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1. Introduction

In this paper, we provide a survey of the most important properties and con-
nections between special classes of polynomials associated with Bernoulli, Euler,
Apostol-Bernoulli, Apostol-Euler, Genocchi and Fibonacci numbers and polynomi-
als, as well as some new results in that area.

1° The Bernoulli polynomials of higher order B((ih) (x) are defined by

tewt h o0 () td
Fpp(x,t;h) = - => B, (x)a. (1.1)
d=0 '
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For h = 1, (1.4) reduces to the generating function of the classical Bernoulli poly-
nomials, B((il) () = Bg(x). Furthermore, for z = 0, this gives the well known

Bernoulli numbers B; = B;(0). For details see [1]- [7], [13]- [26], [38].

2° The Apostol-Bernoulli polynomials were introduced in 1951 by Apostol [1]:

te™ - td
Fap(t,t;)) = s = > Bala; N (1.2)
d=0
where |t + log A| < 27 (for details see [1]-[7], [13]- [26], [38]).
Substituting 2 = 0 in (1.2), for A # 1, we get the Apostol-Bernoulli numbers
Ba (A),
Ba(N) =B (0;A) (1.3)

and they can be expressed it terms of Stirling numbers of the second kind [1,
Eq. (3.7)]. Setting A = 1 in (1.2), we get the classical Bernoulli polynomials
Bd(:L‘) = Bd(ZL’, 1).

The generalized Apostol-Bernoulli polynomials ’B,(Ch)(:v; A) of order h are de-
fined by

h 0 k

h t z h t
F{ (@, t:0) = (Aet—1> et = CBIE)(x;A)E (1.4)

k=0 ’

for an arbitrary real or complex parameter h, where |t| < 27 when A = 1; |t| <
|log k| when X # 1; 1" := 1 (cf. [18]). For h = 1, (1.4) reduces to the generating
function of the Apostol-Bernoulli polynomials By(x; \) given above by (1.2), and
for A = 1 to the classical Bernoulli polynomials, By, (x) = By(x;1). Furthermore,
for x = 0, this gives the well known Bernoulli numbers By, = By(0) = B (0;1).

However, for x = 0, (1.4) gives the generalized Apostol-Bernoulli numbers of
order h, B,(fh) (0; A), and in addition for & = 1, the numbers TB,(:) (0; \) reduce to the
Apostol-Bernoulli numbers By (0; \) = By (A) (see [1]). In fact, in this paper [1]
the author gave a new proof of Lerch’s functional equation [15] for the function
#(&, a, s), defined by analytic continuation of the series

2kmie

> €
—_— f. [18
kZ:%(,Ha)s (cf. [18])

and also derived a number of properties of the numbers By (), including an inter-
esting connection with Stirling numbers of the second kind.

Several interesting properties, formulas and extensions have been also obtained
by Srivastava [34] (see also the recent book [35]).
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The Stirling numbers of the first kind Si(n, k) and the second kind Sa(n, k)
(k € Np) are defined by means of the following generating functions

lo 1—|—t tm
Fs, (t, k) = (log(1+1))" Zsl (n, k) —, (1.5)

and

t_l k S n
FS2<tak)_(eT)_ZS2(n7k)ﬁa (1.6)

respectively (cf. [3,29, 34]).
The numbers Sa(n, k) can be generalized using the following generating func-
tion (cf. [3], [29], [34]):

()\e —1

Fs,(t, k; \) = ZSQ (n, k; )\ (1.7)

where k£ € Ny and A € C. For A = 1, (1.7) reduces to (1.6), and we get the Stirling
numbers of the second kind

k
SalnK) = Saln. ki 1) = = S (-4 (B (1.8)

(cf. [3,29,34]).
The previous mentioned connection of the Apostol-Bernoulli numbers By (\)
with Stirling numbers of the second kind was given by Apostol [1] (see also [18,

Eq. (D))

Lemma 1.1.

i
L

no

BaCEDY

(=1 sle® M a—1)""1 8 (n—1,s). (1.9)

Il
o

S

The numbers B,,(«) can be also written in terms of the Eulerian numbers.
A generalisation of Stirling numbers can be also defined by means of the fol-
lowing generating function (cf. [3]):

— 1)k
(e ZSW n, k t—‘ (1.10)

Several combinatorial properties of these polynomials have been proved in [3].
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Simsek [29] has modified the generating function (1.10), defining the so-called
A-array polynomials S} (x; A) by means of the following generating function

()\e —1

Fa(t,z,k; \) = Zsk z; )\ (1.11)

where £ € Ny and A € C. Substituting A = 1, the A-array polynomials reduce to
the array polynomials, S\ (n, k) = S7(a; 1) (cf. [3,29]).

Srivastava and Todorov [37] proved an explicit formula for the generalized
Bernoulli polynomials B (x) = B (x;1) in the form

n

50w =) (" e ()i

X oI [U—n,u—h;zuﬂ;L,], (1.12)
T+

where the Gaussian hypergeometric function is defined by

oFia,b;c; 2] = Z k

C
k=0 k

3° The Apostol-Euler polynomials of the first kind E4(x, \) are defined by means
of the generating function

2ecct k
Fap(w,t;) = 1= gV ng (2, )17 (1.13)

where |2t + log A\| < 7 (cf. [1]-[7], [26], [38]). For A # 1, substituting z = 1/2 in
(1.13) and making some arrangement, we obtain the Apostol-Euler numbers. Set-
ting A = 1in (1.13), we get the first kind Euler polynomials Ej(z) = & (z,1).

4° The Apostol-Euler polynomials of the second kind are defined by means of
the generating function

k=0 '

(cf. [30]). A special kind of these polynomials for A\ = 1 are denoted by & (z) =
Ei(x, 1), and the corresponding numbers by £ = £;(0). By using (1.13) and
(1.14), for x = 0, we have the following relation

EF(0,)) = 2F)&, (% )\2> .
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The second kind Euler numbers E; are defined by the special case of the first
kind Euler polynomials, E} = 2¥Ej, (1/2).

5° The Euler polynomials of higher order E,gh) (x) are defined by means of the

following generating function

zext h OO () tk}
Fep(x,t;h) = => E, (x)y, (1.15)

¢
et +1 prrt
so that, obviously, E,(Cl) (z) = Ep(x).

6° The Genocchi numbers and polynomials and their generalizations. The
Genocchi numbers G4 are defined by the generating function

ot Ltk
Fy(t) = 55 =D Gy (1.16)
k=0

where |t| < 7 (cf. [13], [20], [26], [38]).

In general, for these numbers we have Go = 0, G; = 1, and Gai41 = 0 for
k € N. Some relations between the Genocchi, Bernoulli and Euler numbers are
given by G, = 2(1 — 22%) By, and Gay, = 2kEsy—1. The sequence of Genocchi
numbers is

{9 }r>0 ={0,1,-1,0,1,0,-3,0,17,0,—155,0,...}.

The Genocchi polynomials G (x) are defined by the following generating func-
tion
Fy(z;t) = Fy (t) e™ ZZGk(w)H, (1.17)
k=0

where |t| < 7. Using (1.17), it is easy to see that

5k k—v
Gr(z) = Z<V>Gl,:v .

v=0

The Apostol-Genocchi polynomials g (z, A) are defined by the generating func-
tion
2t
et +1

e t:ZGk(x,)\)E, (1.18)
k=0

where |2t + log A| < m. Setting A = 1 in (1.18), we get the classical Genocchi
polynomials Gi(xz) = Gj(x, 1), which reduce to the classical Genocchi numbers
Gk = Gk(O) for x = 0.
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Substituting x = 0 in (1.18), for A # 1, we obtain the Apostol-Genocchi
numbers G (A\) = G(0, \). For some detail, properties and other generalizations
see [11], [13], [20], [26], [34], [35], [38].

Recently, Simsek [31, Eq. (2.13)] defined the following combinatorial numbers:

oo

2 t"
_— = Y, (\)—. 1.19
A1+ M) -1 nz:() <)n' ( )
Using (1.19), we have
2knIN2n
Y.(A) = (— . (1.20)

(cf. [31, Theorem 14]).
A relation among the numbers Y,,(\), S1(m,n) and B,,(\) is given as follows

m

9\ Z BnJrl(:)fll(m?n) =Y (N). (1.21)

n=0

1.1. Eulerian type monic polynomials

The Apostol-Bernoulli numbers can be expressed in terms of the monic polynomials
Pr(A):

and, in general for k& > 2,

k1 kA 901{—20\).

(1.22)

where ¢ (\) are monic polynomials in A\ and of degree k and . (0) = 1 (cf. [25]).
Using the generating function (1.4), for h = 1 and z = 0, and (1.22), it is easy to
prove that the polynomials ¢y () are self-inversive (cf. [23, pp. 16-18]), i.e.,

Moy, (%) = @i ().

Ozdemir et al [25] proved that

k+1
v

k
() = (1= 2+ 2>

v=1

yl—xyﬂwhﬂu% k>1,  (1.23)
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with po(A) = 1, as well as the following determinant form

—1/A 0 0 - 0 1
() —1/A 0 - 0 ¢
D @ oo e

(?)51#2 (S)gk%’) <l§>§k74 W L
(k-{-l)§k—1 (k;l)fk_Q (k§1>£k_3 (k:l) ¢k

where £ = 1 — . For example, we have

wo(A) =1,

e1(A) =A+1,

©a(A) =A% 4N+ 1,

©3(A) =A% F 1IA2 + 11X + 1,

@a(N) =2 4+ 26)3 4+ 66A% 4+ 26X + 1,

©5(\) =X + 571 + 30203 4 302X\ + 57\ + 1,

©6(A) =A% + 12005 + 11910 4 2416)3 + 119102 + 120\ + 1,
©7(N) =AT + 247X5 + 429305 + 156190 + 15619\3

+ 429307 4 247\ + 1,

©0g(\) =A% 4+ 50207 4+ 14608\° + 88234\° + 156190\
+ 88234\ 4 1460822 4 502\ + 1

©o(N) =51207 4 52905)% + 8980687 + 4441476 )% 4 78621245
+ 5296638\* 4+ 13054203 + 997320% 4 1524\ + 1,  etc.

Using (1.23) for A = 1, we have ¢r(1) = (k + 1)pg—1(1), and conclude that
or(1) = (k+ 1)

et(1=X) _q
GO = Ty (1.24)
Then
GOt =) ee1(N) (1.25)
k=1 ’
and 2 t(14A) k
B (A —1)20+) & t
EG()\J) = el — o2 Pe(A) 13- (1.26)

k=0
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Alternatively, by combining (1.24) with (1.2), we obtain the following func-
tional equation

G(A 1) = [Fap(0,t(1 = A); A) = Fap(1,t(1 = A); A,

1
tH1— )

from which we again obtain
kpr—2(A) = (1 = N1 Br(X) = Br(15)],

ie.,

(1 _ )\)k—H
k+2

We can also prove that

Pr(A) = [Brt2(A) — Bera(L;N)],  k>0.

Pr(N) = (kA + Dpp—1(A) + A1 = N1 (A) (1.27)
or equivalently
k2 4 Ak (D)
er(A) = (1=X) Y {7(1 ) [ (1.28)

The last formula (1.28) enables us to prove that () has k distinct real nega-
tive zeros (using Rolle’s theorem).
Also, the following expression in terms of Stirling numbers of the second kind

k
Pe(\) = (v + DISa(k +1,v + DA (1 = M),

v=0

holds.
To generalize the numbers ¢ () for h € N, we introduce the generating func-
tion G"I(\, 1), so that G(\, t) reduces to (1.26):

Definition 1.1. The numbers Lp[ ]( A) of order h € N are defined by

. B ()\ _ 1)h+1 t(hA+1)
GI(A 1) = (het — )R Z‘p

Note that cpgj} (A) = @i (A). Here, we list these numbers for h = 2:
2
26 (V) =1,

PP =20+ 1,
() =42 4 TA+ 1,
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e () =8A% +33)% + 18\ + 1,
Q) =16M% + 13103 + 17172 + 41X + 1,
o () =32)% 4+ 473)% + 12083 + 718)% + 88X + 1,
e (\) =647 + 161175 + T197A? + 842203 + 2682)2 + 183X + 1,
o (\) =128A7 + 52816 + 3845477 + T8095A* + 497803

+ 93272 + 374\ + 1,

o (\) =256A° + 16867\7 + 1907830 + 6211997 + 689155\*
+ 264409\ + 30973\ + 757\ + 1,

e (\) =512X7 + 529058 + 8980687 + 444147675 + 78621247
+ 5296638\ + 13054203 + 99732)\% 4+ 1524\ + 1, etc.

and for h = 3:
o (V) =1
P(A) =31+ 1,
oB(A) =0A2 + 10A + 1,
oI (N) =273 + 67A% + 25A + 1,
O () =81A* 4 376A% + 326)2 + 56X + 1,
oBl(\) =24305 + 1909M* + 313403 + 131422 + 119X + 1,
o (N) =720X8 4 9094\5 + 2521574 + 20420\3 + 4775A2 + 246) + 1,
OB (\) =2187A7 + 414792° + 180639\° + 248595)\% + 11510577

+ 1629302 + 501\ + 1,

ol (\) =6561\% + 1834127 + 1193548)° + 25754047 + 20487101
+ 5907643 + 533882 + 1012\ + 1,

oB(\) =19683)\% + 7926978 + 743503677 + 2380726075 + 20793394\
+ 14969662\* + 28435483 + 1702842 + 2035\ + 1,  etc.

If A, (z) are Eulerian polynomials, then

Ak—i—l()‘)‘

or(\) = 3

In this paper we give some new identities for the previous classes of polyno-
mials and investigate some new properties of these polynomials. Moreover, by



98 G. V. Milovanovié, Y. Simsek

using their generating functions, we give some applications which are associated
with the Fibonacci type polynomials of higher order in two variables.Now, we in-
troduce the generating function for these new special polynomials in two variables
(z,y) = Gq(x,y;k,m,n), d > 0, with the three free parameters k, m,n. The
polynomials have been defined in [25].

Definition 1.2 (cf. [25]). The polynomials G4 (x,y;k,m,n) are defined by
means of the following generating function

1— a2k — y™
]F(z;x,y; k,mvn) = 1 — gker — ymez(m+n)
0o d
ik
_ Z Gd (x)ya , M, n) z . (129)
d! 1 —xk —ym

d=0
A recurrence relation for the polynomials Gg4(x, y; k, m,n) was proved in [25].

Theorem 1.1. (¢f. [25]) Let Gg (z,y; k,m,n) = 1 and d be a positive integer.
Then we have

Gy (x,y; k,m,n) —ka( > 5Uy7k’mn)(1_$k—ym)d_j
7=0

SOk 1

PROOF. By applying the umbral calculus methods to (1.29), we get

0
l—xk—ym:ZGd(x,y;k,m,n)
d=0

o0
xkz (z,y; k,m,n) +1—zF —y"
d=0

(1—ak —ym)ta
d 2
(1— a2k —ym)?al

> d

—ymz :cy;k,m,n)+(m+n)(1—:ck—ym)}d :
d=

(1—ak —ym)tar

with the usual convention of replacing G¢ (z, y; k, m,n) by Gy (z, y; k, m,n). Com-
paring the coefficients of z% on the both sides of the previous equality, we arrive at
the desired result.

A few first polynomials are G (z,y; k,m,n) = 1, Gy (z,y; k,m,n) = o +
(m+n)y™, Gz (z,y; k,m,n) = [o* + (m+n)y™ — (m+n —1)%2"y™ + 2" +
(m 4+ n)%y™, etc.
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The Bernstein basis functions are defined by means of the following generating
functions:

( k:'> -2 = 3" pr(a)
’ n=0
where
n _ n k . n—=k
Bk@Q—-(k>x (1— )", (1.30)

n,k € No with 0 < k < n (cf. [33], [28]).

2. Relations between the polynomials p4(\) and special numbers and

polynomials
Theorem 2.1.
k+1 s
o) = D01 () = @1
s=1 j=0 ‘7
PROOF. Using (1.22), we have
(A=D1
) = (0 O g .

Combining the above equation with (1.9) yields

k+1
or(\) = (=1)F IZ EsINS (N — DFFI=S G0 (k4 1, 5).

Thus, combining the above equation with (1.8) yields assertion of this theorem.

Combining (2.1) with (1.30), we get the following result:

Theorem 2.2.

k+1 s S
@k(A)=:§§:§£:(1f_j(])'k+¥B§+1(A)

(k+1>]
s=1 j5=0 s

Theorem 2.3. For k € Nand |\| < 1, we have

A
}:A"n+1 —(fiigl.
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PROOF. Interpolation function of the Apostol-Bernoulli numbers is the Hurwitz-
Lerch zeta function, which is given by

Bry1())

O\, —k,1) = — =

; 2.2

where k& € Ny,

TL

o0
zsa E
n+a

k:O

(@ e C\{0,-1,-2,-3,...}, s € C when |z| < 1, Re(s) > 1 when |z| =
(cf. [1], [14], [35]). Combining (1.23) with (2.2), we get desired result.

The following theorem is a modification of (1.23):
Theorem 2.4. We have

fk+1 1
)\;)( j )W%’(—/\)‘

PROOF. Combining the above well-known identity

2
Er(A) = ey 13k+1 (=)
with (1.22) yields
2\
Ek(N) = O+ 1)F g Pr—1(=A).

Combining the above equation with the following known identity

- (Baw

(cf. [32], [35]), we get desired result.

The following theorem gives us a relation between the polynomial ¢, () and
the Stirling numbers of the first kind S;(m, n).

Theorem 2.5. We have

n e NS mn) A
LTy T

n=0
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PROOF. Combining (1.22) with (1.21), we get

m+1 e Pn= 1(A)S1(m,n)
2) Z ot = Y.

Combining the above equation with (1.20), after some elementary calculations, we
arrive at the desired result.

Combining the following well-known identity with
1
Bi(—X) = —§Gk(>\)

(1.22), we arrive at the following result:

Corollary 2.1.
A+ D)k
By combining (1.25) with (1.2), we get the following functional equation
1
G(z,t) = m(FAB(Oat(l = A A) = Fap(L,t(1 = A); 0)).

By using the above equation, we get

= tF o1& o1 tF
> er-1(V) o7 D (Be(A) = Br(1,0) (1 - X) ik
k=1 k=0
After some calculations, we obtain
G & _—
> kpra(N) w1 = 2o (Be(d) = Bi(1,A)) (1 = A)" .
— T k=0 )
Therefore
o0 oo tk
> kpra(N) Z = Br(1,2)) (1 )\)k_la
k=2

+ (Bo(A) = Bo (1,A)) (1= X)7" + (Br (A) = Bu(1, ).

Since By(A) = 0 and By (A) = 1/(A — 1), we have
)

1
o] k 00 .
ZkSDk—Q()\ % :Z (Br(\) = Br(1,X)) (1 — A)kfl%
k=2 k=2

L+ Bi(3)

+31(/\) — h\ ,
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1.e.,
> kpr-a(V) =D (Be(A) = Br(1, 1) (1 - )1
k=2 T k=2 )

Comparing the coefficients of tk—k, on both sides of the above equality, we have

Yr—2(A) = (Br(A) — Bk(ll’:\)) (1-— )\)k—1.

If we arrange the above equation for £ > 1 according to the specific identity for the
Apostol Bernoulli numbers and polynomials, the following results are achieved:
When k£ > 2, we have

_ _1 k
e mw - T (s

Pr—2(A) =
=0

Consequently, we arrive at the following theorem, which gives us modification of
the equation (1.22):

Theorem 2.6. Let k > 2. Then we have

k

k-1
o = LS (M.

=07

Theorem 2.7. Let A\ # 1. The Apostol-Bernoulli polynomials x +— B,[gh] (z, )
of degree k — h and order h € N are given by

Bz, A) =0, 0<k<h-1;

h!

Bl[ch](x7)‘) = Bl[ch](ov A) = ()\_—1)ka

3. Zeros of the polynomials ()

All zeros of g (t) are real, mutually different and negative! For polynomials of
odd degree one zero is at —1. Other zeros are half of them are in (—1, 0), and others
are reciprocal of the previous one (belong to (—oo, —1)).
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Thus, for polynomials ¢ (t) of degree k we have

[k/2] [k/2]
on(t) = hi(t) [ [tQ — (P + 1/780t + 1} = hp(t) [] (=) (t=1/7P),
v=1 v=1
where
1 k is even
() = ) t+1, kisodd.

k=2: 7% =-243~ —0.267949;

k=3: 7= 5426~ —0.101021;

1 —0.0430963,
k=4: 74 == <13 + /105 — \/2 (135 + 13\/105>> ~
’ 2 —0.430575;
—0.0195242,
k=5: %) =— (14 +3/15 — \/6 (55 + 14\/15) ) ~
’ —0.220171.

For example,
pat) = (t— ) (=) (¢ — 1/nY) (¢ - 1/75Y),
os5(t) = (t+ 1) (t =7 (¢t = 7D (¢ = 175N (£ = 1/78).
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