
reduce (0.1) to the canonical form (1.11) with

LO + O(-aL(l/a) + b)/2 + c

(160 ¥ (1/a + &L(1/a)/2 - db/2a) (1 + oLal)

((H-1IL0 + 0(b - clL({eh=1)/c)/2 + ¢

sk, B 2 ((Lb-1)/c +eAL{(adb-1)/c)/2 - ob/2c)(oh ~ 1T 4+ KDc)

respectively.

The proof is omitled.

THEOREM 177. The caneonical Riccabli equation (1.11), under
the transformalion
(1.18) V = I/M{F - U) - N,
whe e

N +©oLN = -Lp/2 + g , M= p +olN,

(1.193 o= (P +ollLP 4 &)/ (LD 4 P(P + L) + F),

(LP + ZF1/(LP + P(F + ALP) +F),

Wl
"
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reduces to the canonical equaticn
(1.20) LV + V(V +&XLV) + G = 0,
where

(LN + N(-Lp/2p + q) + F/(P +&%LP +oF))

Hlaely &= P ToLp/2 ~Ag/21 (1 +<N/p)

PROCF. After the translformwation U = Pv/(v+1l), the equation
(1.11) becomes

(122 Lv + A.viv +&Lv) + A

1 v + Ay, = 0,

7 3

where
A, = (LF + P(P +ALE) + F)/(F + dLP + olF"),

A, = (LP + 2F)/(P + &«LP + olF), A, = F/(P + oLP + «F).

Furthermore the eguation (1.22) reduces to the canonical
form (1.20) by the transformation v = MV + N, where (1.19) and
(1.21) hold.

EEMARK 1.2. Properties analogous to theorems 1.6 and 1.7
and their applications to the Riccati difterential equation can
be found in £93 - L1131, Por example, starting with the canonical
equation (1.11) which is reducible to the linear first order
equation, then by using theorem 1.7 it is possible to obtain the
infinite sequenice  of the canonical equaitions with the same
property.

2. Examples and remarks.

In thig section we will consider certain special cases of

the operator 1. and various special equations of the Riceati type.

(i) Let L = d/dx and V is a set of differentiable real
valued functions. Then o= 0, kerl = R, and the equation (0.1)
becomes the standard Riccali eguation (0.2). Then the theorems
1.1 - 1.7 are nothing else but  the well-known properbies of
Riccati eauvalion ( see, e.g. [91, L63, [RY - L1137 ).

(ii) Let L = Alx,.y)d8/3x + Blx,y)d/0y, and V is the set of
differentiable real functions of two variables. In this case
oL - &, kerl, is the szet of fungtions of the form Flwix,v)),

travy diffecent abie function: win,y)=C is Lhe
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general solution of y = - Bix,y)/A(x,y), and (0.1) has the form
|
(2.1) A(x,y)ux + B(x,y)uy * a(x,y)u2 + b(x,y)u + c(x,y) = 0,
: |
(111} Let I =D, D is the Kolosoff's operator defined by
D = (ux - vy 4 i(vX + uy))/2, V is the set of complex functions

W =u + iv, such that wu and v are differentiable functions. In !
|

this case (0.1) becomes an elliptic system:

( a = a1 + iaz, b = bl + ihz, c = ¢y # 8 Y

2 2, ‘ ~ R
(2.2 { (uX - vy)fz + al(u ve) 2a2uv + byu bzv + ey 0
: 2 2, _ : -
(vX + uy)lz + a2(u - v7) Zaluv -+ b2u + blv + c2 0
or in the complex form: %
(2.3) Dw + a(z,Z)w? + blz,5)w + c(z,3) = 0

2

REMARK 2.1. The facts that the equation (2.1) and system |
{(2.2), or (2.3} have the same properties as Riccati equation
(0.2) also follow from the Kedkié¢'s result [C71.

(iv) Let V be the set of all real sequences, L = A .

(A1Q,: X411~ X, ). Then o(= 1, kerL = R, and (0.1) becomes the
Riccati differernce equation { see, e.qg. [p1,L7] )
(2.4) X gy F apX Xp.q * (bn = l)xrl + c, = 0.
For example, the transformation B = Ba¥y 9 where
U4 = ~(a, - Va, , +b la 11/2,
By = (1/an F llan_1 = bn_llan_l)/z,

reduces (2.4) to the canonical form:

{259 yn+-l - yn + ynyn+1 e fn‘ = 0.

We note, in passing, that in [73], the solution of (2.4) is
expressed by using continued fractions.

(vi Let V be the set of real valued functions and L = 4,
(Au = u(x+l) - u(x) ). In this case, also, ™ = 1, and kerL is
the set of all periodic functions with period 1. Then the
equation (0.3) is of the form (0.1).

The canonical equation is

ulx+l) - ulx) + ulx+llulx) + Fix) = 0.
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For example, the equation
(2.6) ul(x+1l) - ulx) + ulx+lulx) - xz + 5+ 1 &0,

has the particular solution u, = 1/x, and by the substitution

u-= 1l/z + Uy, (2.6) becomes xOz + (2x + 1)z + 1 = 0.
The general solution of (2.6) is given by:
Cx1-1 . 5 -
u= D% e+ 5 D e rxa-k Txtl-rxa-10 " H ! 4 1/x

k=0
where P is an arbitrary periodic funcltion with period 1.

(vi) Let V be the set of real valued functions and L be
defined by Lf(x) = f(wx) - f(x), where w is given real function
and wx = w(x). Then © = 1 and the following functional equation
is of the Riccati type:

(2.7)  flwx) + alx)f(wx)f(x) + (b(x) - LIF(x) + c(x) = 0,

{( a.b,c are given functions ).

Specially, the equation

(2.8) f(wx) + £(R) + (2 - x - wx)f(w)E(x)/(xwx - 1)
+o(x + wx - 2xwx)/(xwx - 1) = 0,

where we = I (I(x) =%, i.e. w(w(x)) = X), Xwx - 1 = 0, has the
particular solutions flfx) =1, fz(x) = X, f3(x) = wx, and the
general solution of (2.8) is

/(f(x)-1) = 1/(x-1) + (Pl wx)+F(wx,x) ) (1/(x-1) - 1/(wx-1)),
( F is an arbitrary function ).

(vii) Let L be the g-difference operator, i.e. Lu = u(gx)
- ulx) (g =const, g1, g>»0), and V be the set of real
valued functions. Then kerL = { P(logqx) | P(t+l) = P(t), t &R ]
and = 1. Then we have the g-difference Riccati equation:

(2.9) wulgr) + a(x)ulgxiu(x) + (blx) - Llulx) + c(x) = 0.

(viii) Let V be the set of real valued functions of two
variables and L be defined by: Lf(x,y) = f(y,x) - f{x,y). Then
o =1 and kerL = { F(x,y) + F(y,x) | F is arbitrary 3.

Riccati equation has the form:

(2.10) fy,x) + alx,y)fly, x)f(x,y) + (bix,y)-1)f(x,y) + clx,y)=0

For example, the equation
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f(x,y) + £(y,x) + (x + VIE(y, .2 E(x,y)/(xy - x2 = yz)
- (x - y)z(x + y)/(x2 - XY y2) =0,
has the general solution:

flx,y) = (x-y) + y(2y-x)/((2y-x) + (Fly,x) + F(x,v))(y-x)

( F is an arbitrary function ).

REMARK 2.3. Specially, if a, b, ¢ = const. the equation

(2.10) reduces to a particular case of the equation which is
treated in [131.

(iz) The well-known equations related to gamma function
( see, for example, [141 )
(2.11) flx+1)f(x) = 1/x%,
(2.12) f(x)f(1-x) = x/sinTix,

are also of the Riccati’‘s type.

We note that particular solutions of (2.11) and (2.12) are
given by:

fo0 = a2 Zlixey e, f00 = (@,

respectively. This gives the possibility for obtaining general
solutions of these equations which have the form:

4

£(x) = £(x) (P (-1 = 1/2y71 4 g,

fix)

Eo(x) (U(F(x) + Fil-x)) ¢-1 %3 o 1+ 19

respectively, where P is arbitrary periodic function with period
1, F is an arbitrary function.
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Vlajko Lj. Kocie
0 UOPSTENOJ RICCATIJEVOT JEDNACING

Za  operalorsku Riccatijevu jednadinu (0.1) Je pokazano. da
osobine koje su sli¢ne Riccatijevoj diferencionalnoj

Jednatini. Dobijeni vrezultati su primenjeni na razlit¢ite klase
jednatina: diferencijalne, diferencne, funkcionalne, parcijalne
diferencijalne, parcijalne diferencne itd. Rezultati su ilustro-

varni

broinim primerima.
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