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Abstract. Tn this vaper some results ahont "= ~=nd V-tonnlo-
gical spaces[ﬁ]are extended to a class of neichbourhood snaces.

0. Introduction

Throughout this paper notation and terminologv concernine
neighbourhood spaces are the sane as in the books [4] and [5}.
By a neighbourhood smace we understand a pair (Y,T) conaisting
of a non-empty set ¥ and 2 maoning ¥ assigning to each set AC ¥
a set TAc X such that the following conditions are satisfied for
every A,BCX:

(i) Th = @ 5 (ii) AcTA 3 (iii) TAWR) = TAUTR,

Tet (¥,T) be a2 neighbourhood snace. Then

1) Two subsets A and B of ¥ are called T-separated (or sim-
ply, separated) if they are non-empnty and (TANB)V (ANTR) = @.
X is connected if it cannot be represented as the union of two
T-separated subsets.

?2) When ¥ is represented as the union of two separated sets
A and B, we shall write Y = A + B. Tf ¥ = A + B and A contains a
set M and B contains a set N, we write ¥ = A{M) + B(N).

3) We shall say that 2 set RC Y sevarates the sets I,Ne¥
if there exist two sets A,Bc=¥ such that XNE = A(M) + B(W).

4) ¥ is called a T,~svace if for any two distinet vpoints x,y

in ¥ at least one of the relation x@Ty and vZTx is satisfied.
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X is a Tl—space if for each xg¥X one has Tx = x.

The following two lemmas are well known (see [2]).

0.1. LEMMA, Let C be a connected subspace of a connected
neighbourhood space (X,T). If X\ C = A + B, then the sets AUC
and BUC are connected.

0.2. LEMMA, et C be a connected subspace of a connected
neighbourhood space (X,T). If K is a component of the subspace
XN C, then X\ K is connected.

1. Neighbourhood W-spaces

"l.1. DEFINITION. A neighbourhood space (¥,T) is called a
(neighbourhood) W-space if it is connected and for any two dis-
joint connected sets A,BRc X the set TANTB has at most one point.

The proofs of the following two vropositions are easy, and
s0 we omit them.

1.2. PROPOSITION. Every neighbourhood W-snace is a To-space.

1.3. PROPOSITION. Tf (X,T) is a neighbourhood W-space and
(Y,e) is a connected subspace of ¥, then ¥ is a W-space.

1.4. THEOREM. A connected neighbourhood space (Y,T) is a
W-space if and only if the boundary of each comnonent in the com-
plement of any non-empty connected proper subset of ¥ is a sin=-
gle point.

PROOF. Llet ¥ be a W-svace., Take an arbitrarv non-emntv con-
nected proper subset C of ¥ 2nd let ¥ be a component in Y\ (. Br
TLemma. 0.2 the set Y\ ¥ is connected. Therefore, for #isjoint
connected sets X\ K and K we have |TENT(ZNE) =|b(K)ig 1, 77
bd(¥) = @B, then would follow that ¥ = ¥ + (X\ ¥) which contra-
dicts the fact that ¥ is connected. %o, |hd(F)|= 1.

To prove the converse, suprose, on the contrary, that there
exist two disjoint connected sets A,Rc¥ with |[TANTR|2 2. Tet
X,yETANTRE, x £ v. Tf ¥ is the component of ¥\ 4 containing ®,
then from L3cTX we have x,y¢ UK. Dn the other hand, ATTNT im=-
plies x,y€T(X\NF). Hence x,veE" NAT(LNK) = ha{T) which contra-
dicts our assumvtion. This mesns that T is a Y-anace. The theo-

rem is proved.
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The following three theorems prove that the class of W-spa-
ces is wide enough. Recall that a connected neighbourhood space
X is called treelike if for any two distinct points x,y € X there
is a point z eX that separates x and y (see [3]). A connected
neighbourhood space X is said to be biconnected if it is not the
union of two disjoint nondegenerate connected subspaces (a con-
nected set is called degenerate if it consists of a single point).

1.5, THEOREM. Every biconnected T, neighbourhood space is a
W-gpace,

PROOF. Let (¥X,T) be a biconnected neighbourhood space and
let A and B be disjoint connected subsets of X. If K is a com-
ponent of X\ A, then, according to Lemma 0.2, the set X \K is
connected. As X is bicomnected, then either |Kl= 1 or |XNK|= 1.
In the first case |TB|< 1 and in the second case |TA|<L1, i.e.
TANTB has at most one point. Hence ¥ is a W-space.

1.6. THEOREM. Every treelike neighbourhood space (X,T) is
a W=gspace.

PROOF., Suopose contrary to the statement of the theorem
that there are two disjoint connected subsets A and B of ¥ such
that |TANTBlZ 2. Let x,y¢TANTB, x # y. Since X is treelike we
can choose a point ze ¥ which separates x and y: ¥\{z}= M(x) +
M{y). We have two possihilities:

(1) z¢TAVUTB. Tn this case (THUIBIAY and (TAUTR)AN
make a disconnection of the (connected) set TAUTB which ig im-
possible.

(ii) zeTAUTR, Tf z@UANCR, then TI AV and TBNAN is a dis-
connection of the set TB which is a contradiction sinCe the last
set is connected. Tf z € TiNTB, tren either Tii{z} or TB iz}
would not be conneeted, whick is impossible [5].

Tn hoth cases (i) and (ii) we have a contradiction and thus

a

the set TLOTE hae at most one point, i.e. ¥ is a YW-sonace.

1.7. THROREM. 7£f (7,7) is A connected T, meirhbourhood snzce

‘n which the intarsection o »=nv 4w navmected snhsnace is con=-
neetad, then 7 ie ¢ T—egwane,
PROOF, Tet 4 2nd B he disioint connected sohsets of Y. "un-

noge that there are distinet vointr x 2nd v in the set T AT™.
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Then from ic iuiv,rdeTh and Ro BU{x,vicT? it follows that the
sets AU{x,y} and Buix,y} are connected [5]. v hypothesis, then ‘
(qu{y,y})[}(wu{x,j}) ={x,v}is a connected subset of ¥, which is |

is g T.-sgnace. %o TLATH has at nost one noint |

irnoasible since ¥ 1

and the theorem is proved.

|

!

|

2. Neighbourhood V-spaces ‘
et O be 2 connected subsnhace of a connected neishbourhood |
space (7,T). A point x€C is called an end point of € if Ciix}is ‘

a connected set.

2.1. DEFINITION. A connected T, neipghbonrhood svace v
is called a2 (neirhbourhoed) V-space if every connected suhset of

|
|
¥ has at most one end point. |

The simple proof of the following proposition will be omit-
ted.

2.2. PROPOSITION. A connected subspace of a neighbourhood

V-space is a V-space.

2.3. THEOREM. A connected T, neighbourhood space (%,%L) ig a
V-space if and only if every connected proper subspace of X has

at most one end point.

PROOF. The necessity is obvious, and so we only need to
prove the sufficiency. Suppose to the contrary that ¥ has two
distinet end points x and y. We shall first prove that in this
case the set X \{x,y} must be connected. Assume IN{x,y} = & + B.
Since A ig both open and closed in the sets ¥\{x} and ¥\{y,, by
Temma 0.1 Aidx} and AU{y} are connected. Thune AU{x,y} is a con-
nected prover suhset of ¥ with two distinect end points (x and v)
which contradicts the assumption. So, X\ {x,y} is connected.
Second, we prove that for any z e ¥\{x,y} the set X\{z} is not
connected. Indeed, if X\{z} is connected, then X\{x,z} and iy, z}
are also connected and therefore K\{z} would be a connected pro-
per subset of ¥ with two distinct end points (x and y) which is
again a2 contradiction. The assertion X\‘{z}is not connected for
all z & X\{x,y} ie proved. We have to consider two cases:

(i) XMzt = M(x) + N(y); (ii) Dz} = Mix,y) + N.

(i) The set Muiz} is connected according to Lemma 0.1. Moreover,
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it is a prover subset of ¥ with two distinct end points ¥ and =z.
Indeed, connectedness of I\{x} imnlies that the set ((zt) N
1x1) 0 (Xvx}) = (Muiz})rix} is connected, sn that x is an end
point of Miizh. On the other hand, = is an end moint of MU{z}
because M is a component in ¥ \{ z}. We have a contradiction.
(ii) In the same way as above one can ensily check that the set
Wiz} is a connected proper suhset of ¥ having two end noints
x and y which is again a contradiction.

HMence, in both cases we obtain a contradiction and thus ¥
must have at most one end point. This completes the proof of

the theorem.

Now, we shall see that on a neighbourhood V-space (%,T), in
a natural menner, one can introduce a partial order as follows:
x<y iff y is contained in some open component. of ¥\ {x},

2,4, THEOREM. < is a partial order on (¥,1).

PROOF, (a) ¢ is antisymmetric. Supvose that x<v and y< %
hold. Then we have X \{x} = U(y) + A and Xy{yt= v(x) + B, where
U and V are open components of the sets X \{X} and X\-{y}, res-
pectively. According to Lemma 0.1, A\J{x} is connected and since
it is contained in X \{y} it follows Aui{x}ec V. In a similar way
we deduce BU{yle U. Hence, Uiy} = BU(UNV) and ¥V Vixy = AU
(UNAV). But TBN(UNV) = (XBAV)NT = ¢ and BAT(UNV)< BNLV=0,
so that UA{y} = B + (UNYV). Similarly, vaix}t = A+ (UAV). The
sets (UAV)u{x} and (UNV)uU{y} are connected by Temma 0.1, and
consequently (UNV)yU {x,y} is a connected aubset o° ¥ with two
end points x and y. This contradiction shows that x = ¥.

(b) « is transitive. Let x <y and y < z. It is clear that
% # z, because otherwise x = ¥ by (a). There are open connected
sets U,V X such that X\{x} = U(y) + A and X\iy} = v(z) + B.
Now x <7 will follow from the fact z&U. To prove this, suppose,
on the contrary, z€A. AuU{x} is connected in X (by Lemma 0.1),
and therefore it is comnnected in X\{y}[5]. But then AudxleV
because V is a component in X\ {y}. Thus x& V. This means that
v < x holds, which is a contradiction. So, z €U and the proof of
(v) is complete. The theorem is proved.

2,5, THEOREM, Tet (%,T) be a neighbourhood V-space. Then
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the set {ye ¥: y< x| is linearly ordered for every xg X¥.

PROOF. TLet a,be{yeX: y<xhk. We shall prove that a and b
are comparable. Supvose that this is not true. Then there exist
open connected sets U and V such that ¥\{a} = A(b) + T(x) and
v {b} = B(a) + V(x). The connected set Tu{al is contained in
XN {b} and therefore we have Mu{ale B which implies x €. This
contradiction shows that a and b are comparatle and the theorem
is proved.
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NEKFR KLASE POVEZANTIH OKOLTINSKETH PROSTORA
U radu su neki rezultati u vezi s» topoloskim W= i V-pros-

torima (detaljno izlo¥eni u [11) pro¥ireni na klasu okolinskih

prostora koji zadovoljavaju aksiom distributivnosti (prema ter-
minologiji iz [4)).
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