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Abstract The atom-bond sum-connectivity index ABS is a recently introduced
vertex-degree-based graph invariant, defined as the sum over all pairs of adjacent vertices
u,v of the term \/(dy, + dyy — 2)/(dy, + d,,), where d,, is the degree of the vertex u. A much
older such invariant, the sum-connectivity index SC, is defined via \/(1/(d,, + d,). We
study the difference between ABS and SC' and establish various bounds for it, in terms
several vertex-degree-based graph invariants.
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1. Introduction

In this paper we consider simple graphs (i.e., graphs without directed, weighted,
and multiple edges, and without self-loops). Let G be such a graph, and assume
that it is connected. Its vertex set is V(G) and its edge set is E(G). The order
and size of G are [V(G)| = n and |E(G)| = m, respectively. The degree d,, of
the vertex u € V(G) is the number of vertices adjacent to w. The maximum and
minimum vertex degree of the graph GG are denoted by A and 6, respectively. The
edge connecting the vertices u and v will be denoted by uv.
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In the present-days literature, a large number of vertex-degree-based graph in-
variants (usually referred to as“topological indices”) are being considered [12, 23,
24, 16]. Among them we mention here the first Zagreb index [6, 13, 14]

My =M(G)= > (du)?= D (du+dy) (1.1)

ueV(G) weE(G)

the connectivity index (Randi¢ index) [17, 20, 21] and its sum-connectivity variant
[7, 19, 27]

R=R(@G)= )

weE(G)

, SC=8C(G)= ) \/_(1.2)

du d” weE(G

the atom-bond connectivity index [1, 9] and its sum-connectivity counterpart [3, 4,

11]
ABC = ABC(G Z ,/ (1.3)

weE(G
dy +dy, —2
ABS = .
S = ABS(G)= Y [ T d (14)
weE(G)

and the harmonic index [5, 10, 25]

H=HG) = )

uweE(G)

: 1.5
i1 d (1.5)

All graph invariants listed in Egs. (1.1)—(1.5) have similar algebraic forms. One
may, therefore, expect that there exist relations between them. Indeed, many such
relations have already been established, see e.g. [2, 8, 11, 15, 22, 26, 28]. The
ABS-index was introduced quite recently [3], and its properties have not yet been
fully determined. In this paper we examine the relations between ABS and sum-
connectivity index (SC'). In particular, we establish lower and upper bounds for the
difference ABS — SC in terms of first Zagreb and harmonic indices.

In what follows, we denote ABS(G) — SC(G) by =(G), i.e.,

oo 3 Viird2-
weE(G) \ dy + dy

(1
I
[1]
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2. Elementary relation

Let P, be the n-vertex path.
Remark 2.1. Let G be a connected graph, different from Pi, P>, and Ps. Then

ABS(G) > SC(G) and Z(G)>0.

PROOF. Because P; has no edges, it is ABS(P;) = SC(P1) = 0 and thus
E(P1) = 0. The two vertices of P, have degrees 1, implying d,, + d, —2 = 0
and ABS(P,) = 0. Therefore, ABS(P,) < SC(P,) and Z(P;) < 0. Both edges
of P53 connect vertices of degree 1 and 2, implying d,, + d, — 2 = 1. Therefore,
ABS(P?,) = SC(Pg) and E(Pg) =0.

All other graphs possess at least one edge for which d,, +d, — 2 > 1.

3. Main results

Theorem 3.1. If G is a graph with m edges, then

2(G) < (Ml(G) m) .

26

PROOF. By the Cauchy—Schwarz inequality, we acquire

© - Z Vo +dy—2—1
weE(G VdU+dU

[1]

1
—_9_1)2
E (Vdy+dy,—2-1) E i d
weE(G) weE(G)

IA

< Y (dutdy—2+1-2/dy+dy,—2) )

weE(Q) weE(GQ) du +d
” " M .
< > (dutdy - s +d 25( 1(G) —m)
weE(G) quE

Theorem 3.2. If G be a graph with m edges, then

(V26 —2 — 1)2 (H(G) i m(m — 1)> <

[1]

2 21 ©)
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H(G) m(m-—1)
<(\/2A—2—1)2< 5 T 25 )

The equality holds if and only G is regular.

PROOF. From the definition of =(G) we have,

9 2
SE (Vdu+dy —2—1)

weE(Q) du + dy
EDY (m_1> (m_1>
wv#£rseE(G) \/m \/m
< Z (V2A —2 1)
B du + dy
weE(G)
RS V2A—2-1) (V2A-2-1
wv#rseE(GQ) \/% \/%
— (vaa 3o (PG mm =)
2 20
Similarly,
':'(G)2 — Z (\/m — 1)2
B du+d,
weE(G)
20y (Wm— 1>) (wm_ 1)>
uv#rseE(Q) \/m dy + ds
.y wEmyp
B dy + dy
weE(G)
by (WE2on) (2o
uwv#rseE(Q) \/ﬁ \/ﬁ

- o (M9 o),

The equalities are true if and only if G is a regular graph.
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Theorem 3.3. Let G be a graph with n > 3 vertices and m edges. Then,

V20 —2-1
V2A

PROOF. Lower bound:

< E(G) < mV2A —

> Vdutd,—2-1
=( Z Vdy +dy—2-1 quEG)

H weE(G Vd +d Z Vdu+dv

weE(G)
Clearly, 26 < d,, + d,, < 2A and therefore,
> Vdutd,—2-1
weE(G) S V26 —2—1
S Vi +dy VoA

weE(G)

Upper bound:

Vdy+dy—2—-1
Z — =< Y Vdutd, -2,
weE(G dy + dy weE(Q)

and by the Cauchy—Schwarz inequality,

> Vdutd, -2 < 1) (dutds—2)

weE(Q) weE(G) weE(GQ)

< mv2A-2.

By rearranging, we arrive at the required result.

Theorem 3.4. Let G be a graph with m edges and p pendent vertices. Then,

\/25—2—1( _)+\/5—1—1

V2A mer \/1+Ap
_ V2A—2-1, - VA—1-1
SEO) s — o+ e

2@ = Y YEEdiol, s VhoLod
weE(G) \ dy + dy weE(GQ) V1+ dy

du,dp£1 du=1

59
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V2A -2 — 1 VA—1-1
< X X T
weE(G) f weE(G) 1+9
dusdo £ du=1
\/2A—2—1( )+\/A—1—1
= ———————————————— m — N
V25 SOV

Similarly,

@ - 3 Vi td,—2-1 > Vd,—1-1
weE(G) \ dy + dy weE(GQ) V1+ dy

[1]

du do# 1 du=1
V25 —2-1 Vi—1-—1
> ¥ ¥ e
weE(G) weE(G)
dy,dy#1 dy=1
V260 —2-1 vVi—1-1

T v PR

Equality holds if and only if d,, + d,, = 2A = 24.

Theorem 3.5. Let G be a graph with m edges. Then,

\MA—2—1>

E(G)§m< NGT;

The equality holds if and only if G is regular.

PROOF. By the definition of = and form the Cauchy—Scharwz inequality, we
obtain

2

Vd,+dy,—2—-1
@ =1 X —_—
weE(Q) dy + dy

Y (JQ—J)ZZmQ(ﬁA—2—1>2

V26 V26

weE(G

By simplifying, we get the required result. Equality holds if G is regular.
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Lemma 3.1 (P6lya—Szegd inequality). Let a; and b; be positive real numbers
fori=1,2,...,m,suchthata < a; < Aand b < b; < B. Then

= 714/(1 and o= 73/61
P~ Aja~+B/b ~ AJa+ BJb
are in[egers’ a1 = a2 = - = Gp = G, Uppl = Qpy2 = 0 = Uy = A and
by =by=---=b, =B, b0+1:b0+2:"‘:bm:b-
Theorem 3.6. Let G be a graph with m edges and §, A > 1. Then
V26 —2-—1
ml =22 -
V2A

[1]

G) > .
)= 1 \/\/A(zA—Q)—\/ZJF V8(26 —2) — Vs
2 V(20 —2) — V6 VAQRA =2) - VA

The equality holds if and only if G is regular graph.

PROOF. Setting

Vdy+dy—2-1 L A V2A-2-1 V20 —2-1

a; = , bi=1, = 4= ——,

Vdy + d, V26 V2A

and B = b =1in Lemma 3.1, we get

5 <\/du—|—dv—2—1>2 S
) v dy + dy weE(G)

1 \/\/A(2A—2)—\/K+ V(20 —2) — /6 QE(G)Q
~ 4 V(26 —2) — V5 VARA—2)—VA) T

Clearly, 26 < d,, + d, < 2A and so,

o (v2i—a-1 ’
V2A

<1<\/\/A(2A—2)—\/K+ V(26 —2) — Vo )2:((;)2
<3 2(G)2.

weE(G

V(26 —2) =6 VARA —2) - VA

By simplifying we get the required result. Equality holds if G is regular graph.
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Lemma 3.2. [18] Let a = (a;) and b = (b;) be sequences of non-negative real
numbers and positive real numbers, respectively, for i = 1,2, n. For any real

number r withr > 1 orr <0,

Theorem 3.7. Let G be a connected graph with m edges. Then

2(G) < || m(VZA =2 1) (m”ﬁ‘z - H;@)

PrOOF. Clearly,
Z \/d +d — Z m\/2A H(G)
Cdy+d, d + d 26 2

weE(G
Vdi+d,—2-1 _mv2A—2 H(G) -
Z (Vdo +dp)?2 ~ 20 2 G-b

weE(G

Setting r = 2, a; = /dy, +dy, —2 — 1, and b; = 1/+/d, + d,, in Lemma 3.2 we

get,
Z \/d +d,—2—-1
weE(G \ dy + dv)
5 Vdytdy—2-1\"

Vdy +d

weE(G) U v

> > (Vdutd,—2-1) —_—
weE(G) Z dy +dy =2 -1

weE(G)
Therefore

Vdy+d,—2—1 2(G)?
Z (Vdy+dy)? (m(wm—z—l)) G2

weE(G

from equation (3.1) and (3.2) we arrive at the result.
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