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1. Introduction and preliminaries

Discrete fractional calculus and discrete fractional equations are rapidly grow-
ing fields of research of many authors. For more details about these subjects, we
refer the reader to the research monographs [1, 2, 3, 7] and the doctoral dissertation
of M. T. Holm [8]; cf. also the research monograph [6] by M. 1. Gil for the abstract
difference equations with integer-order derivatives. Concerning the Volterra differ-
ence equations and their applications, we can warmly recommend [4, 5, 10, 16, 17];
cf. also references cited therein.

The asymptotically almost periodic type solutions of the abstract multi—term
discrete abstract Cauchy problem

n

Bu(v) = f(U) + ZAz(az *Q u) ('U + UZ'), v € Ny,
=1

as well as the well-posedness and the existence and uniqueness of almost periodic
type solutions of the following abstract multi-term Volterra difference equation

v+v1 vV+vn
Bu(v) = Ay Z aj(v+vr—Du(l)+---+ A4, Z an(v+ vy, —Du(l), v € Z,

l=—00 l=—0c0

where B, Aq,..., A, are closed linear operator on a complex Banach space X and
v1, ...,V € Ng, have recently been analyzed in [14]; for more details about almost
periodic functions, almost automorphic functions and their applications, we refer
the reader to the research monograph [11] and the list of references quoted therein.

The main aim of this research article is to report how a great number of results
established in [14] can be extended to the multi-dimensional setting. The proofs
of results clarified here are very similar to the proofs of the corresponding results
established in [14] and therefore omitted.

1.1. Notation and terminology

In the sequel, we will always assume that m, n € N, (X, || - ||) is a complex
Banach space, L(X) is the Banach space of all bounded linear operators on X and
C € L(X). If Ais aclosed linear operator on X, then [D(A)| denotes the Banach
space D(A) equipped with the graph norm. Set N := {1,....,k} for k € N. If
i=(1,...,Jn) € Nfand k = (k1,...,k,) € Nj, then we write j < k if and only
if j, < ky, forall 1 < m < n. If the sequences (ak)keNg and (bk)keNg are given,
then we define (a * b)(-) by

(axob)(k) := Z ax—j;b;, k € Nj.
JENG;i<k



Abstract non-scalar Volterra difference equations . . . 21

It can be simply proved that the convolution product *g is commutative and asso-
ciative. If the sequences (ak)keNg and (by )xezn are given, then we define the Weyl
convolution product (a o b)(-) by

(@od)(v):= > a(v-0bl), vez"

lezZm;l<v

Under certain assumptions, the following equalities hold true:

(f*0g)oh=go(foh)=fo(goh)

cf. [9, Theorem 3.12(ii)-(iii)] for more details given in the one-dimensional setting.

2. Multi-dimensional (k,C, B, (Ai)1<i<n, (Vi)1<i<n)-solution
operator families

We have recently analyzed various classes of discrete (A, k, B)-regularized C-
solution operator families for the abstract Volterra non-scalar difference equation

B(v)u(v) = f(v) + Y Al = jlulj), v e No,
7=0

where B(k) is a closed linear operator acting in X (k € Np) and A : Ny —
L(Y, X); here, Y is any Banach space which is continuously embedded into X
([14]). We can similarly analyze the well-posedness of the abstract Volterra non-
scalar difference equation

B(v)u(v) = f(v)+ Y A(v—ju(j), veN, 2.1

JENG;I<v

where B(k) is a closed linear operator acting in X (k¢ € Njj) and A : Nj —
L(Y, X). The notion of a discrete (weak) (A, k, B)-regularized C-resolvent family
for (2.1) and the notion of a discrete (A, k, B)-regularized C'-uniqueness family for
(2.1) can be introduced in the same way as in the one-dimensional setting (cf. [14,
Definition 2.1]). After that, we can simply transfer the statements of [14, Proposi-
tion 2.2, Proposition 2.3, Theorem 2.4] to the higher-dimensional setting. It is also
worth noting that the notion introduced in [13, Definition 2.1] and [15, Definition
2.3] can be reconsidered in the multi-dimensional setting; all details can be left to
the interested readers.

The main purpose of this section is to analyze some classes of the discrete
(k,C, B, (Ai)1<i<m, (Vi)1<i<m )-solution operator families in the multi-dimensional
setting as well as to provide certain applications of the introduced notion to the ab-
stract non-scalar Volterra difference equations of several variables. The following
notion plays an essential role in our study:
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Definition 2.1. Suppose that B, A1,..., A,, are closed linear operators on X,
CeL(X),vi,...,vim € NJ,Z C Ny, k: Nj — C and k # 0. Then we say that
the operator family (S(v))vens € L(X) is a discrete:

(i) (k,C, B, (Ai)i<i<m, (Vi)1<i<m)-existence family if and only if the mapping
x — Ai(a; %0 S) (v +vi)z, z € X belongs to L(X) forv e Nj, 1 <i<m
and

BS(v)z = k(v)Cz + Z Ai(ai*0 S)(v+vi)z, veN§, z€X.
i=1

(i) (k,C, B, (Ai)1<i<m, (Vi)1<i<m, T)-existence family if and only if (S(v))vens
is (k,C, B, (Ai)1<i<m, (Vi)1<i<m)-existence family and S(v)A4; C A;S(v)
forall v € Nj and i € N,,, \ Z.

If vi = vo = ... = vp, = 0, then we omit the term “(v;)1<i<y,” from the
notation. The proofs of the following results can be given as in the one-dimensional
setting (cf. [14, Proposition 3.2, Theorem 3.3]):

Proposition 2.1. Suppose that B, Ay, ..., A, are closed linear operators on
X,Ce LX), vi,...,vim € NJ, k : Nf - C,k#0,1<1i<m,a;0)#0
and (S(v))veny C L(X) is a discrete (k,C, B, (Ai)1<i<m, (Vi)1<i<m)-existence
family. If v € X and v; = 0, then S(v)x € D(A;) for all v € Ni; the same holds
provided that S(j)x € D(A;) forallj € Ny \ (v; + Ng).

Theorem 2.1. Suppose that B, Ay, ..., A, are closed linear operators on X,
C € L(X) is injective, k : Nj — C, k(0) # 0 and a;(0) # 0 for1 < i <m.

(i) Suppose, further, that (S(v))veny € L(X) is adiscrete (k,C, B, (A;)1<i<m)-
existence family such that S(0)Bx = BS(0)x and S(0)A;z = A;S(0 ):L"f
allz € D(B) N D(A1)N...N D(Ap). Then (B — 1", ai(0)A;)1C €
L(X), S(0) = k(0)(B — X2i% ai(0)Ai)~'C,

m ~1
S(v)x = <B -y ai(O)Az)
=0
X [k(WV)Cz+> A > ailv —j)S(j)x] , veNr\ {0}, z € X,
i=1  jeAy
2.2)

where
Ay={jeNy:j<v,j#v}, veN;\{0},
and A;S(v) € L(X) foralli € Ny, and v € N.
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(ii) Suppose that C € L(X) is injective, (B — > 1" a;(0)A4;)"'C € L(X) and,
for every | € N and for every choice of integers a; € N, for 1 < j <1, we
have

l m -1 m -1

11 (B — zai(O)AZ) Ag, | - (B — Zai(O)Ai) C € L(X).
j=1 i=0 i=0

Define S(0) = k(0)(B — Y"1 ai(0)A;)"'C and S(v), v € Ng \ {0},
recursively by (2.2). Then (S(v))veny € L(X) is well-defined, A;S(v) €
L(X) for all i € Ny, v € Ny and (S(v))veny is a unique discrete
(k,C, B, (A;j)1<i<m)-existence family. Furthermore, if T C Ny, and

CB C BC, CA; C A;C foralli € N, \ Z,

(Vi € Ny \ T) (V2 € D(A;) N D(B)) Bz € D(A;),

A;x € D(B) and A;Bx = BA;x, (2.3)
(Vi € Ny \ Z) (¥j € Ny) (Vo € D(A;) N D(A;))

Ajil;‘ S D(AZ), A;x € D(AJ) and AiAjl' = Ain:L‘,

respectively, there exist a closed linear operator A and the complex poly-
nomials Pg(-), Pi(-), ..., Pn(-), such that CA C AC and B =
Pp(A), A1 = Pi(A), ..., Am = Pn(A), then (S(v))veny is a dis-
crete (k,C, B, (Ai)1<i<m, L)-existence family, respectively (S(v))veny is a
discrete (k,C, B, (A;)1<i<m, 0)-existence family.
(iii) Suppose that C =1,
~1

B — Zaj(O)Aj € L(X), Z la;(v)| < 400
Jj=0 veNp\{0}

forl <i<m, ZveNg |k(v)| < 400, and (a) or (b) holds, where:

(a) A; € L(X) for1 <i<mand

Y Y |az-<v>|-\

i=1 veNg\{0}

m -1
(B - ZCLJ(O)AJ) Az .
7=0

(b) Suppose that C' =1, (2.3) holds or there exist a closed linear operator
A and the complex polynomials Pg(-), Pi(-), ..., Py(:) suchthat B =
Pp(A), Ay = Pi(A),..., Ay, = P (A), and

m m -1
1> Y aiv)]- |4 (B — Zaj(O)Aj) :
j=0

i=1 veNz\{0}
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Then the requirements in (ii) hold and we have

SIS < +oo and 3 [Ai(ai o)) < +oo (1 <i < m),
veNy veNy

(2.4)

provided that (a) holds, resp. we have (2.4) and

D ASM)] < o0 (1 <i<m),

veNy
provided that (b) holds.

Unfortunately, the statement of [14, Theorem 3.5] cannot be so straightfor-
wardly transferred to the higher-dimensional setting. The extension is straightfor-
ward only in the case that there exists a tuple v; =: v;q, € Ny, for some i € Ny,
such that v;;; > v;.; forall [ € N,;, and j € N,,, with the meaning clear; in this case,
we define M C N, as a set of all indexes ¢ € N,,, with the above property. Then
the result of of [14, Theorem 3.5] can be simply extended to the higher-dimensional
setting with almost the same notation used; for example, in part (i) of this result, we

have to assume that the compatibility condition

BS(0)z = k(0)Cx + iAi [ai(vi)S(O)x +...+a;(0)S(vi)z|, zeX
i=1

holds, so that the value of S(v) will be uniquely determined for any v € (Vya2 +
NG) \ {Vimaz}- This always happens if m = 1; all other details can be left to the
interested readers.

If there does not exist a tuple v; € Ny with the above described property, then
there is no easy way to generalize [14, Theorem 3.5] to the higher-dimensional
setting; the main problem lies in the fact that the partial order relation ~ C Ny x N,
defined by

v:(vl,...,’un)wv':(vll,...,v,ll)@wgv;,ieNn,

1s not a total order if n > 2.
We continue by providing some useful observations about the abstract multi-
term Volterra difference equation:

Bu(v) = f(v) + Z Ai(ai xou)(v+vi), veENE, (2.5)

i=1

n .
where vi,..., vy, € Nj ¢
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Remark 2.1. In [14, Subsection 3.1], we have analyzed the well-posedness,
the existence and uniqueness of asymptotically almost periodic type solutions of
(2.5). All established results about the well-posedness of problem (2.5) continue
to hold in the multi-dimensional setting; concerning the existence and uniqueness
of asymptotically almost periodic type solutions of (2.5) and similar problems, we
would like to note that we must require some additional conditions on the solution
operator family (S(v))veny , besides its uniform integrability, in order to see that the
sequence u(v) := (g %0 S)(v), v € Nj is D-asymptotically almost periodic (in the
sense that there exist an almost periodic sequence H : Z" — X and a continuous
function @ : Nj — X such thatu = H+@Q on Njj and limy|, 4 o.vep |Q(V)[| = 0,
where D is a certain non-empty subset of Ng), provided that the function g(-) is D-
asymptotically almost periodic. In the multi-dimensional setting, the main problem
is the ID-asymptotical vanishing of the function

v Y S(v—jh(j), veNg

J<vi=(0<4)
as |v| — oo, where h(-) is the almost periodic part of g(-).

The following results can be proved in the same way as in the corresponding
parts of the proofs of [14, Theorem 4.1, Theorem 4.3, Theorem 4.5]:

Theorem 2.2. (i) Suppose that vi € Ny, ..., v, € Njj, (S(V))VeNg C L(X)
is a discrete (k,C, B, (Ai)1<i<m, (Vi)1<i<m)-existence family, ZveNg 1S(v)]] <
~+o00 and the following holds:

(@) f:7Z" — X is a bounded sequence, k € I!(N? : Y) and ZveNg} la;(v)| <
+oo forl < i < m,or

(b) f el (Z": X), k: N} — X is a bounded sequence and a; : Z" — C is a
bounded sequence for 1 < i < m.
Define
u(v):i= Y Sv-Df(l), vez" (2.6)

leZml<v

and

g(V) Z—A1< Z —Z) (a1 *OS)(V+V1—Z)f(Z)+---

I<v+vy I<v

+Am< Z —Z)(am*os)(V-l-Vm—l)f(l), v e Z". 2.7

I<v+4vm I<v
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Then u(-) is bounded if (a) holds, u € I*(Z™ : X) if (b) holds, and we have
BU(V) = A Z al(v + vy — l)u(l) + -

leZml<v+vy
+ A, Z a1(v+ v, — Du(l) + g(v), v € Z".
1€ZM 1< v+
(ii) Suppose that vi € Ny, ..., vin € N, T C Ny, (S(v))veny € L(X) isa

discrete (k,C, B, (Ai)i1<i<m, (Vi)1<i<m, L)-existence family,
SISO < 400, > I Ai(ai v S) (v + vi)|| < +o0
veNy veNg

for i € T and the following holds:

(@) f:7Z" — X is a bounded sequence, k € I'(N} : X) and ZveNg; lai(v)] <
+oo fori € L or

(b) fell(Z": X),k: N — X is a bounded sequence and a; : Z" — C \ {0}
is a bounded sequence fori € T

as well as

(c) Aif : Z" — X is a bounded sequence, ZveNg la;(v)] < +oofori € N, \Z
and (S(v))ven, € L(X) is a discrete

(k,C, B, (Ai)i<i<m, (Vi)1<i<m, L) — existence family, or

@ fell(z": X), ZveNg |AiS(v)|| < 400 foralli € Ny, \ T and a; : Nij —
C\ {0} is a bounded sequence for i € Ny, \ Z, or

(e) f € INZ" : [D(A))]) foralli € Njy \Z, a; : NB — C\ {0} is a
bounded sequence for i € Ny, \ T and (S(v))veny C L(X) is a discrete
(k,C, B, (Ai)1<i<m, (Vi)1<i<m, L)-existence family.

Define u(-) and g(-) in the same way as in part (i). Then we have:

Bu(v) = Z A; Z a;(v+ v; — Du(l)

i€ LeZmI<v+v;

+ Z Z a;(v+vi —DAu(l) + (ko Cf)(v)+g(v), vez".
1ENR \Z IEZ™I<v+V;
(iii) Suppose that w > 0, vi € Ng, ..., vip € Nii, T C Ny, (S(v))veny C
L(X) is adiscrete (k,C, B, (A;)i1<i<m, (Vi)1<i<m, L)-existence family,
ey lle Pl S]] < +ox,
ZVENS HAZ (6_“’[('1—Vi;1)+-~~+('n_vi;n)]ai *0 [e_w['1+~--+'n]5’])(v + VZ)H < +OO for
1 € 1 and the following holds:
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(a) e wlrtetnlf 70 5 X is a bounded sequence, eI+l ¢ [L(ND
X) and y ey |e~wlor=via)t et n=vin)lg, (v)| < 400 fori € T or

(b) e~whitetalf e l(zn . X), emwlrttalk . NI — X is a bounded se-
quence and e~ ?l1—Vi)ttln=vimllg, - 77— C\ {0} is a bounded se-
quence fori € I,

as well as

(c) e~wlittnlA; f: 7" — X is a bounded sequence,
2 veng l€” wli=vi)t+n=vimlg, (v)| < 400 fori € Ny, \ Z and
(S(v))ven, € L(X) isadiscrete (k,C, B, (Ai)i1<i<m, (Vi)1<i<m, L)-existence
family, or

(d) emehrbtnlf e N2 X), 3 eng ||e_°" viteton] A S(v)| < 400 for all
i € Ny \ Z and e=IC1=vi) ot (n=vin)lg, . Np — C\ {0} is a bounded
sequence fori € Ny, \ Z, or

(e) e whittnlf e IN(Z: [D(A;)]) Vi € Ny \Z, e @ll1-vi)FtCn=vimllg, .
Ni — C\{0} is a bounded sequence fori € Ny, \I and (S(v))ven, € L(X)
is a discrete (k,C, B, (A;)1<i<m, (Vi)1<i<m, L)-existence family.

Define

u(v) — ew[v1+...+vn]

Y [e—w[(vl—11)+"'+(”n—l")]S(v—l)] [e-w[lﬁ"'“n]f(l)}, (2.8)

lezZm;l<v

for any v € Z™ and g,(-) in the same way as in part (i), with the operator fam-
ily S(-), the kernels a;(-) and the function f(-) replaced therein with the operator
family e=“l1t-+018(.) the kernels e=<l(1—Vist) Tt (n=Vim)l g, () and the function
e~wlitetnl £() respectively (1 < i < m). Then we have:

= ZAz‘ Z a;(v +vi — Du(l)

i€l 1EZMI<vtv;

+ > > ailv+vi = DAu(l)

i€EN, \Z l€Z™;l<v+v;
+ e—w[m-l—...-Hm](k; o Cf)(v) + gu(v), (2.9)

foranyv € Z".

Keeping in mind the representation formulae (2.6) and (2.8), we are in a position
to consider the existence and uniqueness of almost periodic and almost automorphic
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type solutions to the abstract multi-term problems (2.7) and (2.9), respectively. For
example, in the concrete siutation of Theorem 2.2(i), the almost periodicity of the
inhomogeneity of f(-) implies the almost periodicity of the solution u(-); cf. the
forthcoming research monograph [12] for the notion and more details about this
problematic.
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