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Abstract. Inflations of semigroups are studied in [2]. In
the present paper another construction for n-inflation of a semi-
group will be given. Also, we describe an n-inflation of a semi-
ring.

1,

ILet S and T be two disjoint semigroups and suppose that
T has a zero element. A semigroup V is said to be an (ideal)
extension of S by T if it contains S as an ideal and the
Rees factor - semigroup V/S is isomorphic to T. V is a retract
extension of S if there exists a homomorphism & of V onto

s and @ (x)=x for all x€&S. In this case we call ¢ a retra-

tiomn.
For undefined notions and notaticns we refer to [3].
DEFINITICN. A semigroup S 1is an n-inflation of a semigroup
it . i
T P s” %; T and S 4&s a retract exitension Ef i

M.S.Putcha and J.Weissglass, {4] considered an n-inflation

of a semigroup, but in another sense.

AMS Subject Classification (1980): Primary 20 M

TiE 5l2.a




THEOREM 1. Let T be a semigroup. To each aeT we associ-

ate a family of sets Xi y 1i=l,2,...,n such that
a€x® , 2nxP =g if 1 #3
17 4 j
(1.1)
a b _
Xlnxj =@ if a#b
Let
(a,b) i-1
) :x?xxl?+ xib ; 2 <i <n
(i,3) J v=1
(1.2)
{a,b) (a,b)
@ ) (x,v) = & (x,b) = ab
4,3) (i,1)
be functions for which
(ab,c) (a,b) (a,be)
(1..:3) (¥s 2i-1) (¥t <5-1)¢@ (@ (x%,¥) ,2)=0 (x,
(s,k) (i,3) td,.t)
(b,c)
o] (y,z) for all a,b,c€T , 2<i<n; 1<j<n.
(3:k) ‘

n
Let ®, = \_}Xi and define a multiplication on 8= \J ¥
i=1

by: for xéYa, erb '

(a,b) A i
¥ o Y = P (x,y) if =xe X7, yeX., lgi,jzn.
Grdl J
Then (8:%) E an n-inflation o_f a Eemig‘roup T,

Conversely, every n-inflation can be so constructed.

PROOF. Let x,y,z€ S . Then there exist a,b,ceT such that

xeYa . yE_Yb, zE_YC PR % - 8 xexi ¥ yex]j? ; ZGXE for some
1< i,j,k<n. Assume that i,j#l. Then
(a,b) (a,b) 2%
(x * y)*z = & (x,y)*z , © (x,y) € X ", l<ssi-l
(1,39 (B )]




(ab,c) (a,b)
=9 (‘IJ (X,Y),-Z)
(s,k) (i,3)

(b,c) (b,c) b
* * =3k y
x* (y*z)=x @(j,k) (v,z) , @(j,k) (yv,z)e X777, 1<t<j-1

(a,bc) (b,c)
= e B Oy o))

and by (1.3) we have associativity. If at least of i and J is

equal 1, for example 2<i, j=1, then by (1.2) we have that

(a,b) (a,b) 1
(x*y)tz = & (x,v)*z, ¢ (x,y)ex”", l<s<i-1
(1,19 {(i,1) o T
o (ab,c) (a,b)
x*(y*z) = x*(bec) = abc

and by (1,3) we have associativity.

Therefore, (5,*) is a semigroup.
n+l

il = * * *
Assume UES » 1.;. u sl 52 Sn+l’ sr T
r=1,2,...,n+tl. Let srexnr , where areT. Then
=g %g * *
u=s;*s,*. .. ¥8
(al,az) (al,az) aa

172
= (sl,sz)=ule}§t1 ,Jétl;;n—l

* * * [ .
(mpnj Pivtpld Y85ty i 0

(@;25,35) (a;2,sa,)

81%5%
= * = L
Py MrSget Mo B ) (yroy)=n, €%, © 7, Letymn-2
(alaz. : .an__l,an) {alaz. . .an_l_.an)
= * -
¢ t ) {un—Z'Sn) Snel’ @ - ) (un-—z’sn)
n-2'™ n—-2'
a.a.,...a
172 n
Y18 % ro st sl
n—-1




)

() 8y ByiB

= & (W 8 ,4)
(1,n) n-1""n+l
= alaz...an+léT. a
In other cases (s.€ X‘;r, 1<k <n) it is clear that ue Ty
Hence, Sn+l§ T.

Define a mapping ®:5 =UYa + T by @(Ya) = a, For any
aeT
x,y€ S there exist a,belT such that xeYa, era ¢ Le B

xex? 7 yex? for some 1<i, j<n. Now

(a,b) (a,b) ab
(x*y) = ¢ (@ (x,y)), @ (x,y) €X, Y
(i,3) (i,3)

for some lc<k<i-1. TIf i=1, then by (l1.2) we have that

(a,b)
® (x,vFab eYa
(i,3)

b* Now by the definition of & we obtain

o (x*y) = ab =0 (x)2(y).

Tt is clear that @ (x)=x for every xe&T and that T is an ideal

of S. Therefore, S is a retract extension of T.

Conversely, let n be the smalest positive integer such
n+l

that 8" &= T and let & be a retraction of 8 onto T. Assume the
following sets (ideals) of S:
a,={xes: xSer}, i=1,2,...,n-1
It is clear that E[\;:AlgAzg. S W 1 For a€T we define the sets:
] n
Yy =% “(a),

It is clear that the conditions (1,1) hold fer eveny x? ana X.:
L

. g

1<i,j<n.

4




n
If ae&T, then Y_= \)X'E.l and S= ./ ¥_. For x,Yy€S
a 42 1 aeT 3

There exist a,b&T such that xeAy, erb. By Propesition 1l.l.
[2] we have that

(1.4) YaYbC_-Yab

Let xexi, yexkj) y 2 2i<n, l<izn. Then

and by (1.4) we have that xy exib; Y.p for some 1<k<i-1.
Therefore,
i-1 .y
xeXx, , veX., => xye\JX .
i 3 Bt R

If i=1 or y=b, then xye Yabn T={ab}. In this way the
functions g (@yb) ,1e gefined and the conditions (1.3) hold.
(1,3)

A non empty set S with two binary associative operations
nin and "." for which the distributive law holds:
x(y+z)=xy+xz, (x+y)z=xztyz
for every X,y,2€S5 1is a semiring. A subsemiring A of a semi-
ring S is an ideal of 8 1if A is an 4dditive and multipli-
cative ideal of S. On S we define a relation Pp with: XppY e

x=y or x,y€A. Then S/A (or S/pA) is the Rees factor semiring
modA . . It is clear that S/A is a semiring with a zero element

and for every a &€ S5/A:
(2.1} a=0=0+a=0=al0=0a.

Let H and T be the disjoint semirings and T has a zero

((2.1) holds). A semiring S is an ideal extension of a semiring

H by a semiring T if H is an ideal of § and S/H=T. Let H
be a subsemiring of semirings § and S7 and let £ be a homomo-
rphism of & into 8&° leaving every element of H fixed, then
f is a H-homomorphism. H 1is a retract of § if there exists

a H-homomorphism f of & onto H, in this case we call £ a




retraction. If, in addition, H is and ideal of S, then H
a retract ideal of & and g

is
is a retract extension of H.

DEFINITION. A semiring S is an n-inflation of a semiring

+
H if (n+l)sgH, " %; H and S 1is a retract extension of H,

THEOREM 2. Let (H,+,.) be a semiring. To each ae€T we asso-
- . a .
Ciate a family of sets Xi ¢y 1=1;2,...,n such that

b . gy
(2.2) aex] , X?”Xj =@ if i#j
(2.3) x‘ianxkj’= g if aFb.
Let.
(a,b) i-1
! a+b ,
(2.4) Q(i,j}' Xi X Xj é:ﬁ Xv " i>2
(a,b) (a,b)
(2.5) o (x,y)= 0 (x,b)=a+b
(1,3 (i,1)
(a,b) "
(2.6) y : X % Xty 2P g
gy 3 J v -
r \)=l
W(arb) LP(a.b)
(2.7) (lrj)(x,y)= (i’l)(x,b)=ab

be functions for which

(a+b,c) (a,b)

(2.8) (%fs;i—l)(\%t;j-l) Q(s,k) (®(irj)(x,y),z) =
(a,b+c) (b,c)
@ (%, © (y,2))
(G -0 (] o)
(ak,c) (a,b)
(2.9) (M s2i-1) (M t<i-1) ¥ (¥ (x,vy),2) =
{s,k) (i,3)
(a,bc) (b,c)
v (x, ¥ aepEl))
(i,t) (3.:8)
(a,btc) (b,c)
(2.10) (¥ s<3-1) (M p,qg<i-1) ¥ (x, © (v,z))=
(i,s) (3,k)




(ab,ac) (a,b) (a,c)

® (¥ (x,¥), ¥ (2,2))
(p,q) (i,3) (i,k)
(atb,c) (at+b,c)
(2.11) (¥s,pci-1) (Mg=<j-1)Y¥ (o (x,y),2)=
(s,k) G
(a+c) ,b+c) (a,c) (b,c)
y (® (x,2z), & (yv.,2))
(p,q) (i,k) (§,k)

for all a,b,c€B , where 2<i<n; 1<j<n
n
Let Y = \J'Ai and define two operations L and 0 on
i=1
g = A\t ¥, by:
ael

(a,b)
X LY = @(i,j) (x,v)

xex?®, yexP, 1<i,j<n

(a,b) * J -

x oy =Y (2,v)
(i,3)

Then (S,L ,0) is an n-inflation of a semiring H.

Conversely, every n-inflation of a semiring can be so con-

structed.

PROOF. Let X,v,z€S. Then there exist a,b,c€H sich that
. a b o
xeYa, yc-.Yb, z«:’—_YC g e Bl xexi‘, yexj i ZEXk , for some

1<i,j,k<n. So

(b,c) (b,c) bBia
xo(ydlLz) = x0 @ (y,2), ¢ (y,2) €X_ , 1gs<i-1
(3.,k) (3,k)
(a,b+c) (b,c)
=¥ (.X;EI’ (er))
(i,s) (3,k)
(a,b) (a,c) (a,b) (b
(x oy) L (x%0z) = V¥ (x,vy) L VY (x,2), ¥ (x,y)€X y
(i,3) (1,k) ) P
{a,c)
¥ (x,z) € X2°, 1l<p,qgei-1
{4,X) q




(ablaC} (alb) (arc)
= (¥ (x,y) ¥ (x,2))
(p.q) (i,3) (i,k)

and by (2.10) we have that xo(yl z)=(xoy)l (x0z). In a similar
way it can be proved that (xLl y)oz=(xoz)l (yoz). Now by

Theorem 1.we have that (S, Ll ,0) is an n-inflation of a semiring
(H,+,.).

Conversely, let n be the smalest positive integer such that
(n+l)s &H, Sn+l¢_=_. H and let ¢ be a retraction of S onto H.
Assume the following subsemigroups of §S:

A;= {xes: x+is<H} , By;={xeS: xS'cH},
i=l,...,n-1. It is. clear that HSA cA.c .QAn and

T=4ag == - -1
HEB €B,=...sB ;. Let
Ci=Aiﬂ Bi ; i=1,2,...,n-1
and for any aeH we define the sets: Y = d:_l(a).

a _

Xl . Yan Cl
a
2

=¥ 1) (e =80

Xn-l = Yan {Cn-l—cn—zJ

>
I

Yan (s—cn_l} v

It is clear that the conditions (2.2) and (2.3) hold for every X?

and Xl.), 1<i, j<n.
J e n
a
If a€H, then Y = \J X7 and so 8=\J Y_. For x,yes
a 1i=1 i aen
there exist a,bé&H sich that x eYa . erb. Sc by Theorem 1.

[1] we have that

(129 Yo ¥ eV v YN e .
a b i G
Let xEXi ’ yer s 22i,jsn. Then
; P i-1 i
xty+(i-l)sEx+iS€H, xyS &< x5 ¢ H.
ath ab

So by (2.12) x4y GXk EYaa‘b r Xy eng___Yab for some 1<k<i-1,
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Therefore,

-1 i-1
+b
xtye \UXT ,  xye M~ Xib
v=1
If i=1 or y=b , then
x+era+bf\H= {a+b} , xerabf\H:{ab}.
(a,b) (a,b)
In this way functions ¢,, ., and ¥,. . from (2.4)-(2.7) are
(_l;]) (1rj)

defined and the conditions (2.8)-(2.11) hold.
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Stojan Bogdanovié

INFLACIJE POLUGRUPA I POLUPRSTENA

U ovom radu daje se jedna nova konstrukcija za inflacije po-
lugrupa razlidita od one iz [2j. Data je i konstrukecija za n-in-
flacije poluprstena.
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