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Abstract. Two definitions of s proximity bese esnd subbase
heve been given, one by A. Csésar and S. Mrdwke [1] snd the other
by 0. Njastad (7], but neither of these definitions is perfectly
satisfactory. In [8], P.L.Sharma introduced s new definition of
proximity base snd subbase removing the fault that the previous
definitions hed hsd. In this paper we shall show that the notion
of proximity base and subbase can be introduced in the spaces of
R-proximity in a similer way.

O. Introduction

A relstion § on the family of all subsets of a set X is
called sn R-proximity on the set X if 8 satisfies the following
axioms:

(R.1) ASB implies BSA

(R.2) AS(BYC) if and only if A8B or A&C

(R.3) ASB implies AL @, B £ &

(R.4) If ANBZ @ then ASB

(R.5) If x§B then there exists & set EcX such
that x&F and X-E§B.

An R-proximity 8 on X is separated if x8y implies X=y. A
pair (X, 8 ) consisting of a set X and an R-proximity § on the
set X is called a space of R-proximity.

Every R-proximity 8§ on a set X induces a topology & on X.
More exactly. the formula

E={xeX: x54)
defines a closure operator on the set X (see [41). We shall denote
the topology induced by an R-proximity & by %(8) .
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If 81 and 82 are two ‘R—proximities on a set X and for gll A,
Bc X the relation ABB implies the relstion ASJ, then we say
that the R-proximity 81 is finer than the proximity 82, or that
82 is cosrser then 8, snd we write 825._81.

Let (X,Sl) and (Y,Sg) be two spaces of an R-proximity. A
mapping f of the set X to the set Y is cslled proximally continu-
ous mapping with respect to the proximities 6’1 and 82 if for any
sets A,BcX close with respect to 81, the images f£(A),f(B)<=Y are

close with respect to 82.
We shall denote the set of the first n natursl numbers by I.

1. Base and subbase of R-proximity

TLet X be a nonempty set. A binary relation &> defined on the
power set of the set X is called an R-proximity base, if the fo-
lldwing axioms are satisfied:

(RB.1) A®B implies B®A

(RB.2) If ANB £ @ then ABB

(RB.3) ASB implies A# f§, BLY

(RB.4) If ASBand Aca¥, BcB* then A®®B"

(RB.S5) If A®B then there exists s set EcX such
that A&E and ¥-E&B.

An R-proximity base is separated if x®y implies x=y for all
X,y X

1.1. THEOREM. Let ®be sn R-proximity base on a set X' and
let 84 be a relation defined on the power set of the set X as fo-
liows:

A8B if and only if for sny two finite covers iA;: ie I tend

J1]33.: jeIn} of the sets A and B respectively there exists a

pair (i,3)¢ Ix I, such that Ai‘?i‘)Bj.

Then 84 is the cosrsest R-proximity on X finer than the relation
®,, Moreover, the R-proximity Sq is separated if and only if the
R-proximity bsse ® is separated.

PROOF: First we shall prove that the relation 8g setisfies
the sxioms (RB.1)-(RB.2). Let AS8B snd let tA;: ieTpy end iBy:
,je:-Ink be the covers of the sets A and B respectively. Then there
exists a pair (i,j) &I xI such that Ai@aBj. But then Bj@)Ai and
therefore BligA.

To prove the axiom (R.2), let us first assume that ABg(BuC).
Then there exist covers ’xAi: ieIm\ and j\]':}._-.l:je In‘; of the sets A
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and BuC respectively such that AiéaBJ for any (i,3)e I _xI . Since
{Bj: jelI_ } is the cover of the sets B and C, then A&;B and AfeC.
To prove the converse, let us suppose that ASy B and AS.C. Then
there exist covers {Ai:'ielm‘;,f\Bj: jeIn\,{Pk: keIr‘s and AQl: 1s
€I} of the sets A, B, A and C respectively, such that AigbB.
for any (i,j)eImxIn and Pk@qu for any (k,l)eIerS. Let M(i,k)=
=A; NPy, (i,k)elmxlr and 1et{Np: pel  tbe a family of the sets
defined by

N =. Bp‘ for 1« pen

p for n+l < p<g n+s
It is obvious that {M( k) (i kgel xI ‘; is a cover of the set
A and {N_: peln+s
holds for any (i, k)el xI, and any peI
llows from the constructlon of this covers and the axiom (RB.4).
Thig proves that the axiom (R.2) holds true.

If A8yB, then for any twe covers I\Ai: ieI t end J\Bj: je Iy
of the sets A and B there exist the sets A eand B. such that
A %E But then A, ;éQi and B, ;éQ according to axiom ?RB.B). Therefo-
re Aéb and BLD.

Let us suppose that ANB £@ and let {Ai: ie Iy and J~.Bj: Jel }
be any two covers of the sets A and B respectively. Then AiﬁB @
for e peir (i,j)es I,xI . But then Ai&Bj, which proves that A8:B.

To prove the axiom (R.5), let us suppose that x8gB. It is
obvious that there exists a cover {Bj: delI,t of the set B such
that xc_sz,BJ. for any jeI . But then according to axiom (RB.5) for
each je I there exists a set E. such that X@EJ and X- E @t.B .
Let E= U{E : jeIt. Since x&E., then x3¢E. for any je I Slnce
we proved that the axiom (R.2) holds for relation 8g, then *x&E.
Moreover, X-E =0 (X- EJ.)CX E., jeI,, and therefore X-—E%Bj for
any jeI by (RB.4). Hence X—EE&;BJ. for any je I . From this we
get that XI-E8B by axiom (R.2). In this msnner we proved that Sg
is an R-proximity on X.

Iet B be any R-proximity on X which ig finer than®. If A8 B
then for any two covers Jul\.j_: ieIm\ and 4{B.: jEIn‘r there exist the
sets A; and Bj such that Aig B:| . But then A,®B.. This implies AJB
by definition of relation &,. This proves that &8¢ . Since S5z %,

} is a cover of the set BuC, Then M(l k)@-“N
i Mhis 1mmed1ately fo-

we proved that 8% ig the coarsest R-proximity finer than the re-
lation ®.

It ig obvious that R-proximity Bg,is separated if and only
if R-proximity bsse ig separated.




Let X be 2 nonempty set. A binary relation s defined on the
power set of the set X is called R-proximity subbase, if the fo-
llowing axioms are satisfied:

(RS5.1) If ANB £ @ then AsB
(RS.2) If xS B then there exists a set Ec X such
that xsE snd X-EsB.

An R-proximity subbase is separsted if the following axiom
is satisfied:

(RS8.3) If x#y snd xsy, then there exist two sub-
set P and Q such that xe P, yeQ and either PsQ or Qs PF.

i.2. THEOREM. If s is an R-proximity subbase on a set X, then
there exists the cosrsest R-proximity S‘S on X finer than the re-
letion s. It is separated if and only if s is separated.

PROOF: Let us define s binary relation &, on the power set
of the set X in the following way:

A®B if end only if A£@, BAY end A% s B* and B¥ s B* for

any two sets A*s A, B®=3B.

It is obvious that 6552 s. Let us prove that CSBS is an R-proximity
base on X. The axiom (RB.1) is obviously satisfied. If AnB £ @,
then A*nB* £ @ for eny A¥> A and B*> B. Therefore 4% s B¥ by (Rs.1)
which implies ASBSB. The axiom (RB.3%) obviously holds true. To pro-
ve the axiom (RB.4), let us suppose that A® B, AcA®, B<B¥ and
let us prove that A®@B¥. Let A*< A’ ang B¥c 5%% gince ARE,
A< A®™ gnd B<B*, it follows that either A¥¥gB™ op p¥¥g p¥¥,
This proves that A®"®B* To prove the axiom (RB.5), let us su-
ppose that x&B. We shall distinguish two cases.

First we shall suppose that B=@, It is obvious that in this
case the set E= @ gatisfies the condition of the axiom (1B.5).Let
us now suppose that B£@. Since ¥®gB , there exist the sets Ax:x{x;.
and B®"S B such that A¥E B¥ or 8*5 4%, Ir A¥5B¥, then by the sxiom
(RS.2) there exists & set EcX such that A*S E and X-Es B¥. This
proves that x&iE and X-E®¢B holds true. If B* 5 A¥, in o similar
way cen be proved that there exists & set E<X gsuch that xagE
and X—E@_‘;SB. In this way it hss been proved that%s is an R-proxi-
mity base.

Let Ss be an R-proximity generated by the R-proximity base
@y . Then 83> Dgzs. Let 8 be sny R-proximity on X finer then the
relation s. According to the definition of % it is obvious that
8*;,%5 . But then 8;85 according to above theorem.
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It is easy to see that s is separated if and only if 4 is
separated.

The R-proximity base which is constructed in the proof of
the above theorem ig the cosrsest R-proximity base on X finer
then the relstion s. Indeed, let @8 be any R-proximity base
on X and let us suppose that A®B. According to axiom (RB.4)
A*®B* holds for any two sets A*> A and B¥o B, Moreover, B¥@a¥
by the sxiom (RB.1). But then A* s B¥ end B¥ s A¥ implies A®g B.
This proves that @baQBS.We shall say that R-proximity is gene-
rated by the R-proximity subbsse s.

2. Some propertieg of R-proximity spaces

The proofs of seversl theorems in spaces of R-proximity can
be simplified by using the R-proximity base and subbase. Let us
mention some properties of R-proximity spaces which are usual for
proximity spaces. The proofs of these theorems will be omitted

because they are identical to the proofs of the coresponding the.

orems in 181,

2.1, THEOREM, Let igd:cerk be a collection of R-proximities
on the set X. Then there exists the coarsest R-proximity on X fi-
ner than 8, for each ael.

2.2, THEOREM. Let {8,:cteI} be a collection of R-proximities
on a set X. Then there exists the finest R-proximity 8 on X which
is coarser than Sy for each olel.

2.%. THEOREM. The family of all R-proximities on a set X is
8 complete lsttice with respect to the order £

2.4. THEOREM. Let {(X,8,): 4eI} be s family of R-proximity
spaces and let X=TW{X :aleI}. A binary relation & defined on
the power set of the set X with

A®Bif and only if Pd<A)8de(B) for each deT
is an R-proximity base on the product of R-proximity spaces ¥ .
2+5. THEOREM. Let (X, ,8)): kel be s collection of R-proxi-
mity spaces and let (X,8,) be the product of these spaces. A fun
ction f from R-proximity spsce (¥,8 ) to the producat (X,Sn) is
Froximally continuous if and only if the composition o)

o f is pro
ximally conftinuous for esch olel.
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R.S.Dimitrijevié
BAZA T PREDBAZA R-BLISKOSTI

U prostorima R-bliskosti uvedenl su pojmovi baze i pred-

baze., Dokazano je da svaks baza (predbasza) generisSe jedinstvenu R-
bliskost. Navedena su neka svojstvae ovih prostora koja se dokazu-—
ju primenom uvedenih definicije baze i predbaze.
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