Bulletin T. CLIV de l’Académie serbe des sciences et des arts − 2021
Classe des Sciences mathématiques et naturelles
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A b s t r a c t. In the recent literature there are numerous publications concerned with a
graph invariant named “Gutman index” (ZZ ). In this paper, some details about the discovery
of ZZ are explained. In particular, it is pointed out that the name for ZZ is a result of
negligence, caused by a sloppy reading of the article in which ZZ was mentioned for the
first time. The main mathematical properties of ZZ are presented. The reasons why ZZ
became popular among scholars doing research in graph theory and mathematical chemistry
are discussed, and the practical applicability of ZZ (which is minor) commented.
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1. Introduction
In this paper we are concerned with a graph invariant
!
"
#
ZZ = ZZ (G) =
d(u) × d(v) d(u, v)
{u,v}⊆V(G)

(1.1)
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and with two other closely related invariants
!
DD = DD(G) =

{u,v}⊆V(G)

W = W (G) =

!

"

#
d(u) + d(v) d(u, v)

d(u, v)

(1.2)

(1.3)

{u,v}⊆V(G)

where G denotes a graph of order n with vertex set V(G) and edge set E(G), and
where d(x) = d(x|G) is the degree (number of first neighbors) of the vertex x ∈
V(G), whereas d(x, y) = d(x, y|G) is the distance between the vertices x, y ∈
V(G) ( = length of a shortest path connecting x and y). Throughout this paper it is
assumed that G is connected, and n ≥ 2.
Most of our considerations pertain to trees. Recall that a tree is a connected graph
with n vertices and m = n − 1 edges. Trees are graphs without cycles.
In the current chemical and mathematical literature, several hundred graph invariants are being considered, viewed to be molecular structure descriptors, and claimed
to be related with some physical, chemical, pharmacological, or toxicological property of the underlying chemical compounds. These are usually referred to as “topological indices”. Among them are also ZZ , XX , and W . The index DD is called
degree distance, W is called Wiener index, whereas the name of ZZ will be disclosed
later.

2. History: before ZZ
The Wiener index W , Eq. (1.3), is the oldest among topological indices. It was
put forward by Harold Wiener in 1947 [23]. After a latent period of ca. 25 years, an
extensive study of W started [4, 12, 24], and is still happening (see e.g., [2, 3, 13]).
In 1989, Harry Schultz introduced a new topological index, and named it “molecular topological index” (MTI ) [16]. Eventually, the same author and the members
of his family published a whole series of papers [17], [18], etc. [19], proposing additional graph invariants similar to MTI . Therefore, the colleagues did not consider
these new topological indices as something serious, their later study was minor, and
is by now almost completely abandoned.
In 1994, Andrey Dobrynin and Amide Kochetova conceived the degree distance
DD, Eq. (1.2) [5]. This index was viewed as a modification of the Wiener index.
Namely, the Wiener index is the sum of all distances in the considered graph, each
distance having the same weight. The idea of Dobrynin and Kochetova was to increase the effect of branched vertices (whose distance is usually small), or – what is
the same – to diminish the effect of pairs of vertices at greater distance.
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It seems that the authors of [5] were not aware of the paper [16]. Anyway, MTI
and DD are closely related as
!
DD(G) = MTI (G) −
d(u|G)2 .
(2.1)
u∈V(G)

For details on MTI and the relation (2.1), see [7].
In the 1990s and later, DD became a popular topic for mathematical studies, see
the recent papers [1, 10, 15, 22], and also [26, 32], as well as the references cited
therein.
In the case of trees, in the early 1990s, a simple linear relation between MTI and
W was discovered. This regularity was first reported in [14], and was obtained by
means of computer–aided numerical calculations. Its rigorous mathematical proof
was given by Douglas Klein [11]. All this happened before the publication of the
Dobrynin–Kochetova article [5]. If we bear in mind Eq. (2.1), then the respective
result can be stated as:
Theorem 2.1. Let T be a tree of order n. Then its molecular topological index,
degree distance, and Wiener index are related as
!
MTI (G) = 4 W (T ) − n(n − 1) +
d(u|G)2
u∈V(G)

DD(T ) = 4 W (T ) − n(n − 1) .

(2.2)

3. History: towards ZZ
In the early 1990s there was no e-mail, and scholars had to communicate by
regular mail (later dubbed “snail-mail”). There were telephone and fax, but for a poor
Serbian scientist, these were too expensive to be used. Interestingly, these technical
details resulted in the formulation of the ZZ -index and the discovery of Theorem 3.1.
In that time, the present author (I.G.) learned about the result that later was published in [14], and was told that Klein has a proof. He sent a letter to Klein (to USA),
asking him for details of the proof. Indeed, Klein promptly replied and sent to I.G.
his (in that time unpublished) proof. The time between sending a letter to Klein and
receiving his reply, in the best case, could be a few weeks. In this period, I.G. decided
to construct a proof himself, just to show that he too could do the same. It happened
that Klein’s and I. G.’s proofs of Theorem 2.1 were completely different [11, 6].
Working on his proof of Theorem 2.1," I. G. noticed# that a fully analogous results could be obtained
if the# summations d(u) + d(v) in Eq. (1.2) is replaced by
"
multiplication d(u) × d(v) . This could be stated as:
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Theorem 3.1. Let T be a tree of order n. Then the ZZ -index, Eq. (1.1), and
Wiener index are related as
ZZ (T ) = 4 W (T ) − (2n − 1)(n − 1) .

(3.1)

I.G.’s proofs of Theorems 2.1 and 3.1 were eventually published in [6]. As a
curiosity, we mention that [6] appeared immediately after the Dobrynin–Kochetova
article [5].
Important: The graph invariant ZZ appeared in the paper [6] for the first time.
In [6], it was clearly indicated that ZZ is not a newly proposed topological index, but
that it was mentioned only because of its curios analogy with MTI and DD, Eqs.
(2.2) and (3.1). To comprehend this, one only would need to read the paper [6] with
a necessary understanding. Unfortunately, this was not always the case.
In the “Handbooks of Molecular Descriptors” by Todeschini and Consonni [20]
the quantity ZZ was included among topological indices. Even worse, it was named
“Gutman index”. This reveals the sloppiness and lack of care in which the Handbook
was compiled. The same failure was repeated in its next edition [21].
As one could expect, the inadequate and unjustified name for ZZ was eventually
accepted in the mathematical and chemical literature, and is nowadays in standard
use. The articles [25]–[64] have “Gutman index” in their titles, whereas the same
name for ZZ is used in many more papers.
For readers who speak Serbian, ZZ -index should be pronounced as “zez-indeks”,
which then will get a proper and deserved meaning.

4. Mathematical properties of ZZ -index
Let Sn and Pn denote, respectively, the star and path of order n.
Theorem 4.1 ([44]). (a) Among trees of order n, the star Sn , and only the star,
has minimal value of the ZZ -index.
(b) Among trees of order n, the path Pn , and only the path, has maximal value of
the ZZ -index.
(c) If T is a tree of order n, T ∼
∕ Sn , Pn , then
=

1
(n − 1)(2n − 3) = ZZ (Sn ) < ZZ (T ) < ZZ (Pn ) = (n − 1)(2n2 − 4n + 3) .
3
P ROOF.Theorem 4.1 directly follows from Eq. (3.1) and the earlier known bounds
for the Wiener index of trees [4, 24].
✷
It could be shown [9] that the star Sn has minimal ZZ -index among all connected
graphs with n vertices. The search for the graph(s) with maximal ZZ [9], did not
yield a conclusive result.
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The result for degree distance, analogous to Theorem 4.1, reads:
Theorem 4.2. (a) Among trees of order n, the star Sn , and only the star, has
minimal degree distance.
(b) Among trees of order n, the path Pn , and only the path, has maximal degree
distance.
(c) If T is a tree of order n, T ∼
∕ Sn , Pn , then
=
(n − 1)(3n − 4) = DD(Sn ) < DD(T ) < DD(Pn ) =

1
n(n − 1)(2n − 1) .
3

The most remarkable result in the theory of ZZ-index is Theorem 4.3, which is
a straightforward consequence of Eqs. (2.2) and (3.1).
Theorem 4.3. If T is a tree of order n, then
DD(T ) − ZZ (T ) = (n − 1)2 .
A detailed analysis of Theorem 4.3 can be found in [9].
This surprising and counterintuitive result shows that the difference of degree
distance and ZZ-index is insensitive of any structural detail of the underlying tree,
and depends only on its order. In other words, the expression
!
"
#
d(u|T ) + d(v|T ) − du(u|T ) d(v|T ) d(u, v|T )
{u,v}⊆V(G)

is independent of both vertex degrees and distances of a tree T , and depends only of
the number of vertices of T .
Theorems 2.1 and 3.1 show that the topological indices of the general form
$
%
!
F d(u|T ), d(v|T ) d(u, v|T )
{u,v}⊆V(T )

have special properties if either F (x, y) = x + y or F (x, y) = x · y. It would be
interesting to find other functions F (x, y) for which results analogous or similar to
Theorems 2.1 and 3.1 hold [8]. Much work along these lines was done (by the present
author), but without any success.
Another direction of research would be to extend the results of Theorems 2.1,
3.1, and 4.3 to cycle–containing graphs. If we exclude the trivial case of regular
graphs, then – again – no success has been achieved. In [34] the following extension
of Theorem 4.3 was obtained:
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Theorem 4.4. Let G be a connected graph of order n, with m edges and p pendent vertices. Then
1
DD(G) − ZZ (G) ≥ W (G) + (n − p − 2)M2 (G) − (n − p − 3)M1 (G)
2
1
− (2m − n)(2m − n + 1)(n − p − 1)
(4.1)
2
where M1 and M2 are the first and second Zagreb indices, defined as [20]
!
!
M1 =
d(u)2
and
M2 =
d(u) d(v) .
u∈V(G)

uv∈E(G)

Equality in (4.1) is attained if and only if the distance between any two non-pendent
vertices in G is at most 2.

5. Epilogue
More than twenty years passed since the ZZ -index was listed among chemically
relevant “topological indices” and unjustly named “Gutman index” [20]. This means
that there was a tacit expectation that ZZ will find some application in modeling physical, chemical, pharmacological, or toxicological properties of at least some class of
chemical compounds. As argued above, in our opinion, this was a mistake, caused
by a careless reading of the paper [6]. Now, twenty years later, it became evident
that our conclusion was correct: In no one of the great many papers on the ZZ -index
[7, 9, 8], [25]–[64], there is any mention of chemical application. All these papers
report mathematical investigations.
What happened and is happening with the ZZ -index is typical for contemporary activities in “applied” graph theory and mathematical chemistry. Scholars who
do research in this field of science, usually are not interested whether their (easy)
mathematical results have any actual application in chemistry or elsewhere (including “pure” mathematics), but their aim is just to publish one more paper.
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[12] M. Knor, R. Škrekovski, A. Tepeh, Mathematical aspects of Wiener index, Ars Math.
Contemp. 11 (2016) 327–352.
[13] H. Lin, Extremal Wiener index of trees with prescribed path factors, MATCH Commun. Math. Comput. Chem. 83 (2020) 85–94.
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