
Bulletin T.CLVIII de l’Académie serbe des sciences et des arts − 2025
Classe des Sciences mathématiques et naturelles
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q-zeta functions using the q-integral method and modified generating functions. By applying
the Laplace transform to these generating functions, we obtain infinite series and integral
representation for these polynomials. Using the power series of the function sinhx and
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of the second kind. Finally, we give some special values of our general results.
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1. Introduction

Special numbers and polynomials with their generating functions and interpola-
tion functions have been investigated by many researchers in many different applied
sciences (cf. [1]– [35]).

The motivation of this paper deals with not only generating functions for special
numbers and polynomials involving the Barnes’ type multiple Bernoulli numbers,
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the Barnes’ type multiple Changhee q-Bernoulli polynomials, Stirling numbers of
the second kind, but also the Barnes zeta function and the Hurwitz zeta function.

We can use the following definitions and notations. Let k tuples
−→uk = (u1, u2, . . . , uk),

−→wk = (w1, w2, . . . , wk),

with u1, u2, . . . , uk, w1, w2, . . . , wk ∈ R. In [30], we constructed the following
generating function

F2(t, k;
−→uk,−→wk) =

tk

h(k;−→uk,−→wk)

=

∞󰁛

j=0

θj(k;
−→uk,−→wk)t

j , (1.1)

where the function h(v;−→uv,−→wv) can be expanded as convergent (power) series.
Putting

h(k;−→uk,−→wk) =

k󰁜

j=1

(etuj − 1)wj

in (1.1), we get
∞󰁛

j=0

θj(k;
−→uk,−→wk)t

j =
tw1+w2+···+wk

󰁔k
j=1(e

tuj − 1)wj
, (1.2)

which is also known as the Barnes’ type multiple Bernoulli numbers. These num-
bers also come from extend the Bernoulli numbers of higher order. These num-
bers are generated by functions associated with the following Barnes zeta function,
which is a generalization of the Riemann zeta function and also constructed by
British mathematician and scientist Barnes (1901):

ζk(z, x;
−→uk) =

∞󰁛

ℓ1,ℓ2,...,ℓk=0

1

(x+ ℓ1u1 + ℓ2u2 + · · ·+ ukℓk)
z ,

where x and u1, u2, . . . , uk have positive real part and z has real part greater than k
(cf. [2]– [4], [5]– [6], [12], [21], [23, 31, 32] [33], [34]).

Due to Theorem 3 in [30, p.1147], with the aid of the Cauchy product rule,
Simsek showed that

∞󰁛

j=0

θj(k;
−→uk,−→wk)t

j =

∞󰁛

j=0

󰁛

ℓ1+ℓ2+···+ℓk=j

k󰁜

v=1

uℓvv B
(wv)
ℓv

ℓv!
tj . (1.3)

Equating coefficients tj in the above equation, we have

θj(k;
−→uk,−→wk) =

󰁛

ℓ1+ℓ2+···+ℓk=j

k󰁜

v=1

uℓvv B
(wv)
ℓv

ℓv!
.
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For −→uk =
−→
1 = (1, 1, . . . , 1), by combining (1.2) with the following generating

function for Bernoulli numbers of order α:

tα

(et − 1)α
=

∞󰁛

j=0

B
(α)
j

tj

j!

(cf. [10], [28], [33], [34]), we get

∞󰁛

j=0

θj(k;
−→
1 ,−→wk)t

j =
tw1+w2+···+wk

(et − 1)w1+w2+···+wk

=

∞󰁛

j=0

B
(w1+w2+···+wk)
j

tj

j!
.

Equating coefficients tj in the above equation, we have

θj(k;
−→
1 ,−→wk) =

1

j!
B

(w1+w2+···+wk)
j ,

where j ∈ N0.
In the book of Phillips [19], some properties of the q-integers are given as fol-

lows:
If q is a real parameters, then, we assume that q ∈ (−1, 1]. If q is a complex

parameters, then, we assume that |q| < 1.

[n, q] = [n] =

󰀻
󰀿

󰀽

1− qn

1− q , if q 󰃼 1,

n, if q → 1,
(1.4)

[n]! = [n][n− 1] · · · [2][1], [0]! = 1,
󰀓n
k

󰀔

q
=

[n]!

[n− k]![k]!

see also, [31, 33].
The Stirling numbers of the second kind S(n, k) are defined by means of the

generating function:

Fs(t, v) =
1

v!
(et − 1)v =

∞󰁛

j=0

S(j, v)
tj

j!
, (1.5)

where v ∈ N0 (cf. [7], [9], [22], [25], [28], [31], [34]).
Cakic and Milovanovic [7] gave the following generating function for the num-

bers S(α)(n, k), which is known as the Stirling numbers of the second kind:

Fα(t, v) = eαtFs(t, v),
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i.e.,

Fα(t, v) =

∞󰁛

n=0

S(α)(n, v)
tn

n!
. (1.6)

By combining (1.5) and (1.6), we have
∞󰁛

n=0

S(α)(n, v)
tn

n!
=

∞󰁛

n=0

αn t
n

n!

∞󰁛

j=0

S(j, v)
tj

j!

By using the Cauchy product rule in the above equation yields
∞󰁛

n=0

S(α)(n, v)
tn

n!
=

∞󰁛

n=0

n󰁛

j=0

󰀓n
j

󰀔
αn−jS(j, v)

tn

n!
.

Equating coefficients tj in the above equation, we have

S(α)(n, v) =

n󰁛

j=0

󰀓n
j

󰀔
αn−jS(j, v).

For detail results see also (cf. [7], [18], [26], [28], [34]).
Barnes’ type multiple Changhee q-Bernoulli polynomials are defined by means

of the follows generating function: For k ∈ N,

G(k)
q (w, t | w1, w2, . . . , wk)

=(−t)k
∞󰁛

n1=0

∞󰁛

n2=0

· · ·
∞󰁛

nk=0

qw+n1w1+···+nkwke[w+n1w1+···+nkwk]t
k󰁜

j=1

wj

=

∞󰁛

n=0

B
(k)
n (w : q | w1, w2, . . . , wk)t

n

n!
(1.7)

(see for detail cf. [33, Theorem 11]),

lim
q→1

B(k)
n (w : q | w1, w2, . . . , wk) = B(k)

n (w | w1, w2, . . . , wk),

which gives us the Barnes’ type multiple Bernoulli numbers (cf. [18], [31], [34]).
The sections with their results are briefly summarized as follows:
In Section 1, by using q-integres method, we derive some results and relations

for the Barnes’ type multiple Changhee q-Bernoulli polynomials and the Barnes’
type Changhee multiple q-zeta functions

In Section 2, by applying the Laplace transform to the modified generating
function, we derive infinite series and integral representation for the polynomials
B

(k)
n (w | w1, w2, . . . , wk).

In Section 3, by using power series of the function sinhx, and generating func-
tion, we give some new formulas for the numbers Y (n, c; k | w1, w2, . . . , wk).

Finally, we conclude this paper with the Conclusion section.
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2. New Formulas and Relations for Barnes’ Type Multiple Changhee
q-Bernoulli Polynomials and Barnes’ Type Changhee Multiple q-Zeta

Functions

In this section, we modified generating functions for special numbers and poly-
nomials involving the Barnes’ type multiple Bernoulli numbers, the Barnes’ type
multiple Changhee q-Bernoulli polynomials, which were given by Ozden et al [18].
By using these new generating functions, we derive many new formulas and rela-
tions involving the Barnes’ type multiple Bernoulli numbers, the Barnes’ type mul-
tiple Changhee q-Bernoulli polynomials, the Stirling numbers of the second kind
and also the Barnes zeta function and the Hurwitz zeta function.

By the help of the Taylor series of etx, (1.7) gives us

∞󰁛

n=0

B
(k)
n (w : q | w1, w2, . . . , wk)t

n

n!
= (−1)k

∞󰁛

n1=0

∞󰁛

n2=0

· · ·
∞󰁛

nk=0

󰀳

󰁃
k󰁜

j=1

wj

󰀴

󰁄

×
∞󰁛

n=0

qw+n1w1+n2w2+···+nkwk [w + n1w1 + n2w2 + · · ·+ nkwk]t
n+k

n!
.

Thus,

∞󰁛

n=0

B
(k)
n (w : q | w1, w2, . . . , wk)t

n

n!
= (−1)k

∞󰁛

n1=0

∞󰁛

n2=0

· · ·
∞󰁛

nk=0

󰀳

󰁃
k󰁜

j=1

wj

󰀴

󰁄

×
∞󰁛

n=0

󰀓n
k

󰀔
k!
qw+n1w1+n2w2+···+nkwk [w + n1w1 + n2w2 + · · ·+ nkwk]t

n

n!
.

By equating the coefficients t found on both sides of the previous equation, and
after performing the necessary calculations, the following result is obtained

∞󰁛

n1=0

∞󰁛

n2=0

· · ·
∞󰁛

nk=0

qw+n1w1+···+nkwk [w + n1w1 + · · ·+ nkwk]
n−k

=
(−1)k󰀓󰁔k

j=1wj

󰀔󰀓
n
k

󰀔
k!
B(k)

n (w : q | w1, w2, . . . , wk). (2.1)

In order to give the values of the polynomials B(k)
n (w : q | w1, w2, . . . , wk), in

the left-hand side of the above equation |q| < 1. Due to Definition 5 and Theorem 12
in the work of Srivastava, Kim and Simsek [33], equation (2.1) gives us interpolation
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function for the polynomials B
(k)
n (w : q | w1, w2, . . . , wk). It is known as the

Barnes’ type Changhee multiple q-zeta functions. That is

ζq,k(s, w : q | w1, w2, . . . , wk)

=

󰀳

󰁃
k󰁜

j=1

wj

󰀴

󰁄
∞󰁛

n1=0

∞󰁛

n2=0

· · ·
∞󰁛

nk=0

qw+n1w1+n2w2+···+nkwk

[w + n1w1 + n2w2 + · · ·+ nkwk]s
,

where Re(w) > 0 and Re(s) > 1 and |q| < 1 [33, Definition 5]. Therefore,

ζq,k(s, w : q | w1, w2, . . . , wk)

= (1− q)s

󰀳

󰁃
k󰁜

j=1

wj

󰀴

󰁄
∞󰁛

n1=0

∞󰁛

n2=0

· · ·
∞󰁛

nk=0

qw+n1w1+n2w2+···+nkwk

(1− qw+n1w1+n2w2+···+nkwk)s
.

Since |q| < 1, with the aid of binomial theorem, we get

ζq,k(s, w : q | w1, . . . , wk) = (1− q)s

󰀳

󰁃
k󰁜

j=1

wj

󰀴

󰁄
∞󰁛

n1=0

· · ·
∞󰁛

nk=0

×
∞󰁛

m=0

(−1)m
s(s+ 1) · · · (s+m− 1)

m!
q(m+1)(w+n1w1+···+nkwk).

The Lah numbers

s(s+ 1) · · · (s+m− 1) =

m󰁛

j=1

|L(m, j)| s(s− 1) · · · (s− j + 1),

(cf. [8], [9], [28]), we obtain the following alternative form for the function ζq,k(s, w :
q | w1, . . . , wk):

ζq,k(s, w : q | w1, . . . , wk) =

󰀳

󰁃
k󰁜

j=1

wj

󰀴

󰁄
∞󰁛

n1=0

· · ·
∞󰁛

nk=0

∞󰁛

m=0

(−1)m (1− q)s

m!

×
m󰁛

j=1

|L(m, j)| s(s− 1) · · · (s− j + 1)q(m+1)(w+n1w1+···+nkwk).

Since
[x+ y] = [x] + qx [y] ,
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we get the following alternative form for the function ζq,k(s, w : q | w1, w2, . . . , wk)
as follows:

ζq,k(s, w : q | w1, . . . , wk)

= q−ws

󰀳

󰁃
k󰁜

j=1

wj

󰀴

󰁄
∞󰁛

n1=0

· · ·
∞󰁛

nk=0

qw+n1w1+···+nkwk

󰀓
[w]
qw + [n1w1 + · · ·+ nkwk]

󰀔s .

When q → 1, equation (1.7) reduces to the following generating function for
the polynomials B(k)

n (w | w1, w2, . . . , wk):

F (w, t | w1, w2, . . . , wk) =
tke

t
󰀓

2w+w1+w2+···+wk
2

󰀔󰁔k
j=1wj󰀓

et
w1
2 − e−t

w1
2

󰀔󰀓
et

w2
2 − e−t

w2
2

󰀔
· · ·

󰀓
et

wk
2 − e−t

wk
2

󰀔 .

Combining the above equation with

2 sinh(αx) = eαx − e−αx,

we get

F (w, t | w1, . . . , wk) =

󰀕
t

2

󰀖k

e
t
󰀓

2w+w1+···+wk
2

󰀔 k󰁜

j=1

wj

sinh
󰀃
t
wj

2

󰀄

Therefore, we get

󰀕
t

2

󰀖k

e
t
󰀓

2w+w1+···+wk
2

󰀔 k󰁜

j=1

wj

sinh
󰀃
t
wj

2

󰀄 =

∞󰁛

n=0

B(k)
n (w | w1, . . . , wk)

tn

n!
, (2.2)

which yields

tke
−t

󰀓
2w−w1−···−wk

2

󰀔 k󰁜

j=1

wj

=

∞󰁛

n=0

2kB
(k)
n (−w | w1, . . . , wk)

n!
tn

k󰁜

j=1

sinh
󰀓
t
wj

2

󰀔
. (2.3)

Putting w = 0 and w1 = w2 = wk = 1 in (2.3), one has

tk

(et − 1)k
=

∞󰁛

n=0

B(k)
n

tn

n!
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(cf. [18], [22], [31], [34]).
By the help of the equation (2.3), one has

F
(n)
B (t |w1, w2, . . . , wk) =

tkn
k󰁔

j=1
wj

n

k󰁔
j=1

(etwj − 1)n

=

∞󰁛

n=0

B(k,n)
n (0 | w1, w2, . . . , wk)

tn

n!
. (2.4)

If n = 1, then we see that

B(k)
n (0 | w1, w2, . . . , wk) := B(k,n)

n (0 | w1, w2, . . . , wk)

(cf. [18]).

3. Infinite Series and Integral Representation for the Polynomials
B

(k)
n (w | w1, w2, . . . , wk)

Here, by applying the Laplace transform to the both sides of equation (2.3),
we derive infinite series and integral representation for the polynomials B

(k)
n (w |

w1, w2, . . . , wk).
By applying the Laplace transform to the both sides of (2.3), and using the

following known formula 󰁝 ∞

0
uke−udu = k!

and

L
󰀓
tke−tα

󰀔
=

󰁝 ∞

0
tke−t(α+s)dt

=
k!

(α+ s)k+1
(3.1)

we get the following theorem:

Theorem 3.1. We have

∞󰁛

n=0

B
(k)
n (−w | w1, w2, . . . , wk)

n!

󰁝 ∞

0
tne−st

k󰁜

j=1

sinh
󰀓
t
wj

2

󰀔
dt

=
2k!

󰁔k
j=1wj

(s+ 2w − w1 − w2 − · · ·− wk)
k+1

, (3.2)
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where
s ∕= 2w − w1 − w2 − · · ·− wk.

Gun and Simsek [11] gave the following interesting formula

∞󰁛

j=0

(−1)jB
(k)
j (x− w)

k󰁛

d=0

(−1)d
󰀓k
d

󰀔 1

(w + d)j+1
=

k!

xk+1
,

where

x ∕= 0, w ∕= 0, x ∕= w, and
󰀏󰀏󰀏󰀏
x− w

w + d

󰀏󰀏󰀏󰀏 < 1, d ∈ {0, 1, 2, . . . , k} .

On the other hand, Polat and Simsek [20, Theorem 6.5] gave the following in-
teresting formula with the aid of the application Laplace transform to generating
function for the Bernoulli polynomials

ζ(2 + k, y) =

∞󰁛

n=0

(−1)n+k+1 1

(k + 1)!xn+1

∂k

∂yk
{Bn(y − x)}

where k ≥ 0 and y /∈ {0,−1,−2,−3, . . .}.
Substituting k = 1 into (3.2), we get

∞󰁛

n=0

Bn(−w | w1)

n!

∞󰁝

0

tn sinh
󰀓
t
w1

2

󰀔
e−stdt =

2w1

(s+ 2w − w1)
2 .

Combining the left-hand side of the above equation with (3.1) and
󰁝 ∞

0
tn sinh

󰀓
t
w1

2

󰀔
e−stdt =

1

2

󰁝 ∞

0
tne−t(s−w1

2 )dt− 1

2

󰁝 ∞

0
tne−t(s+w1

2 )dt

=
n!

2

󰀣
1

󰀃
s− w1

2

󰀄n+1 − 1
󰀃
s+ w1

2

󰀄n+1

󰀤

yields

∞󰁛

n=0

Bn(−w | w1)

󰀣
1

󰀃
s− w1

2

󰀄n+1 − 1
󰀃
s+ w1

2

󰀄n+1

󰀤
=

4w1

(s+ 2w − w1)
2 .

Substituting k = 2 into (3.2), we get

∞󰁛

n=0

B
(2)
n (−w | w1, w2)

n!

󰁝 ∞

0
tn sinh

󰀓
t
w1

2

󰀔
sinh

󰀓
t
w2

2

󰀔
e−stdt

=
4!w1w2

(s+ 2w − w1 − w2)
3 .
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4. Formulas for the Numbers Y (n, c; k | w1, w2, . . . , wk)

In this section, with the aid of power series of the function sinhx, and gener-
ating function method, we derive some novel formulas for the numbers Y (n, c; k |
w1, w2, . . . , wk).

For c ∈ N0, we modify Eq. (14) in [18] as follows

FS(t | w1, w2, . . . , wk; c) =

󰀕
1

c!

󰀖c

(etw1 − 1)c(etw2 − 1)c · · · (etwk − 1)c

=

∞󰁛

n=0

Y (n, c; k | w1, w2, . . . , wk)
tn

n!
. (4.1)

By combining (1.5) with (4.1), we have

∞󰁛

n=0

Y (n, c | w1, w2, . . . , wk)
tn

n!

=

∞󰁛

n=0

S(n, c)
wn
1 t

n

n!

∞󰁛

n=0

S(n, c)
wn
2 t

n

n!
· · ·

∞󰁛

n=0

S(n, c)
wn
k t

n

n!
.

By combining multinomial theorem in [24, Theorem 10 and Theorem 11] and
using the Cauchy product rule in the above equation yields

∞󰁛

n=0

Y (n, c; k | w1, , . . . , wk)
tn

n!
=

∞󰁛

n=0

󰁛

Φ(n,ℓ,k)

󰀓 n

ℓ1, . . . , ℓk

󰀔 k󰁜

j=1

S(ℓj , c)w
ℓj
j

tn

n!
,

where 󰁛

Φ(n,ℓ,k)

=
󰁛

ℓ1, ℓ2, . . . , ℓk ≥ 0
ℓ1 + ℓ2 + · · ·+ ℓk = n

and 󰀓 n

ℓ1, ℓ2, . . . , ℓk

󰀔
=

n!

ℓ1!ℓ2! · · · ℓk!
with ℓ1+ℓ2+ · · ·+ℓk = n. By comparing coefficients tn/n! both sides in the above
equation, in light of the notation

󰁓
Φ(n,ℓ,k) given above, we arrive at the following

theorem:

Theorem 4.1. For n, k ∈ N we have

Y (n, c; k | w1, w2, . . . , wk) =
󰁛

Φ(n,ℓ,k)

󰀓 n

ℓ1, ℓ2, . . . , ℓk

󰀔 k󰁜

j=1

S(ℓj , c)w
ℓj
j . (4.2)
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Substituting k = 2 into (4.2), we get

Y (n, c; 2 | w1, w2) =
󰁛

Φ(n,ℓ,2)

󰀓 n

ℓ1, ℓ2

󰀔
S(ℓ1, c)S(ℓ2, c)w

ℓ1
1 wℓ2

2 ,

which yields

Y (n, c | w1, w2) =

n󰁛

ℓ1=0

󰀓 n

ℓ1

󰀔
S(ℓ1, c)S(n− ℓ1, c)w

ℓ1
1 wn−ℓ1

2 .

Substituting w1 = w2 = · · · = wk = 1 into (4.1), we obtain

1

(c!)k
(et − 1)kc =

∞󰁛

n=0

Y (n, c; k | 1, 1, . . . , 1) t
n

n!
.

Combining the above equation with (1.5) yields

(kc)!

(c!)k

∞󰁛

n=0

S(n, kc)
tn

n!
=

∞󰁛

n=0

Y (n, c; k | 1, 1, . . . , 1) t
n

n!
.

By comparing coefficients tn/n! both sides in the above equation, we get

Y (n, c; k | 1, 1, . . . , 1) = (kc)!

(c!)k
S(n, kc).

Putting c = 1 in (4.2), we have

(etw1 − 1)(etw2 − 1) · · · (etwk − 1) =

∞󰁛

n=0

Y (n, 1; k | w1, w2, . . . , wk)
tn

n!
.

Thus,

e
t
󰀓

w1+w2+···+wk
2

󰀔 k󰁜

j=1

󰀓
et

wj
2 − e−t

wj
2

󰀔
=

∞󰁛

n=0

Y (n, 1; k | w1, w2, . . . , wk)
tn

n!
,

which yields

e
t
󰀓

w1+w2+···+wk
2

󰀔 k󰁜

j=1

sinh
󰀓
t
wj

2

󰀔
=

∞󰁛

n=0

Y (n, 1; k | w1, w2, . . . , wk)
tn

n!
.
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Hence

k󰁜

j=1

∞󰁛

n=0

󰀓
t
wj

2

󰀔2n+1 1

(2n+ 1)!

=

∞󰁛

n=0

Y (n, 1; k | w1, w2, . . . , wk)
tn

n!

∞󰁛

n=0

󰀃
w1+w2+···+wk

2

󰀄n
(−t)n

n!
.

By combining multinomial theorem and using the Cauchy product rule in the
above equation yields

∞󰁛

n=0

󰁛

Φ(n,ℓ,k)

k󰁜

j=1

w
2ℓj+1
j

t2n+k

(2ℓj + 1)!

=

∞󰁛

n=0

n󰁛

j=0

(−1)j
󰀓n
j

󰀔󰀕
w1 + w2 + · · ·+ wk

2

󰀖j

Y (n− j, 1; k | w1, w2, . . . , wk)
tn

n!
.

Therefore,

∞󰁛

n=0

󰁛

Φ(n,ℓ,k)

k󰁜

j=1

w
2ℓj+1
j

t2n

(2ℓj + 1)!

=

∞󰁛

n=0

n󰁛

j=0

(−1)j
󰀓n
j

󰀔󰀕
w1 + · · ·+ wk

2

󰀖j

Y (n− j, 1; k | w1, . . . , wk)
tn−k

n!
.

Combining the above equation with the following series relation

∞󰁛

n=0

yn
n!

tn+k =

∞󰁛

n=0

sn
n!

tn,

which yields
∞󰁛

n=0

yn−k

(n− k)!
tn =

∞󰁛

n=0

sn
n!

tn,

so that
yn−k

(n− k)!
=

sn
n!

or

yn =
(n− k)!sn+k

(n+ k)!
,
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after some calculations, we obtain

∞󰁛

n=0

󰁛

Φ(n,ℓ,k)

k󰁜

j=1

w
2ℓj+1
j

t2n

(2ℓj + 1)!
=

∞󰁛

n=0

n+k󰁛

j=0

(−1)j

󰀓
n+k
j

󰀔

󰀓
n+k
k!

󰀔
k!

×
󰀕
w1 + w2 + · · ·+ wk

2

󰀖j

Y (n+ k − j, 1; k | w1, w2, . . . , wk)
tn

n!
.

By comparing coefficients t2n both sides in the above equation, we get the fol-
lowing result.

Theorem 4.2. Let n ∈ N0. Then we have

󰁛

Φ(n,ℓ,k)

k󰁜

j=1

w
2ℓj+1
j

1

(2ℓj + 1)!
=

2n+k󰁛

j=0

(−1)j

󰀓
2n+k

j

󰀔

󰀓
n+k
k

󰀔
k!

×
󰀕
w1 + w2 + · · ·+ wk

2

󰀖j

Y (2n+ k − j, 1; k | w1, w2, . . . , wk) (4.3)

and

2n+k+1󰁛

j=0

(−1)j
󰀓2n+ k + 1

j

󰀔󰀕
w1 + w2 + · · ·+ wk

2

󰀖j

× Y (2n+ k + 1− j, 1; k | w1, w2, . . . , wk) = 0. (4.4)

Substituting k = 2 into (4.3) and (4.4), we get

󰁛

Φ(n,ℓ,2)

2󰁜

j=1

w
2ℓj+1
j

1

(2ℓj + 1)!

=

2n+2󰁛

j=0

(−1)j

󰀓
2n+3

j

󰀔

2
󰀓
n+2
2

󰀔
󰀕
w1 + w2

2

󰀖j

Y (n+ 2− j, 1; 2 | w1, w2),

respectively, which yields

(n+ 1)

n󰁛

ℓ1=0

󰀓2n+ 1

2ℓ1

󰀔
w

2ℓj+1
1 w2n−2ℓ1+1

2

=

2n+2󰁛

j=0

󰀓2n+ 3

j

󰀔󰀕
−w1 + w2

2

󰀖j

Y (2n+ k − j, 1; k | w1, w2),
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and
2n+3󰁛

j=0

(−1)j
󰀓2n+ 3

j

󰀔󰀕
w1 + w2

2

󰀖j

Y (2n+ 3− j, 1; 2 | w1, w2) = 0.

5. Conclusion

This article consists of five sections. The first section briefly outlines the fun-
damental notations, definitions, and relationships used throughout the paper before
moving on to the main sections. By using q-integres method, we gave some results
and relations for the Barnes’ type multiple Changhee q-Bernoulli polynomials and
the Barnes’ type Changhee multiple q -zeta functions. We also derived the following
modified generating function

∞󰁛

n=0

n󰁛

j=0

󰀓n
j

󰀔󰀕
2w + w1 + w2 + · · ·+ wk

2

󰀖n−j

B
(k)
j (w | w1, w2, . . . , wk)

tn

n!

=

k󰁜

j=1

twj

2 sinh
󰀃
t
wj

2

󰀄

and

e
t
󰀓

w1+w2+···+wk
2

󰀔 k󰁜

j=1

2 sinh
󰀓
t
wj

2

󰀔
=

∞󰁛

n=0

Y (n, 1; k | w1, w2, . . . , wk)
tn

n!
.

By applying the Laplace transform to the above function, we showed that the
polynomials B

(k)
n (w | w1, w2, . . . , wk) have the following infinite series and inte-

gral representation

∞󰁛

n=0

B
(k)
n (−w | w1, w2, . . . , wk)

n!

󰁝 ∞

0
tne−st

k󰁜

j=1

e
twj
2 − e−

twj
2

2
dt

=
2k!w1w2 · · ·wk

(s+ 2w − w1 − w2 − · · ·− wk)
k+1

. (5.1)

Moreover, we proved that the numbers Y (n, c; k | w1, w2, . . . , wk) can be writ-
ten in terms of the Stirling numbers of the second kind. That is,

󰁛

Φ(n,ℓ,k)

󰀓 n

ℓ1, ℓ2, . . . , ℓk

󰀔 k󰁜

j=1

S(ℓj , c)w
ℓj
j = Y (n, c; k | w1, w2, . . . , wk).

The specific values of our generalizations formulas and relations were also sep-
arately and examined individually.
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