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A bstract Inthis paper, we investigate S-hypercyclic and S-chaotic strongly con-
tinuous n-parameter semigroups of operators on finite-dimensional spaces, where n € N,
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1. Introduction and preliminaries

If E is a separable Fréchet space over the field K € {R, C} and L(FE) de-
notes the space of all linear continuous mappings from E into E, then a mapping
T € L(FE) is said to be hypercyclic if there exists an element z € E whose orbit
Orb(z,T) := {T*z : k € Ny} is dense in F, while T is said to be topologi-
cally transitive if for any pair of open non-empty subsets U, V of E there exists
k € N such that T*(U) NV # . The Baire cathegory theorem implies that T
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is hypercyclic if and only if 7" is topologically transitive; in this case, £ must be
infinite-dimensional. For more details about linear topological dynamics, we refer
the reader to the research monographs [1] by F. Bayart, E. Matheron, [6] by K.-G.
Grosse-Erdmann, A. Peris and [17] by M. Kosti¢.

The hypercyclic tuples of operators were considered by L. Kérchy in [15] (2005)
and N. Feldman in [7] (2008). Recall, a tuple (71, ..., T;,) of commuting linear con-
tinuous operators on F, where n € N\ {1}, is said to be hypercyclic if there
exists € F such that the orbit {77 .. Tkng : ky € Ny, ...,k, € No} is dense
in E. A tuple (71, ...,T,) of commuting linear continuous operators on F is hy-
percyclic if and only if (71, ...,T},) is topologically transitive, i.e., for any pair of
open non-empty subsets U, V' of E there exist integers k1 € Ny, ..., k, € Ny such
that T/ - .. Thn (I7) NV # (. The hypercyclic tuples of operators exist on finite-
dimensional spaces, as well; see, e.g, [7, Example 2.7], the research article [20] by
S. Shkarin and the research article [3] by G. Costakis, D. Hadjiloukas, A. Manous-
SOS.

On the other hand, the hypercyclic and chaotic strongly continuous one-parameter
semigroups of linear operators were systematically analyzed by W. Desch, W. Schap-
pacher and G. F. Webb in [5] (1997). The hypercyclic multiparameter strongly con-
tinuous semigroups of linear operators were introduced and analyzed by M. Janfada
and A. N. Baghan in [14] (2019). Further on, in a joint work [19] with H. C. Koyun-
cuoglu and D. Velinov, the author of this paper has recently investigated various dy-
namical properties of operator semigroups over topological monoids. If (M, +,7)
is a topological monoid and (7°(t)).c s is a strongly continuous semigroup of oper-
ators on F, then the notion introduced in [19] provides a general unification concept
in the existing literature. This notion extends:

(i) the notion of dynamical properties of usually considered linear continuous
operators on Fréchet spaces;

(i1) the notion of dynamical properties of tuples of commuting linear continuous
operators on Fréchet spaces;

(iii) the notion of dynamical properties of strongly continuous semigroups defined
on complex sectors, cf. the list of references quouted in [19] and [16, Chapter
3];

(iv) the notion of dynamical properties of multiparameter strongly continuous

semigroups.

The notion of a semigroup over topological monoid naturally generalizes the no-
tion of usually considered one-parameter strongly continuous semigroup of bounded
linear operators. This broad class of semigroups includes the semigroups defined
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on the monoid [0, +00)™, which are usually called multiparameter semigroups or n-
parameter semigroups (this class of semigroups was introduced by E. Hille in 1944;
see [2] and [12]). By a multiparameter semigroup on E, we mean any operator-
valued function 7" : [0, +00)" — L(FE) such that T'(0) = I, the identity operator
on E.and T'(t + s) = T(t)T(s) forall t, s € [0,400)". We say that a semigroup
T : [0,+00)" — L(FE) is strongly continuous if, for every z € E, the mapping
t — T(t)x, t € [0,+00)™ is strongly continuous at ¢ = 0. A strongly continu-
ous semigroup 7" : [0, +00)" — L(FE) will be also denoted by (7'(t)):c(0,400)"
henceforth.

Suppose now that (7'(t));e[0,4-00)» is strongly continuous. If (e1, ..., ;) is the
standard basis of R", then we set T;(t;) := T'(tie;), t; > 0; then (T;(¢;))¢, >0 is a
strongly continuous semigroup on F (i € N, = {1,2,...,n}). If T;(-) is generated
by A; (i € N,), then

T(t1,otn) =Ti(t1) - Tu(tn), (t1,-stn) € [0,+00)", (1.1)

and (A, Az, ..., Ay) is said to be the infinitesimal generator of (7'(t));c[o,+o0)n-
We can simply prove the following result:

Theorem 1.1. Suppose that A; is the infinitesimal generator of a strongly con-
tinuous semigroup (Ti(t))i>0 for 1 < i < n. If (T(t))ie[0,+00)n is defined through
(1.1), then (A1, Ag, -+-, Ay,) is the infinitesimal generator of multiparameter strongly
continuous semigroup (T'(t));c(0,+o00)n if and only if T;(t;)T;(t;) = T;(t;)Ti(t;) for
alll1 <i,j5<n,t; > 0andt; > 0.

The well-posedness of n-parameter abstract Cauchy problem

u € C([0,+00)" : )N CY((0,+00)" : E),
(ACP) : < uy,(t) = Aju(t), te (0,4+00)", 1<i<mn,
w(0) =z, =€y, D(A),

has been analyzed by many authors; for example, M. Janfada and A. Niknam have
proved, in [13, Theorem 2.1], that if (A, Ag,..., A,) is the infinitesimal gener-
ator of multiparameter strongly continuous semigroup (7'(t));e[o,4oc)» and = €
MNien, D(A;), then the function u(t) := T'(t)x, t € [0,+00)" is a unique strong
solution of the above problem.

In this paper, we analyze dynamical properties of multiparameter strongly con-
tinuous semigroups of operators on finite-dimensional spaces. If (T'(t))¢c[0,+o00) i
a multiparameter strongly continuous semigroup on the space K*, where n, k € K,
then Theorem 1.1 implies that there exist matrices Ay, ..., A, € K™, the algebra of
all K-matrices of format n x n, such that T'(t1, ..., t,) = exp(t1 41 + -+ + tn An),
(t1,...stn) € [0, +00)". The semigroup (7'(t));c[0,400)» Of this form can be always
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extended to the multiparameter strongly continuous group of operators (7'(t))ern
by T(tl, ...,tn) = exp(t1A1 + -t tnAn)a (tl, ...,tn) € R", so that T(t + S) =
T(t)T(s) for all t, s € R" and, for every x € K, the mapping t — T(t)z,
t € R™ is strongly continuous at ¢ = 0; furthermore, for every « € K*, the function
u(t) :== T (t)x, t € R™ is a unique strong solution of problem

u€ CHR": E),
(ACP)g : Q wy,(t) = Aju(t), t e R", 1 <i<n,
u(0) = x;

cf. [19] for more details.
Before proceeding any further, it would be necessary to recall the basic prop-
erties of matrix exponentials and logarithms. We know that for a complex matrix
A € C™™ there exists a complex matrix B € C™" such that
+00 Kk
B
A=eB .=

e
k=0

if and only if A is invertible. The logarithm B = log(A) is not unique, but if A
has no negative real eigenvalues, then the logarithm log(A) is unique and all its
eigenvalues belong to the strip {z € C : —7 < Jz < 7}. The question of existence
of a logarithm of a real matrix A € R™" is a little bit complicated. We know that
there exists a real matrix B € R™" such that A = e? if and only if A is invertible
and each elementary divisor (Jordan block) belonging to a negative eigenvalue of
A occurs an even number of times. If this is the case, the real logarithm of A need
not be unique; cf. W. J. Culver [4, Theorem 1] and S. Shkarin [20, Lemma 3.3] for
more details in this direction. Finally, let us mention that, if a scalar A € K is an
eigenvalue of matrix A € K™" of the algebraic multiplicity j € N, then e is an
eigenvalue of matrix e! of the same algebraic multiplicity; cf. [8, p. 158].

The layout of this paper can be briefly described as follows. In Subsection 1.1,
we recall the basic dynamical properties of operator families indexed with arbitrary
sets. Here, we furnish an extension of the Oxtoby-Ulam theorem for multiparame-
ter S-hypercyclic strongly continuous semigroups of operators which satisfies con-
dition (C) clarified below; cf. Theorem 1.2. With the exception of this result, all
original contributions of ours are formulated in Section 2, where we essentially use
the properties of matrix exponentials and logarithms. In Theorem 2.1, we prove
that for each natural number n € N there exists a hypercyclic (n + 1)-parameter
strongly continuous semigroup (7'(t))¢co,400)n+1 S L(C™) consisting of diagonal
matrices, while in Theorem 2.2, we prove that for each integer n € N there is no
hypercyclic n-parameter strongly continuous semigroup (7'(t));e[o,4+-00)» € L(C")
such that condition (C) holds with S = {1}, for some = € HC(T'), where HC(T)
denotes the set of all hypercyclic vectors of (T'(t));c[0,4o00)n-
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Following N. Feldman [7], in Theorem 2.3 we prove that for each natural num-
ber n € N and a closed subset S of K such that S\ {0} # () and S - [0, 4+00)"
is not dense in R", then there is no S-hypercyclic n-parameter strongly continuous
semigroup (7'(t));e[0,400)» © L(C™) consisting of diagonal matrices. In Theorem
2.4, we prove that for each natural number n € N there exists a hypercyclic (n+2)-
parameter strongly continuous semigroup (7'(t));e[o,4oc)»+2 S L(C™) which do
not consist merely of diagonal matrices; moreover, we will prove that the num-
ber n + 2 is the minimal cardinality of a parameter £ € N such that there is a
hypercyclic k-parameter strongly continuous semigroup (7'(t));c(0,400)r S L(C")
which do not consist merely of diagonal matrices and which satisfies condition (C)
with S = {1} and the number n replaced therein with the number n + 2, for some
x € HC(T) (cf. the research article [20] by S. Shkarin for the discrete versions of
Theorem 2.2, Theorem 2.4 Theorem 2.5 and Theorem 2.6; in the proofs, we also
use the extended Oxtoby-Ulam theorem).

After that, we provide some observations on the proofs of structural results
[14, Proposition 3.1, Proposition 3.2] by M. Janfada and A. N. Baghan. The main
aim of Theorem 2.5 is to show that, for every even natural number n = 2m >
2, there exists a hypercyclic (m + 1)-parameter strongly continuous semigroup
(T'(t)) 1[0, 400)m+1 © L(R™) as well as that, for every odd natural number n =
2m + 1 > 1, there exists an S-hypercyclic (m + 2)-parameter strongly continu-
ous semigroup (7'(t))sc[0,4+o0ymt2 S L(R™), where S = {+1}. The main aim of
Theorem 2.6 is to prove that, for every even number n = 2m > 2, there is no hy-
percyclic m-parameter strongly continuous semigroup (7'())ic[o, 400y S L(R")
such that condition (C) holds with S = {1} and the number n replaced therein
with the number m, for some x € HC(T), as well as that, for every odd number
n = 2m + 1 > 1, there is no hypercyclic (m + 1)-parameter strongly continuous
semigroup (7'(t))cfo,+00)ym+1 S L(R™) such that condition (C) holds with S = {1}
and the number n replaced therein with the number m + 1, for some x € HC(T).
In connection with Theorem 2.5 and Theorem 2.6, we propose two open problems
(see Question 1 and Question 2).

Chaotic tuples and para-chaotic tuples of commuting linear continuous opera-
tors have been investigated by M. Habibi [10], M. Habibi, F. Safari [11] and B.
Yousefi, J. Izadi [21]. Subsection 2. investigates the S-chaotic multiparameter op-
erator semigroups on finite-dimensional spaces (for the sake of brevity, we will not
consider here the S-chaoticity of tuples of commuting linear continuous operators
on finite-dimensional spaces, which is also a very unexplored topic).

Our first result in Subsection 2.1 is Proposition 2.2, which states that if £ € N
is the minimal cardinality of a parameter for which there exists a k-parameter S-
hypercyclic strongly continuous semigroup on K", then the minimal cardinality of
a parameter j € N for which there exists a j-parameter S-chaotic strongly contin-
uous semigroup on K" is k£ or k£ + 1; cf. also Example 2.1 and the open problems
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proposed in Question 3, Question 4 and Question 5. If (7'(%)),¢0,4o0)* is @ strongly
continuous semigroup on K™ with the infinitesimal generator (A, ..., A;) and if
there exists a dense subset P of K™ such that, for every x € P, there exists a tuple
(t1,...,tx) € [0,+00)* \ {0} such that (t; Ay + --- + t, Ag)z = 0, then the set of
all periodic points of (7'());c[o,4o0) is dense in K"; cf. Proposition 2.3.

Further on, if (7°(t));cgx is a k-parameter group of operators on the space R"
and k£ < n, then the set of all periodic points of (T'(t)),cr+ is equal to the whole
space R™; cf. Theorem 2.7. The main purpose of Theorem 2.8 is to show that,
for every even number n = 2m > 4, there exists a chaotic (m + 1)-parameter
strongly continuous group (7'(t));cgm+1 € L(R™) as well as that, for every odd
number n = 2m + 1 > 5, there exists a {41 }-chaotic (m + 2)-parameter strongly
continuous group (7'(¢));cgm+2 € L(R™).

1.1. Notation and terminology

In this subsection, we recall the notions of various dynamical properties of operator
families indexed with arbitrary sets. Unless stated otherwise, we will always assume
here that M is an infinite set, S is a closed subset of K such that S \ {0} # (), and
(R(t))tems C L(FE) is an operator family on a Fréchet space E over the field K,
which can be finite-dimensional or not; cf. the research article [9] by K.-G. Grosse-
Erdmann for the first results in this direction.

It is said that (R(t))ens is:

(i) hypercyclic, if there exists an element z € E whose orbit Orb(z, R) :=
{R(t)x : t € M} is dense in E. Such an element z is called a hypercyclic
vector for (R(t))icnr; HC(T') denotes the set of all hypercyclic vectors for

(R(t))tenr;

(i) chaotic, if (R(t))tcs is hypercyclic and the set of periodic points of (R(t))ear,
defined by {x € E : R(tg)x = x for some ¢ty € M \ {0}}, is dense in E,

(iii) topologically transitive, if for every pair of open non-empty sets U, V of E,
there exists ¢ € M such that R(t)U NV # (),

(iv) S-hypercyclic, if there exists an element x € FE such that its S-projective
orbit {cR(t)z : c € S, t € M} is dense in E'; HCg(R) denotes the set of all
elements x € E whose S-projective orbit is dense in F,

(v) S-chaotic, if (R(t))ens is S-hypercyclic and the set of periodic points of
(R(t))tenr is dense in ),

(vi) S-topologically transitive, if for every pair of open non-empty sets U, V of
E, there exist ¢ € Sand t € M such that cR(t)U NV # ().
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We know that (R(t))¢cs is S-topologically transitive if and only if (R(¢))tens
is S-hypercyclic and the set HCs(R) is a dense Gs-subset of F; cf. [19, Theorem
3.3]. The S-Hypercyclicity Criterion can be formulated for arbitrary operator fam-
ily (R(t))tenr; if the requirements of this criterion hold, then the operator family
(R (t))ten, givenby R, (t) :== (R® --- @ R)(t), t € M, is S-topologically tran-
sitive on E™ (here, the direct sum & occur exactly m-times in the above expression,
cf. [19, Definition 3.4, Theorem 3.5] for more details).

Suppose that S is a compact subset of K such that S \ {0} # (). In [18, Theo-
rem 2(i)], we have proved that, if (T'(¢)):>0 C L(E) is an S-hypercyclic strongly
continuous semigroup of operators and © € HCg(T'), then for each real number
s > 0the set {cI'(t)r : ¢ € S, t > s} is dense in E; this statement is no
longer true in the multi-dimensional setting, when we can only prove that the set
{cI'(t)x : c € S, |t| > s} is dense in E (cf. [19, Proposition 4.4] and condition
(C)). Keeping in mind these observations, it readily follows that the following result
extends the Oxtoby-Ulam theorem (cf. [6, Theorem 7.22]):

Theorem 1.2. Suppose that S is a compact subset of K such that S\ {0} # 0,
and (T(t))se[o,400)» © L(E) is a strongly continuous semigroup of operators given
by (1.1). If (T'(t))te[0,4-00)» is S-hypercyclic, x € HCs(T') and (C) holds, where:

(C) the set {cT'(t1,....,tn)xT : c €S, t1 > S1,...,tn > sy} is dense in E for every
(S1,..eySn) € (0, +00)™,

then there exists a dense Gs-set J C (0, 4+00)" such that, for everyt = (t1,...,t,) €
J, the tuple (T1(t1), ..., Tn(tn)) is S-hypercyclic with x being its S-hypercyclic vec-
tor, i.e., the set
{CT1(k1t1) s Tn(k:ntn)x iCcE S, (kl, ceny kn) S Ng}
is dense in E.
PROOF. By the prescribed assumption, the set
{cI(t)z:ceS, tel0,+00)"}

is dense in E. Let (Uy)ren be a countable base of nonempty open sets in E. Set

Jk = {t = (tl, ...,tn) S (O,+oo)” . CT1 (k1t1> e Tn(/{:ntn)l‘ S Uk

for some ¢ € S and (K1, .., kn) € Ng}, keN.
By the strong continuity of (7'(t))¢c[o,4-00)n the set Ji is open for all £ € N.

Let us prove that the set Jj is also dense in E for all £ € N. We will do that in
the two-dimensional setting; the proof in general case can be given in a completely
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analogous way. Clearly, it suffices to show that, for every fixed integer k¥ € N
and for every positive real numbers 0 < a; < by and 0 < ag < b2, the rect-
angle P = (ay,b1) X (ag,b2) contains a point (t1,t3) € Uy. Towards this end,
let us first observe that there exist two integers ko1 € N and kg2 € N such that
Ukao,l(kal’ ]{Zb1) = (]{70710,1, —I—OO) and Ukao,z (k‘ag,kbg) = (k072a2,+00); cf.
also the proof of [6, Theorem 7.22]. Our assumption that the set

{cT(ti,ta)z i c €S, t1 > 11, ta > 72}

is dense in E for every (r1,72) € (0,+00)?, there exists s = (51, s2) € (0, +00)"
such that ¢T'(s)x € Uy and s; > ko1a1 and sy > kgoap. Then there exist an
integer k1 > ko 1, an integer k2 > ko2 and a point (£1,t2) € P such that s; = k1;
and s9 = katy. Hence, (t1,t2) € P N Ji and Ji is dense in E. Therefore, the set
J := \en Jk is a dense Gs-subset of (0, +-00)" due to the Baire category theorem,
which simply implies the final conclusion.

If the requirements of Theorem 1.2 hold, then it is a serious problem to prove or
disapprove that for each point ¢t = (t1, ..., t,) € (0, +00)™ the tuple

(T (t1),...,Tn(tn))

is S-hypercyclic with x being its S-hypercyclic vector; this is always true if S = {1}
and n = 1 ([6]). We will not discuss this question henceforth.

2. Dynamics of multiparameter operator semigroups on finite-dimensional
spaces

We open this section by stating the following result:

Proposition 2.1. Suppose that (T (t)),cjo 4o00)x © L(K") is a strongly continu-
ous semigroup, where k, n € N. If S is a closed subset of K such that S \ {0} # 0,
S" 1= 8]0, 4+00), (T(t))1e[o,400)k is S-hypercyclic and (A1, ..., Ay) is the infinites-
imal generator of (T(t)) (0, +oc)k» then the tuple (Ax, ..., Ay,) is S"-hypercyclic, i.e.,
there exists a vector x € K" such that the set

{dA - Az d eS| (In,....ly) € N§}
is dense in K",

PROOF. By the prescribed assumption, there exists a vector x € K" such that
the set

{cexp(t1A1 + -+t Ap)r i c €S, (t1, ..., tx) € [0, —i—oo)k}

1s dense in K™.
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Then the final conclusion simply follows from the next computation involving
the polynomial formula:

+00 1 s
cexp(tiA; + -+t Ap)r = CZ 3 (t1A1 +---+ tkAk) T
s=0 "'

“+o00
1 (t1 A7)t - (tp Ag)®*
Ss=

where the second sum is taken with respect to all tuples (s1, ..., Sx) € N’g such that
S1+ -+ s =s.

A similar statement can be formulated for a k-parameter strongly continuous
group (T'(t)),ern @ if (T'(t));ern is S-hypercyclic and (Aq, ..., Ay) is the infinitesi-
mal generator of (7'(t));c(0,+c0)k» then the tuple (Ay, ..., Ay) is S'-hypercyclic with
S” = S - R. Further on, in [7, Theorem 3.4], N. Feldman has proved that for each
n € N there exists a hypercyclic (n + 1)-tuple of diagonal matrices on C". Now we
will state and prove the continuous analogue of this result:

Theorem 2.1. For each n € N, there exists a hypercyclic (n + 1)-parameter
strongly continuous semigroup (T'(t))ic(0,+00)nt1 S L(C") consisting merely of
diagonal matrices.

PROOF. Let (71, ...,T,,+1) be a hypercyclic (n + 1)-tuple of diagonal matrices
on C", and let Tj = diag(ai1;j, ..., ann;;) for 1 < j <mn+1.If 2 = (21, ..., 2,) €
C™ is a hypercyclic vector of the tuple (77, ..., Tj,+1), then the set

k?l kn+1 k?l kn+1 .
{(all;l RRRCHE AT PPN T ~'annm+1zn) ck1 € Ny, ...k, € Ny

is dense in C". In particular, the above implies that for each ¢ € N,, and j € N,
we have a;;;; # 0 so that there exists b;;;; € C such that a;;;; = exp(bj;;;). Define
now B; := diag(bi1,5, ..., bun;;) for 1 < j < n+1. Then we have T]k] = exp(k;Bj)
forall j € N1 and k; € N. If we set

T(t1 cytnar) i= B etntBrst by = (4 t,04) € [0, +00)™ T, (2.1)

then (T'(t))se[0,4-00)n+1 18 @ strongly continuous semigroup on C" consisting merely
of diagonal matrices; furthermore, (7'(t));c[o,+o0)»+1 i hypercyclic and z is a hy-
percylic vector for (1'()) [0, +00)+1-

Keeeping in mind Theorem 1.2 and [20, Corollary 1.4], we can immediately
clarify the following result:
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Theorem 2.2. For each n € N, there is no hypercyclic n-parameter strongly
continuous semigroup (T'(t))e[o,+00y» € L(C™) such that condition (C) holds with
S = {1}, for some x € HC(T).

Taking the absolute values of entries in the matrices T = diag(ay, s oo Onm; j)
for 1 < 7 < n+ 1, N. Feldman has proved, in [7, Theorem 4.4], that for each
n € N there exists an (n + 1)-tuple of diagonal matrices on R™ whose orbit is
dense in [0, +00)™. Keeping in mind the proof of Theorem 2.1, it folows that for
each n € N there exists an (n + 1)-parameter strongly continuous semigroup
(T'(t))1ejo,400)n+1 S L(R™) consisting merely of diagonal matrices, which satis-
fies that its orbit is dense in [0, +00)™. Arguing as in the proof of [7, Theorem 3.6],
we can prove the following result (cf. also [7, Theorem 4.4]):

Theorem 2.3. [fn € Nand S - [0, +00)" is not dense in R™, then there is no S-
hypercyclic n-parameter strongly continuous semigroup (T'(t));c(0,+00)» S L(C")
consisting merely of diagonal matrices.

Further on, in [20, Corollary 1.4], S. Shkarin has proved that for each n € N the
minimal cardinality of a non-diagonalizabe hypercyclic tuple of matrices on C™ is
n + 2. Concerning this result, we will prove the following

Theorem 2.4. For each n € N, there exists a hypercyclic (n + 2)-parameter
strongly continuous semigroup (T'(t))ic(0,+o00)n+2> C L(C™) which do not consist
merely of diagonal matrices. Furthermore, the number n + 2 is the minimal cardi-
nality of a parameter k € N such that there is a hypercyclic k-parameter strongly
continuous semigroup (T(t));c(0,+o00)x S L(C™) which do not consist merely of di-
agonal matrices and which satisfies condition (C) with S = {1} and the number n
replaced therein with the number n + 2, for some x € HC(T).

PROOF. Let (711, ..., T,,+2) be a non-diagonalizabe hypercyclic tuple of matrices
on C™ and let z = (21, ..., z,) € C" be a hypercyclic vector of this tuple. Then all
matrices 11, ..., Tr,+2 must be regular since they commute and the set

Orb .= {lel . -T:i;zx tk1 € No,...,knio € NO}

is dense in £ in actual fact, if 7} is not a regular matrix for some j € N, o,
then Orb C R(Tj), which is a closed non-trivial linear subspace of C™. Therefore,
any matrix 7} has a logarithm B; so that 7 = exp(B;) for 1 < j < n + 2;it
is also clear that B; cannot be a diagonal matrix if 7} is not. Now, if we define
(T'(t))te[0,+00)n+2 by replacing the number n + 1 in (2.1) by the number n + 2, then
(T'(t))tc(0,+00)n+2 © L(C™) is a hypercyclic (n + 2)-parameter strongly continuous
semigroup on C" and it does not consist merely of diagonal matrices. The last
statement readily follows from Theorem 1.2 and [20, Corollary 1.4].
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Further on, it is very simple to transfer all counterexamples given in [7, Example
4.3] to strongly continuous multiparamater semigroups of operators. In particular,
for each n € N there exist non-hypercyclic (2n)-parameter strongly continuous
semigroup (7'(t))e[o,+-o0)2n Of Operators on R™ and elements z1, ..., gn of R™ such
that the set {T'(t)z; : t € [0,+00)?", 1 < j < 2"} is dense in R™. In actual fact,
any matrix considered in [7, Example 4.3] has a real logarithm since its eigenvalues
are non-negative real numbers.

We continue with the following observations:

Remark 2.1. (i) In [14, Proposition 3.1], the authors have proved that there

(i)

exists a hypercyclic (2n)-parameter strongly continuous semigroup on the
space R™. Unfortunately, the proof of this result given on p. 106 of [14] is
not correct. Speaking-matter-of-factly, if t = (t1,...,t,) € [0,+00)", s =
(81, ..., 8n) € [0,400)™ and there exists an integer j € N,, such that t; # s,
then the operator

VV(tl7 ceey by STy eney sn) (331, ,a:n) = (:cl +t1— 81, ..,y +ty — sn),
for any x = (21, ...,x,) € R", is not a linear operator on the space R" since

W (t1, s tn, 81,0, 50) (0, ...,0) = (t1 = S1, et — $) # (0, ..., 0).

In [14, Proposition 3.2], the authors have proved that for each even number
n € N, resp. for each odd number n € N, there exists a hypercyclic n-
parameter stongly continuous semigroup on R", there exists a hypercyclic
(n+1)-parameter stongly continuous semigroup on R™. We feel it is our duty
to say that the proof of this result is wrong if n is an odd number; furthermore,
we will get a much better result for even numbers n in Theorem 2.5. First of
all, if n = 1, then there is no £ € N such that there exists a k-parameter
strongly continuous semigroup (7'(t));c[0, 400y O R. Indeed, if we assume
the contrary, then there exist real numbers a; € R,...,ay € Rand x € R
such that the set D = {exp(ait; + ... + agtg)z : t1 > 0,...,t; > 0} is dense
in R. This is impossible since we always have D = {0}, D C (0,+4o00) or
D C (—00,0). If n = 2m + 1 for some integer m € N, then the proof is
also not correct since the operator W,,, 11 (s, t) is not a linear operator on R"
if t # s and (¢, ) € [0,+00)? since Wy, 11(s,1)0 = (s — t)e, # 0; cf. [14,
p. 107,1. 4-1. 6].

Motivated by [20, Corollary 1.5], we will prove the following result:
Theorem 2.5. We have

0]

For every even number n = 2m > 2, there exists a hypercyclic (m + 1)-
parameter strongly continuous semigroup

(T'(t))tepo,+o00ym+1 © L(R™).



12 M. Kostié

(ii) Suppose that S = {£1}. Then for every odd number n = 2m + 1 > 1, there
exists an S-hypercyclic (m + 2)-parameter strongly continuous semigroup

(T'(t))tepo,+o00ym+2 © L(R™).

PROOF. Suppose first that n = 2m > 2. By the proof of [20, Corollary 1.5],
there exists an (m+ 1)-tuple of invertible real matrices (Ay, ..., A1) in R™™ such
that the set {A’fl ---A:f}:f:c c k1 € Nog, .o, ka1 € NO} is dense in R™ for some
x € R"™; moreover, we can assume that any matrix A; has the form

Ajqp 0 0 - 0
0 Ajp 0 - 0
Aj = ,
0 0 0 0
0 0O 0 - Ajm |
where
[ ajik bk
Ajie = ’ ’ ] (aj;kv bjk € R)’
L~ Y5k gk

for1 <k <mand1 < j < m+ 1. The eigenvalues of matrix A; are a;.;, £ ib;,s,
for 1 < k < m, so that its characteristic polynomial is

det (M — A;) ﬁ( A —ajy) +b§;,€), AeR (1<j<m+1).

Therefore, the matrix A; has a negative real value \" if and only if there exists
k € Ny, such that ' = a;, < Oand b, = 0(1 < j < m+ 1). Itis clear
that, for every negative eigenvalue \’ of A;, each elementary divisor belonging to
it occurs an even number of times so that log(A;) is well-defined as a real matrix.
Now we can proceed as in the proof of Theorem 2.1 to complete the proof of (i).
Suppose now that S = {1} and n = 2m + 1 > 1 is an odd number. By the
proof of [20, Corollary 1.5], there exists an (m + 2)-tuple of invertible real matrices
(A1, ..., Apt2) in R™™ such that the set

{Alfl ) ..A]Z"j;aj t k1 € Ng, ..., ko € No}

is dense in R" for some = € R"; moreover, we can assume that any matrix A; has
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the form ~ _
D; 0 0 0
0 Aj1 O 0
Aj=1 i
0 0o 0 --- 0
| 0 0 0 - Ajm |

where D; = [d;] € R"! and all matrices A, has the form as in the first part of
proof. The characteristic polynomial of matrix A; is equal to

det(AT = 4;) = (A= ;) TT((A = aj0)* +8%), AR (1<j<m+2),
k=1

so that log(A;) does not exist in R™™ if d; < 0; but, if this is the case, it readily

follows that the log(—A;) exists in R™" (1 < j < m + 2). Set B; := log(A4;), if
exist in R™", and B; := log(—A;), otherwise. Then the set

k km
{All A k€ Noy oo Bnsn € NO}
is a subset of the set
{ielel .. .ekyrz+2B7rz+2x . kl c N07 ...7km+2 c NO}7

which completes the proof of theorem in a routine manner.

As an immediate consequence of Theorem 1.2 and [20, Corollary 1.5], we can
state the following result:

Theorem 2.6. We have

(1) For every even number n = 2m > 2, there is no hypercyclic m-parameter
strongly continuous semigroup (T'(t))sc(0,400)m © L(R™) such that condition
(C) holds with S = {1} and the number n replaced therein with the number
m, for some x € HC(T).

(ii) For every odd number n = 2m + 1 > 1, there is no hypercyclic (m + 1)-
parameter strongly continuous semigroup (T'(t))cjo,+o0)ym+1 S L(R™) such
that condition (C) holds with S = {1} and the number n replaced therein
with the number m + 1, for some x € HC(T).

The first example of a hypercyclic tuple (Aj, Ag, A3) of invertible matrices in
R33 has been given by G. Costakis, D. Hadjiloukas and A. Manoussos in [3, Propo-
sition 3.3]. Unfortunately, the matrix A; or the matrix A3 constructed in the proof
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of this result does not have a real logarithm and we therefore cannot so simply prove
that there exists a hypercyclic 3-parameter strongly continuous operator semigroup
(T'(t1,t2,13)) (11 t,t3)€[0,400)3 ON R3. Now we would like to ask the following ques-
tions which is closely connected with the above observation and the results estab-
lished in Theorem 2.5(ii) and Theorem 2.6(ii):

Question 1. Suppose that n = 2m +1 > 3. Does there exist a hypercyclic (m+2)-
parameter strongly continuous semigroup (7'(?));(0,+0c)m+2 € L(R™)?
Question 2. Suppose that n = 2m + 1 > 3 and S = {+£1}. Is it true that there is no

S-hypercyclic (m + 1)-parameter strongly continuous semigroup

(T'(t))efo,+00ym+r © L(R™) 7

We close this section with the following note: Since every invertible Jordan
block of format 2 x 2 has a real logarithm which can be explicitely calculated as
it has been done on p. 1148 of [4], it is straightforward to formulate the contin-
uous analogues of [3, Theorem 1.2, Theorem 1.3] for hypercyclic multiparameter
strongly continuous semigroups on R?.

2.1. S-Chaotic multiparameter operator semigroups on finite-dimensional spaces

In this subsection, we will provide a few noteworthy results on the S-chaotic mul-
tiparameter operator semigroups on finite-dimensional spaces. We start by stating
the following result:

Proposition 2.2. Suppose that (T(t))yco,400) is an S-hypercyclic strongly
continuous semigroup on K", where k, n € N. Let Ay, ..., Ay, be mutually com-
muting K-matrices of format n X n and let

T(tl, ey tk) = exp(tlAl + -+ tkAk)
forall (t1,...,ty) € [0, +00)*. If Ay 1 € K™" and there exists a tuple
(t1, s trs1) € [0, +00)" 1\ {0}

such thatt; A1+ ...+t 11 Ak+1 = 0, then the (k+1)-parameter strongly continuous
semigroup (S(t));e(o,o00)k+1, given by

S(tla ) thrl) = €t1A1+...+tk+1Ak+la (th X3) tk+1) € [07 +Oo)k+1v
is S-chaotic.

PROOF. It is clear that any S-hypercyclic vector of (T(t))te[o, +oo)k 18 likewise
an S-hypercyclic vector of (S(t))¢c[o,400)r+1- Since t1 A1 + -+ + g1 Ag1 = 0,
we have exp(t1 A1 + - -+ + tp11Ak+1)z = z for all x € K", which clearly implies
that (S(t))¢efo,4-00)k+1 18 S-chaotic.
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Therefore, if k& € N is the minimal cardinality of a parameter for which there
exists a k-parameter S-hypercyclic strongly continuous semigroup on K", then the
minimal cardinality of a parameter j € N for which there exists a j-parameter S-
chaotic strongly continuous semigroup on K" can be k£ or k£ + 1. The following
illustrative example indicates that we can have j = k:

Example 2.1. Suppose first thatn = 1, K =C,a; =2+ iandas = —1 — i.
Let us consider now the strongly continuous semigroup (7'(¢1,%2)) (1, t,)e[0,4-00)2 <
L(C) given by

T(ty,te)z := ettty 5 c C (ty,ts) € [0, 400)%
Then every complex number z is a periodic point of (T'(t1,t2)) ¢, t,)e[0,4+-00) SinCE
—2mNC D = {altl 4+ asgty i t1 >0, to > 0}

Furthermore, it is simple to prove that the exponential function maps D onto C\ {0},
which implies that every non-zero complex number z is a hypercyclic vector of
(T'(t1,t2)) (11 t2)€[0,400)2 - Hence, (T'(t1,t2)) (1, 15)€[0,4-00)2 18 chaotic.

Suppose now thatn € N, K = C,

Ay :=diag(ay,...,a;) € C™" and A, := diag(ag,...,a2) € C"".

Then any vector z € C" is a periodic point of the strongly continuous semigroup of
operators (exp(t1 A1 + t242)) (4, 12)e[0,4-00)2, a5 €asily approved.

In connection with Theorem 2.1, Theorem 2.5, Proposition 2.2 and Example
2.1, we would like to raise the following issues:

Question 3. Suppose that n € N\ {1}. Does there exist a chaotic (n + 1)-parameter
strongly continuous semigroup (7'(t));e[o,400)n+1 S L(C™) consisting merely of
diagonal matrices?

Question 4. Suppose that n = 2m > 2 is an even number. Is it true that there exists
a chaotic (m + 1)-parameter strongly continuous semigroup

(T(t))efo 4oy © LRT)?

Question 5. Suppose that S = {+1} and n = 2m + 1 > 1 is an odd number. Is it
true that there exists an S-chaotic (m +2)-parameter strongly continuous semigroup
(T'(t))sefo,+00ym+2 S L(R™)?

Concerning Question 3, we would like to make the following observation: Let
the invertible complex matrices A, By, ..., B, be given as in the proof of [7, Theo-
rem 3.4, p. 89, eq. (3)], with the number p replaced by the number n therein. Define
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D :=1og(A) and D; := log(B;), i € N,,. Then, by the proof of Theorem 2.1, we
know that the strongly continuous semigroup

(exp(t1D +taD1 + -+ + tnt1Dn)) (4.t 1) €[0,+00) 7+

is hypercyclic on C". Furthermore, a simple computation involving the definition of
numbers a; and b; given in [7, eq. (2), p. 87] shows that any vector z € C" with all
non-zero coordinates will be a periodic point of the above semigroup if the numbers
Z1,...,Tap € (0,1)" determined by the property that the set

{(10%1 — 1, 10°T + My, ooy 10°T05 1 — Kipy 10°T0p + 10, ) ¢

8, K1y ooy ke € Nimg, oy Ty € Z}

is dense in R?" can be chosen by requiring the extra assumption that o/ xj € Q for
3 < j < 2n. If this can be done, then the semigroup

(exp(tlD +toDy 4+ -+ t”'HDn))(t1,...,tn+1)€[0,+oo)"+1

will be chaotic on C™.
We continue with the following simple result:

Proposition 2.3. Suppose that (T(t)).c(o,1o00)k IS a strongly continuous semi-
group on K", where k, n € N. Let Ay, ..., Ay, be mutually commuting K-matrices
of format n x nand let T'(ty, ..., ty) = exp(t141 + - - - + tx Ag) for all (t1, ..., t;) €
[0, +-00)¥. If there exists a dense subset P of K" such that, for every x € P, there
exists a tuple (t1,...,11,) € [0,+00)% \ {0} such that (t; Ay + --- + txAx)x = 0,
then the set of all periodic points of (T (t))yc[o,400)r is dense in K.

PROOF. If x € P, then there exists a tuple (t1, ..., 1) € [0, +00)*\{0} such that
(t1A1+- -+t Ag)xz = x, so that exp(t1 A1+ - -+t A )z = z and each point from
P is a periodic point of (7'());c[0,4oc)- This yields the required conclusion.

In the following theorem, we analyze the set of periodic points of multiparame-
ter (semi-)groups of operators on the space £ = R" :

Theorem 2.7. If (T'(t)),crr is a k-parameter group of operators on the space
R™ and k < n, then the set of all periodic points of (T (t));crr is equal to the whole
space R".

PROOF. Let x = (z1,...,2,) € R™ be given. We will prove that x is a peri-
odic point of (7'(t));crr. Suppose that T'(t1,...,t;) = exp(t1 A1 + ... + tpAg),
(t1,...,t;) € RF for some real matrices A; = [@ijit]nxns - Ak = [Gijik]nxn-
It suffices to show that there exists a vector (¢1,...,t;) € R\ {0} such that
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(t1A1 + - -+ + txAr)xr = 0. But, the last condition is equivalent with the system
of linear equations

(a11;1$1 + -+ a1n;196n)t1 +- (all;kl‘l +oee aln;k$n)tk =0,
(5) :
(anl;lxl + ann;lxn)tl +o (anl;k$l +o a’rm;kxn)tk =0.

Since k < n, the system (S always have a non-trivial solution in R", finishing the
proof of theorem.

Keeping in mind Theorem 2.5 and Theorem 2.7, we immediately get the fol-
lowing result:

Theorem 2.8. (i) Forevery even numbern = 2m > 4, there exists a chaotic
(m + 1)-parameter strongly continuous group (T'(t));cgm+1 C L(R™).

(ii) Suppose that S = {x1}. Then for every odd number n = 2m + 1 >
5, there exists an S-chaotic (m + 2)-parameter strongly continuous group
(T())semm+> C L(R").
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