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Ahstract: A simplification of Bohm formula, giving number of different sym-
metry group categories of E" space, is realized.

The classification of symmetry group categories of the E gspace and corres-
ponding Gn. Bohm symbolism, introduced in the work [1] , iz extended to the
mullidimensional case (n 24 )[2] in accordance with definition:

Lel as define the n-dimensional Fedorov(n-space) groups as Gn’ their sub-
groups infinite in m dimensions( m-plane) with the invariant m-dimensional plane as
Gnm { where n® m ) and their subgroups with invariant m-dimensional ... and k-di-
mensional planes inserted into one another in succession (a stright line is conside -
ved as a one-dimeusional plane, a point is a zero-dimensional plane) as Gnm. k
(wheren>m > ... 3k ).

In the same article [2 ] , by use of the n-dimensional Euclidean geomelry ar-

(2,3) categories are

guments, the identity relations of the G (1) and G
nml nmlk
derived:
CE =
) Gt~ Crpp-mdT
(2 3 = =0
) Cn millk Gn n-m*+lk 7 Gnmlk : nm (m-I1+k)k
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3 =G
¢ nm(m-1"k)k nh-1k)(mnm-1"Kk)k
(3] G =

"k 5 G -1 a-m=k)k

C’n m-m+1)1k . Gn m-mtDp-m )k

These relations make possible the complete symmetry group categorization, listed
for the En spaces (0 £n< 6) in the works [2,3, 4] .

In the dissertation of A.T. Palistrant [3], the Bohm formula, allowing the
computing of the Z (n) number of different crystallographic symmetry group Gn. 3

) SN 4
categories of the E~ space, is stated:
n

Zin)= > p(-t) ,

t=0
where the n =dim En and p{n-t) is the number of different decompositions of the
(n-t) number ( 0 £t £n ) in the sum of natural numbers, forming non-increasing
sequence, andp(0) =1 .

By the application of this formula, the results:
p(o)=1 p(1)=1 p(2)=2 p(3})=3 ©p(4)=5 ©p(5)=T7 p(6)=11
Z(0)=1 Fi(l Z(2)=4 Z(3)=7 Z(4)=12 Z(5)=19 Z(8)=30
are obtained [2,3,4].

For example, for different values of then (0 £n £ 6 ), there are the follo-

wing categories [2,3,4] :

n=0 GG

=1 G., G

. 1" 710

n=2 G., G , G

=g CGgr Ca3> Cg10 B0 G910 C390™ C310’ Ca210

Bk Cgr Cuz B0 ©410 Cup0 Cuso Cum™Cyo10 Cga0r Cuso™ Cargr
Cas20” Cus10” Caz10” Casor’ Cyse10

e G5 54" P53° Bsar Cs1r G500 Cs10” Csa0° Cs20™ Cs30° Cs21= Csn
G -G

g G, 3 ol , g =0 =@ = =
531 532 542 543 5210 (35410 65430’ G5310 G5320 G5420’

-

5321~ C 54217 Cra317 Csyaz0 Cpan10™C

54210 S 543200

543217
4 543210
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L Ggr Caor G1v Copr Gz Caar Cosr Cmo” Coso Co2o” S0t Ceao’
Gao1™ S Goa1™ Cpar’ Cesn™ Gz’ Cauzr Yoas” Cosar By
Gooro” Casi0” Conan’ Co310” Cpazo” Cour0” Coaso” Ces20” Yosa0’
Geano> Cgson” Com” Cosar® Seao1™ Coun™ Cosan’ Coase” Ss32
=G 4o Csaz Coanto Cesano Cosato Cesaso® Seazio” Ceasto”
=G G =G =

=Gya320” Ces310” Cos320” Cesazo’ Ceaszr” Cessor” C5421 65431°

G G

065432’ G643210: 653210= G654210: 654310: G654320’ G654321'

G6543210

In this work, in order to simplify, the Euler relation (i} [1(}] is used:

o
(i) p(n):z (—1)m+1(1>(n-%lfﬂ(iﬁn-l))+ p(n-%m(?'mﬂ))), p(0)=1, néN and

m=1
p(M)=0 if MZ 0, by use of which , the Bohm formula is obtained in the new form :

- +1 1
(11) Z(n)= E (—1)m (Z(Il-§1f1[1(3m~1))+ Z(n -% m(3m+l)) + Z(0)
m=1

Z(0)=p(0)=1, néN and Z(M)=0 if M40 .

Proof:

In accordance with relation (i):

n 1
Z(n) = E p(n-t) = Z p(k) =
t=0 k=0
n (o]
= (_nmﬂ (p(k- ']z;m(3m—1)) +p(k - % m(@m+1))) + p(0) =
k=l m=1
a0 n
= Z (71)“”1 (p(k- % m@m-1)} + p (k- % m(Sm+1))) + Z(0) =
m=1 k=1

e m+1 1 1
= Z (-1) ( Z(n- g m@m-1)) + Z(n- 5 mEm+1)) + Z(0)
m=1

the relation (ii ) is obtained @
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The resulling formala (i1 ) makes possible the simple caleulation of the Z(n)
numbers, without any use of the p (n) numhers. By the application of this formula,
the Z(n) numbers read as follows:

Z (0)=1

Z{L)=Z(0)+ Z(0)= 2

Z(2)= ZAWZ OFZ (0)=4

Z(3)= ZEWZ QLT (0)=7

Z(4)=Z(3FZ@2HZ(0)=12

Z(5)=Z (4}+Z (3)=19

Z(6)= Z(50+Z (4)-Z (1 Z (0)= 30

Z(T)= Z(6)*Z (5)-Z (2)= 45

Z(8)= Z(T)tZ (6)-Z (3)-Z (A - Z(0)=6T7

Z(9)= Z(BY'Z (1)-Z (4)-Z (2} Z (0)= 97

Z(L00)= Z (99YZ (98)-Z(95)-Z (93)+ Z (88)+ Z (85) -7 (T8)~Z (T4)+ 7 (655 Z (60)-T (49)-Z (43 )1+
+Z(30Y+Z(23)-Z (8)=1 842 992 568

As the final result of the mentioned calculation, the list of the Z (n) numbers

(1 £n£100) is completed:

n Z () n Z{n) n Z(n) n Z{n)

1 2 26 | 11732 51 1535914 76 70826486
2 4 27 | 14742 A2 1817503 T 81446349
3 7 28 18460 53 2147434 78 93578513
4 12 29 | 23025 54 2533589 79 107427163
5 19 30 28629 5 2984865 80 123223639
6 30 31 35471 56 3511688 81 141227966
7 45 32 43820 BT 4125842 B2 161734221
8 67 33 53963 58 4841062 B3 185072690
9 97 -34 66273 59 5672882 B84 211616350
10 134 35 81156 60 6639349 85 241783707
11 195 36 99133 61 7760854 86 276046669
12 2792 37 120770 G2 9061010 87 314934342
13 373 38 | 146785 63 10566509 88 | 359042451
14 508 39 177970 G4 12308139 89 409038376
15 6584 40 215308 G5 14320697 90 465672549
16 915 41 259891 GG 16644217 1318 529784908
17 1212 42 | 313065 67 19323906 92 : 602318715
18 1597 43 376326 68 22411641 03 | 684328892
19 2087 44 451 501 GO 25965986 94 | 776998612
20 2714 45 540635 70 300563954 45 881650031
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21 3506 46 | 646193 71 34751159 96 999764335
28 4508 47 | 770947 72 40143942 97 | 1132995265
23 5763 48 918220 73 46329631 98 | 1283193401
24 TIa8 49 1091745 74 53419131 94 1452423276
25 9296 50 | 1295971 75 61537395 100 | 1642992568
The (1), (2), (3) relations induce a large field of problems, concerning the
characleristics and distribution of the Gn categories. For example, a natural

induced questions are the problem of algorithm, giving exclusively the different Gn

categories, without generating repeted categories, as well as the question on the

number of different categories, belonging to the G category class, consisting

of the Gn categories, which except the n—dimen(sr;(’)ﬁzl invariant space mentain
in\.'ariantlt.-h.e sequence of the p inserted subspaces, .i.e. on the number of the catego-
ries, with category symhol expressed using the (p+1) index .

As the introductory problems, the two consequences of the (1), (2}, (3) re-

lations, giving the criterion of category equality, are discussed.

DEFINITION: All the categories, obtained from the Gn category applying the (1),

(2), (3) relations are the equivalents of the Gn category. The G category

(n,p)

class is & set of the G categories, with category symbol expressed using the
n...

(ptl) index.

5 ¥ n
THEOREM: Every G(n ) category class (p = 0) ) contains exactly[;] catego-

ries, which posses no equivalents.

Proof: TheG category has no equivalents iff the (1), (2), (3) relations trans-
i
ferme the G category into itself. In accordance with (1), (2), (3}, that happens
n...

iff the relations:

1wkl
1 -
( ) m="
: otk
f ) 1 5
{1 nlk = mt]

*) lor the p =0, there is only one category Gﬂ.




are satisfied for (he every successive three or four indexes, nml and nmlk respe-
etively. The simuallancous validity of the (1°), (27 ), (37 ) relations lor the every
three and four successive indexes is equivalent with the condition that the n. . .
forme the arithmetic sequence. Since the[;—;] is the number of decreasing arithmelic
sequences, starting with the n index and containiug the (pt1) membher, the G

(n,p)

n s .
category class contains exactly [— categories, which posses no equivalents g
P

CONSEQUENCE: 7he g 1) Gategory class contains the n different categories, as

)+ [3]

well as the G(n,2) class the T4 different categories.

2

The first Consequence statement results directly from the Theorem, and the
second one deserves a simple explanation . The G(n 2) category class consists of
the (‘5] categories, containing the [%] calegories which posses no equivalents. The

n

n) -
remaining [%) —[%] categories forme the l2] [2] pairs of the equivalent cate-

] e
gories. Consequently, the \2 2 is the number of different categories, forming

2
the G class.
¥ % (m,2)

The next possible application domain of the Bohm formula is the antisymme-
try theory, more precisely, it’s connection with the Mackay compound groups. There
is a mention in dissertation [3] , that the same formula Z(n) determines the
number of different kinds of compound groups, intreduced by Mackay [5] and dis-
cussed in the monograph [6 ] . The compound groups correspond o the generating,
simple and multiple antisymmetry groups of the M type, without differing the order
of the m antisymmetry kinds, generated by antiidentities 8148 0@ ]:6, 7]. In the
same way, as in the case of simple and multiple antisymmetry, the compound groups
allow the identification of the antiidentity transformation e, (1£1i£m) with the
corresponding (hyper)plane reflection Ti [__8, 9] , mentaining invariant the Em"1
subspace of the Em space [2] Because the different categories of Gn groups
are discussed in the "non-coordinate" E" space, i.e. without differiugl t‘h.e order of
coordinats, but only with regard to the invariant En space and the sequence of ma-
ximal invariant subspaces of the E space, connected with incusion relation, the ob-
tained identity of the Z(n) number formulas is a natural consequence of the mentioned
identification of the e, with Ti’ i.e. the consequence of the geometric treatment of

antisymmetry [2].
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Ostvareno je pojednostavljenje Bohm-ove formule, koja daje broj razl
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