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1. Introduction

The notion of a topological direct sum of closed subspaces of a normed space
is well-known. The situation of a finite number of subspaces is presented in more
details in [2]. On the other hand, we did not find a systematic treatment of results
concerning the infinite sum of subspaces. Hence, we define and investigate the
infinite sum of subspaces of a normed space. It is well-known that decompositions
of a space induce decompositions of linear operators over the same space. For this
reason we investigate matrix decompositions of bounded linear operators induced
by infinite direct sums of subspaces.

In this paper all vector spaces will be over the field [F which is equal to R or C.
I will be an arbitrary index set, X, Y will be normed spaces over F, and (X;);cr
will be a family of vector subspaces of X .

We use L(X,Y) and B(X,Y), respectively, to denote the set of all linear and
the set of all bounded linear operators from X to Y. Shortly, L(X) = L(X, X) and
B(X)=B(X,X).
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In order to define infinite sum of subspaces, we recall the notion of summable
vectors in normed spaces (see [1, 3], for example).
Suppose that (x; )¢ is a family of vectors in X . The family (z;);c; is summable

and its sum is equal to T = ) _ x;, provided that for every ¢ > 0 there exists a finite
i€l
subset J. C I such that for every finite subset .J satisfying J. C J C I we have

E—ij < e.

Jj€J

If (x;);er is summable, then the number of all x; such that x; # 0, is at most count-
able. The family (z;);cs is absolutely summable, if (||z;||);cs is summable in R.
If X is a Banach space, then absolute summability of (z;); implies its summability
([1, pp. 113-124], [3, pp. 45-47]).

First we investigate infinite sums of subspaces of normed spaces, and then we
investigate corresponding decompositions of bounded linear operators.

2. Infinite sums of subspaces

Consider the following sets:
HXZ' = {l‘ = (CCJZ = Ilx; : (VZ S I):L'z € Xz'}:
iel
' = {x = (z;); € H X : (z;); is ordinary and absolutely summable} ,
iel
! = {E:in:Exi c(Viel)x; € X;,
iel

(x;); is ordinary and absolutely summable}.

It is elementary that [] X is a vector space, I1/ is a subspace of [] X;, and X/
i€l i€l
is a subspace of X.
We need the following elementary lemma.

Lemma 2.1. If (z;);cs is summable, then

Yol <Dl

i€l iel
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PROOF. Suppose that (x;);cr is summable and let T = > x;. For an arbitrary
iel
€ > 0 there exists finite J. such that for every finite J, J. C J C I we have

f—z:b‘i

icJ

7 < |7 =Y af + D wl| <e+ D Nl <e+ D sl

i€J ieJ ieJ el

< e. It follows that

> T

iel

<> il

iel

Since € > 0 is arbitrary, we conclude that

We have the following result.
Theorem 2.1. a) II/ = H{ is a normed space with respect to the norm
Izl = llwill, @ =T € T1%,
i€l
If X is a Banach space and every X is closed in X, then H{ is a Banach space.

b) 1! =TI, is a normed space with respect to the norm

|Z|loo = sup ||a;]|, « =1Ilz; € .
el

PROOF. a) It is easy to verify that H{ is a normed space. Assume that X is a
Banach space and that every X is closed in X. Let (z™),, be a Cauchy sequence
in IT{, where 2™ = (27"); € II{. Take ¢ > 0. There exists some ny € N such that
for every m,n > ng we have

lz™ = 2™y =Y llaf* — 2} <e.
i€l

We get that for every i € I we have ||z]" —27'|| < €. Then for every i € I it follows
that (2I"),, is a Cauchy sequence in a Banach space X;. Thus, for every i € I there

exists z; = lim zi" € X;. Letx = Ilx;. For given € > 0, for all m,n > ng and
m—0o0

for every finite set J C I we have
Dol —atl <.
i€

Taking m — oo we conclude

Do llwi—af <e

i€J
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and

Dol <Y llafl +e < afil +e = [l +e

i€J i€J i€l
Since J is an arbitrary finite subset of I, we conclude that z = (x;); is absolutely
summable, x € II{ and lim 2" = z in IIL.
n—0o0

b) It is easy to see that IT.  is a normed space with respect to the norm || - |c.
Notice that ITZ_ is not a Banach space for the following reason: ¢; is contained in
{0, but the || - || o-closure of ¢ is ¢y, so £1 isnot a || - ||so-closed subspace of £o.

If 2 € T, we see that ||2||oo < ||||1. Thus,
Bl ,xh) c B, x!) and B(XL,IH) c B2, 1IL).

If A € L(II',%7), then we can ask if A is bounded with respect to any one of
the norm || - ||; or || - ||s. For the same A we use corresponding norms || A||; and
| Al| oo, knowing that ||A|lcc < ||Al|1. The similar situation is when we consider
B e L(x!, 111, where || B|1 < ||B|co-

Consider the natural mapping ® : II! — % defined as follows:

d(Ilz;) = Xy, Iy € I,
We have the following result.

Theorem 2.2. & € B(Il{, ©1) and ® is onto.

PROOF. For x = Ilz; € IT{ we have
@@l = 1Szl < Y il = 2],
el
implying that | ®||; < 1. Obviously, ® is onto.

Following [2, Definition 2.3], we introduce the notion of the infinite topological
sum of subspaces.

Definition 2.1. a) >/ is a topological direct sum (TDS) of (X;);c7, denoted as
=P X,
iel

if ® € B(IT{, ©7) is bijective and @' € B(X, I1i).
b) ¥/ is an co-topological direct sum (co-TDS) of (X;);cs, denoted as

o0
=P X,
el

if ® € B(IIL,, ¥7) is bijective and &1 € B(X!, TIL).
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Once we know that ® is a bounded linear epimorphism, we continue with the
following results.

Theorem 2.3. If ® is bijective, then X; N X}, = {0} for j # k. In this case the
operator Pj : » - X; C ! is well-defined by P;j(Xx;) = xj forevery j € I, P;
is linear, Pj2 = Pj, and the image of P is equal to X ;. Moreover, Ziel Px =z,
forall x € ¥, and P;P; =0 fori # j.

PROOF. Suppose that  is bijective, z € X;N Xy and j # k. Letx = Ilz; € I

such that
0, i#J,
Ty =
zZ, 1=],

and let y = Iy; € 11! with

)0, i #Fk,
vi= z, 1=k.

Then = # y and ®(x) = z = ®(y). This contradicts to the fact that ® is bijective.

Moreover, if T = Yx; € X!, then z = O~ (x) = ux; € 17, so every z; € X;
is unique. Thus, P; is well-defined as P;(¥x;) = ;. Obviously, P; is linear,
sz =P, Y e Pix =z forz € £!, and P,Pj = 0 fori # j.

We need the following conditions on a family of linear operators.

Definition 2.2. A family (7;);c; of operators in L(X,Y) is:
a) Uniformly summable, if there exsists a constant M/ < oo such that for every
r € X wehave ) ., || Tiz|| < M|
b) Uniformly bounded, if there exists some constant M < oo such that for every
x € X we have sup ||T;z|| < M|z|.
il

c¢) Strongly bounded, if there exists some constant M < oo such that for every
x € X we have sup ||T;z|| < M.
iel

Corollary 2.1. a) If (T;);cy is uniformly summable, then T; is bounded for every
i € I and (||T;||)icr is bounded.

b) If (T;)icr is uniformly bounded, then T; is bounded for every i € I, and
(175 1))icr is bounded.

¢) If X is a Banach space, if every T; is bounded, and if (T;);cr is strongly
bounded, then (||T;||)ier is bounded.

PROOF. a) Follows from

1Ty < 1 Ta| < M|z
el



22 D. S. Djordjevié, D. S. Rakié

and |73 < M.

b) Follows from
[ Tja|| < sup | Tix| < M||z||
el

and |73 < M.

¢) This is the Banach-Steinhaus theorem.

Corollary 2.2. If Y is Banach space and a familly (T;);c; of operators in
L(X,Y) is uniformly summable then (T;x);c1 is absolutely and ordinary summable
forevery x € X.

PROOF. If (T})cs is uniformly summable then there exists a constant M such
that ), ; [|Tiz| < M||z|| for every € X. Therefore (T;x);cs is absolutely
summable and hence summable because Y is Banach space.

Theorem 2.4. If ® is bijective and @~ € B(X!,T1L), then (P,)icy is uniformly
summable and || P;| < ||®~1||; for every j € J.

PROOF. Since ® is bijective, projections P; are well-defined. Let ®~1 € B(X!, I1f)
andT = Yz; € 1. Thenz =lx; = [IP,T = & 17 ¢ H{. We have the following:

1Bz <) 1Pzl = llzlh = 127"l < 187" ]l
el

Hence, (P,)cr is uniformly summable and || P;|| < ||®; (|1 for every j € I.

Theorem 2.5. If ® is bijective and ®~' € B(X!,TIL)), then (P;)ic is uni-
formly bounded and || P} || < ||® || for every j € J.

PROOF. Let ®~! € B(X! 11/ ) andZ = ¥2; € ¥!. Thenz = [lz; = IP,7 =
o 17 € Hgo, and we have the following:

1P| < sup 1P| = l|zlloo = |27 Tlloo < |27 [loo |-
1€

Thus, (P;);er is uniformly bounded and || P;|| < ||®~ ||« forevery j € I.

Theorem 2.6. Let ® be bijective.
a) If (P)ics is uniformly summable, then ®~1 € B(X! TIT).

b) If (P;);cr is uniformly bounded, then ®~1 € B(X!, TI).

¢) If 21 is a Banach space, P e B(X!) for every j € I, and (P;);cr is strongly
bounded, then ®~' € B(X!,I1L)).
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PROOF. a) Take # = Ilx; € IIf and ®x = T = Za; € X!, We have the
following:

1~y = a1 = |LPz(L = ) |12z < M|z
icl
for some constant M and for all Z € ¥/, Thus, ||~ ![|; < M < oo.
b) Again, take z = Ilz; € Héo and Pz = T = Yx; € L. We have the
following:

127 T o0 = a0 = TP ]|oo = Sup | Piz|| < M|[z||
1€

for some constant M and for all Z € TI._. We conclude ||®7 ||, < M.

¢) If =7 is a Banach space, then the Banach-Stainhas theorem implies that from
the strong boudedness of (P;); we have its uniform boundedness (in the sense of
Definition 2.2). Thus, the result follows from b).

Theorem 2.7. Let X be a Banach space and let 1 = @ X;. Then the follow-
i€l
ing statements are equivalent:
a) > is a Banach space;

b) X; is a Banach space for every i € I.

PROOF. a) = b): Since £/ is TDS, we get that every F; is bounded. Hence,
every X; is a closed subspace of a Banach space %/.

b) = a): If every X, is a Banach space, we get that H{ is a Banach space.
Since X! is TDS, then ® € B(II{,%!) and ®~! € B(X!,11). Thus, ¥/ is a
Banach space.

Theorem 2.8. Let X be a Banach space and let K C I. If X1 = @ X; is TDS,
i€l
then 5 = @ X, is TDS.
keK
PROOF. Let ® : TI{ — X7 be the isomorphism such that ® and ®~! are
bounded. If (z;);es is absolutely summable in a Banach space X, then (xy )k is
also absolutely summable. Thus, X is a subspace of X7, If IT&! = {(z;)ses|(Vi €
I\K) x; = 0} then TI¥/ is a subspace of IT{. Let x = (z;);ex € I and define
y = (yi)ier as follows:
z;, forie K,
Yi =
0, foriel\K.
Then y = (y;)ier € IIE7 and ||z||; = ||y|/1. Now it is obviously that the reduction
operator ®g = [y : % — $K < %! obeys properties g € B(II{, ©X) and
®, ' € B(XK,TIf). Thus, =X is TDS.
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3. Infinite operator matrices

We continue with investigating decompositions of operators induced by infinite
direct sums of subspaces.

Lemma 3.1. If a family (x;);c; of vectors in X is summable, v =), ; x; and

A€ B(X,Y) then ), ; Ax; is summable and Ax =), ; Ax;.
PROOF. Letx = ), ; x; be summable and let £ > 0 be arbitrary. There exists
a finite set J. C [ such that for every finite J, J. C J C I, we have

€
xr — il < 77—
25 <
It follows that
Az — ZAl‘i = ||A(z — le) < ||A]| ||z — Z:rl <e.

ieJ ieJ e

Thus, ), ; Az; is summable and Az = ), ; Aw;.

Note that Definition 2.2 a) make sense even when 7; € L(X,Y).

Theorem 3.1. Let X and Y be Banach spaces and let ¥7 = @ X; and » =
jeJ
@Y, be TDS in X and Y respectively. Let Q; : » - 2 and Py : ¥ — %I
1€l
be defined by Qj(Sxy) = zj, Yap € X7, and P;(Syx) = vi, Syr € B If
A € B(X,Y) then the family (P;AQ;) i jyerx is uniformly summable and

Az= > PAQz, =z€X.
iel,jed

If J' C Jand I' C I, then the operator Ap ji - @ X, — @ Yy, given by
keJ’ kel

A[/Jlx = Z PZ'AQ]'JZ7 x € @ Xy

iel’ jeJ’ keJ’
is well-defined and bounded.

PROOF. Let ¥/ = @ X; and ¥/ = @ Y; be TDS, and let A € B(X7,%7).
jeJ el
By Theorem 2.4 (P;); and (Q;); are uniformly summable. There exist M and
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Mj such that for every € £/ and y € 1 we have Y, [Pyl < M|ly| and
> jes 1Qjz|| < Moa||z||. Thus for z € ¥/, we have

> (S iracs ) < X anlacs
jeJ \iel jeJ
<> M A[IQjz]| < M|l Al Mzllz]| < cc.
=2
Since every term in above double sum is nonnegative, it follows that

> 1PAQjz| < MiMy|Alljlz]
iel,jed
that is (P;AQ;)(; j)erx.s is uniformly summable. Since Y is Banach space, by
Corollary 2.2, we conclude that the family (P; AQ;x)(; jyerx.; is summable for ev-
ery z € ¥/, Note that ., ; P AQ;z = AQjx, for every j € J. By Lemma
3.1, we have >, ; AQjz = A (ZJEJ Qﬁ) = Az. Due to associativity of the
summable family, see [1, Theorem 9.2.2], we have

> PAQrz =) (Z P,»AQﬂg) =Y AQjx = Axz.
il jeJ jeJ \iel jeJ

The remaining result can be proved similarly taking into account Theorem 2.8 and

the fact that a subfamily of an absolutely summable family is absolutely summable.

Note that for z = 3, ;z; € %/ we can define the operators A;; : X; — Y;
by Aijxj = PZAQ]JJ = BAJJJ Then Aa: = Zie[,jeJ Aijxj.

Theorem 3.2. Let X and Y be Banach spaces, and let

' =PX;, ad =Y
jeJ iel

be TDS in X and Y respectively. Suppose that A;j - X; — Y, i € 1,5 € J, is
the family of operators such that for every j € J the family (A;;)icr is uniformly
summable with

D lHAiasll < Myllzsll, 25 € X5

el
Suppose that su;J) Mj = M < oo. Then the family (Aijxj) g jcrx.s is absolutely

je

summable for every x = . x; € ¥, and the operator A : 7 — %! given by

jeJ

Az = Z AijCCj, HZZZ(L’]’EE‘]

iel,jelJ JjeJ
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is well-defined and bounded.
If J' C Jand I' C I, then the operator Ay jr: @ X; — @ Y;, given by

jeJ’ el
A[/J/JS': E Aijl‘j, T = E T € @Xj,
el jed’ jeJ’ jed’

is well-defined and bounded.

PROOF. Suppose that » [|A;;z;|| < Mjl|zj||, z; € X; and sup; My = M <
el
co. Letx =3 ;1 € 37, We have

) (Z uAijmjn> < Myl < 3 My

jes \iel jeJ jer
= M|yl = M||@~ (z)|[y < M||@7 [||z] < co. (3.1)

From the same reasons as in the proof of Theorem 3.1, we conclude that the family
(Aijrj) i jyerxs is absolutely and ordinary summable. Thus the operator Az =
> icrjes Aijzj is well defined. By the associativity, Lemma 2.1 and inequality
(3.1), we obtain

Az = || Y Az = > ZAU%

iGI,jEJ jEJ el
-y (z HAijij) < M3 el
jeJ \iel

so A is bounded operator. The remaining result can be proved similarly taking into
account Theorem 2.8.

In Theorem 3.1 and Theorem 3.2 we established the infinite operator matrix for
the operator — we can write A = (A;;)icr jes and

> Ayzi=) (Z Aij‘”ﬂ') =2 | 2 A

iel,jeJ jedJ \iel el \jeJ

Note that the addition and multiplication of operators represented in their infinite
operator matrices can be performed using known matrix rules. Let

A,B€eB @Xj,@yi and CeB(@Yi,@Zk)

jedJ iel iel keK
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and A = (Asj)ierjes>» B = (Bij)ierjes» C = (Cki)kek,icr- Then A+ B =
(Aij + Bij)ier,jes. Also,

CAeB @Xj,@zk

jeJ keK

and for x = Xz; € @ X, we have
=

CAx =C Z ZAijl“j ZZ Z Chi ZAijxj

iel \jeJ keK \iel jeJ

= I3 (D | | = Z(ZCM(AU%)>

kek \iel \jeJ keK \jeJ \iel

The previous equalities follow from Lemma 3.1 and associativity. Therefore, as we
have expected

(Vzj € X;) (CA)y: Xj — Zp and (CA)gyz; =Y Cri(Aija;).
i€l
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