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A bstract Inthis paper, we investigate the functional analytical approach for seeking
of solutions to the following abstract multi-term fractional differential inclusion:

n—1
BD"u(t) + Y A;D{7u(t) € ADju(t) + f(t), te(0,7), (*)

wheren € N\{1}, A, B and A; are multivalued linear operators on a complex Banach space
X1<j<n-1),0<a1 < - <ap0<a<a,0<7 <00, f(t)isan X-valued
Sunction, and D{* denotes the Riemann-Liouville fractional derivative of order « (see Ph.D.
Thesis by E. Bazhlekova, Eindhoven University of Technology, 2001). We introduce and ana-
lyze several different types of solutions and degenerate k-regularized (Cy, Cs)-existence and
uniqueness (propagation) families for (x). Asymptotically almost periodic and asymptoti-
cally almost automorphic solutions of (%) are sought in the case that B = I (the identity
operatoron X ), A; € L(X) for1 < j <n —1and A is a convenable chosen translation of
a C-almost sectorial multivalued linear operator.
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1. Introduction and preliminaries

The class of scalar-valued almost periodic functions was introduced by H. Bohr
[5] (1924-1926), while the class of scalar-valued almost automorphic functions was
introduced by S. Bochner [4] (1962). The study od almost periodic and almost au-
tomorphic type solutions of abstract Volterra integro-differential equations is a very
active and popular field of functional analysis nowdays. For example, in [17, Section
11.4], J. Priiss has analyzed the almost periodic solutions, Stepanov almost periodic
solutions and asymptotically almost periodic solutions of the following abstract non-
degenerate Cauchy problem

u'(t) = /000 Ao(s)u/(t — s)ds + /000 dA;(s)u(t —s)+ f(t), teR,

where Ag € L'([0,00) : L(Y, X)), Ay € BV([0,00) : L(Y, X)), X and Y are
Banach spaces such that Y is densely and continuously embedded into X; in [6,
Chapter 10], T. Diagana has analyzed the weighted asymptotic behaviour of solutions
to the abstract nonautonomous third-order differential equation

o+ B(t)u' + A(t)u = h(t,u), teR,

while, in [1], S. Abbas, V. Kavitha and R. Murugesu have examined Stepanov-like
(weighted) pseudo almost automorphic solutions to the following fractional order
abstract integro-differential equation:
Dfu(t) = Au(t) + DY f(tu(t), Ku(t)), teER,
where .
Ku(t) = / K(t — $)h(s,u(s))ds, R,
—0o0

1 < a < 2, Ais a sectorial operator with domain and range in X, of negative
sectorial type w < 0, the function k(¢) is exponentially decaying, the functions f :
RxX xX — Xandh: R x X — X are Stepanov-like weighted pseudo almost
automorphic in time for each fixed elements of X x X and X, respectively, satisfying
some extra conditions. For more details on the subject, we refer the reader to the
monographs [6] by T. Diagana, [9] by G. M. N’Guérékata, [14] by the author, and to
a great number of other scientific monographs and research papers cited therein.

The main aim of this paper is to continue our previous joint research study with
Prof. G. M. N’Guérékata concerning asymptotically almost periodic and asymptoti-
cally almost automorphic solutions of abstract degenerate multi-term fractional dif-
ferential inclusions with Caputo derivatives [9]. We also provide slight generaliza-
tions of notions and results from our previous research paper [15], considering muti-
valued linear operators approach here.
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We use the standard notation throughout the paper. By (X, || - ||) and L(X) we
denote a non-trivial complex Banach space and the space of all continuous linear
mappings from X into X, respectively. Given s € R in advance, set

[s] :=inf{l € Z:s <lI}.

The principal branch is always used to take the powers. Set N; := {1,...,[}, N? =
{0,1,...,1},0% := 0, gc(t) == t-~1/T(¢) (¢ > 0,¢ > 0) and go(t) := the Dirac
d-distribution. By ys(-) we denote the characteristic function of set S. If 6 € (0, 7],
then we define X5 := {A € C: X\ # 0, |arg\| < §}. Let 0 < 7 < o0, and let
I = (0,7). Then the Sobolev space W™!(I : X) is defined in the usual way (see
e.g. [3, p. 7]). We sometimes employ the condition

(P1): h(t) : [0,00) — X is Laplace transformable, i.e., h € Ll ([0,00) : X) and
there exists 5 € R such that

b 00
h(N) == L(R)(N) == lim [ e Mh(t)dt = / e Mh(t) dt
0

b—oo 0

exists for all A € C with Re A > . Put abs(h) :=inf{Re \ : A()\) exists}, and
denote by £~! the inverse Laplace transform.

We refer the reader to [15] for the notion of condition (P1)-L(X). Fairly complete
information concerning vector-valued Laplace transform can be obtained by consult-
ing the references [2] and [12]-[13]. Let 0 < 7 < oco and F : [0,7) — P(X).
A single-valued function f : [0,7) — X is called a section of F if and only if
f(t) € F(t) forall t € [0,7); a continuous section of F is any section of F that is
continuous on [0, 7). A multivalued map (multimap) A : X — P(X) is said to be a
multivalued linear operator (MLO) if and only if the following two conditions hold:

(i) D(A) :={x € X : Ax # (0} is a linear subspace of X;
(i) Az + Ay C Az +y),z, y € D(A) and NMAz C A(Mz), A € C, z € D(A).

It is well known that, for every z, y € D(A) and A\, n € C with [A| + |n] # 0, we
have Az + nAy = A(Az + ny). Set R(A) := {Ax : x € D(A)}. Itis said that an
MLO A : X — P(X) is closed if and only if for any two sequences (x,,) in D(.A)
and (y,,) in X such that y,, € Ax,, for all n € N we have that lim,,_, o, x,, =  and
limy, 00 Y = y imply z € D(A) and y € Ax.

Let 2 denote a locally compact and separable metric space and let y& denote a
locally finite Borel measure defined on 2. We need the following important lemma
from [13].



58 M. Kostié¢

Lemma 1.1. Suppose that A : X — P(X) isa closed MLO. Let f : Q@ — X and
g : Q — X be p-integrable, and let g(x) € Af(x), v € Q. Then [, fdu € D(A)
and [ gdp € A [ fdp.

Assume now that A is an MLO in X, C' € L(X) is injective and CA C AC.
Then the C-resolvent set of A, pc(A) for short, is defined as the union of those
complex numbers A € C for which R(C') € R(\ — A) and (A — A)~1C is a single-
valued linear continuous operator on X. The operator A +— (A — A)~C is said to be
the C-resolvent of A (A € pc(A)).

Fractional calculus and fractional differential equations are rapidly growing fields
of research of many mathematicians due to their invaluable applications in engineer-
ing, physics, chemistry, biology and other sciences (for more details about fractional
calculus and fractional differential equations, the reader may consult [3], [7], [11]-
[13], [17], [18], and references cited therein; for abstract degenerate differential equa-
tions, one may refer e.g. to [8], [13]-[14], [16], [19] and references cited therein).

In this paper, we use the Riemann-Liouville fractional derivatives. Let & > 0 and
m = [a], and let I = (0,7), where 7 € (0, 00]. The Riemann-Liouville fractional
integral of order o > 0 is defined for any function f € L'(I : X), by

JEF(t) = (ga * f)(t), t>0.

The Riemann-Liouville fractional derivative of order o > 0 is defined for any func-
tion f € LY(I : X) satisfying g, * f € W™(I : X), by

dm
i (e 1)) = DTS (1), >0

By [3, Theorem 1.5], for every f € LY(I : X) with gy, o * f € W™(I : X), we
have:

Dy f(t) =

,_.

m—

Jt D?f gm o ¥ f )ga—i-k:-‘rl—m(t)v t>0. (L.
k=0

2. Concepts of solutions and degenerate k-regularized (C1, Cy)-existence
and uniqueness propagation families for an abstract multi-term
fractional differential inclusion

Now, we investigate the functional analytical approach for seeking of solutions
to the following abstract multi-term fractional differential inclusion:

BD$ +ZAD u(t) € ADXu(t) + f(t), te(0,7),  (2.1)
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where n € N\ {1}, A, B and A; are multivalued linear operators on a complex
Banachspace X (1 < j<n—-1),0<a; < - <ap0<a<a,l<t<
oo, f(t) is an X-valued function, and D§* denotes the Riemann-Liouville fractional

derivative of order « (see [3]). Set ag := a, m := [a], Ap := —A, A, := B and
m; := [a;] for 0 < i < n. The notion of a strong solution of (2.1) is introduced as
follows:

Definition 2.1. Let f € L'((0,7) : X). A strong solution of (2.1) is any function
u € L'((0,7) : X) such that the Riemann-Liouville fractional derivatives D;" u(t)
are well defined for j € NO and there exist functions u; € L'((0,7)) N .A; Dy’ u(-)
for j € N? so that
f(t) = Z u;(t) forae. t e (0,7).

JENG,

The notion of strong solution of (2.1) extends the notion of strong solution of
problem [15, (1); see Definition 2.1] in the case that the operators .A; are single-
valued and linear (0 < j < n).

Assume now that u(-) is a strong solution of (2.1) and A; is a closed MLO for
0 < j < n.Letk € N be fixed. Then we can integrate the equation (2.1) a,-times
by using Lemma 1.1 and the formula (1.1). In such a way, we get that

(Gon * £) ) € D" (gan *1u5) (1)
j=0,5#k
mg—1 )
 Gan—an * Ap [u() = 3 (G * 1) (0)gagrit1-me () | (1)
1=0

forall t € [0, 7). Hence, the function

n

t e 0k(t) = (gon ¥ ) = Y (Gan *uy)(t), tE€[0,7)

J=0,5k

is a continuous section of multivalued mapping
t '—>Vk(t) = Ak {gan_ak

mp—1 )
* PNJ-— j{:(gmk—ak*QO(OGDQaWH+J—ka)]}(ﬂ, telo,7). (2.2)

=0
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Furthermore, we have:
ka n+1)(gan*f _nz gan*u,? (gan*f)( )7 t€[077_>

This motivates us to introduce the following notion of a mild solution of (2.1):

Definition 2.2. Suppose 0 < 7 < oo and f € L*((0,7) : X). By a mild solution
of (2.1) we mean any function u € L'((0,7) : X) such that the Riemann-Liouville
fractional derivatives Df Tu(t) are well defined for j € NY  as well as that for each
k € NO there exists a continuous section v(-) of multivalued mapping V(+) given
by (2.2), so that

Z”k (9o * F) (1), te€0,7). (2.3)

The notion of mild solution of (2.1) extends the notion of mild solution of prob-
lem [15, (1); see Definition 2.2] in the case that the operators .4; are single-valued
and linear (0 < 57 < n). In our previous analysis, we have actually proved that any
strong solution of (2.1) is a mild solution of the same problem; even in single-valued
linear case, the converse statement fails to be true.

In the sequel, we shall primarily use the following notion, which generalizes the
notion of a mild (strong) solution of the abstract Cauchy problems [15, (8)—(9); see
Definition 2.4]:

Definition 2.3. Suppose 0 < 7 < oo and f € L'((0,7) : X). Consider the
following abstract multi-term integral inclusion:

(9o * 1) (¢ ka tefo,7), 2.4)

where
mp— 1
Vilt) = Ak{gan o [u > Gt () k] }(t) tef0.)
=0
for some elements z;, € X (k € NY, 0 <i < my, — 1).

(i) By a mild solution of (2.4), we mean any continuous function v € C([0,7) :
X) such that, for every k € NY | there exists a section vy(+) of multivalued
mapping Vi (-), and (2.3) holds true.
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(ii) By a strong solution of (2.4), we mean any continuous function v € C([0,7) :
X) such that, for every k € NO, there exists a continuous section wy,(+) of
multivalued mapping

mkl

t—= Wi(t) == Ay [u Z Jap+i+1— mk( )ﬁz k[(t), t€[0,7) (2.5)

=0

and

Z Jom—ay, * W (t) = (gan *f)(t), te0,7).
k=0

In order to subject initial values to (2.1), we first define

- 1, if there exists j € NO such that aj €N,
@1) = 0, otherwise,

and S := {j € NY : a; € N}. As in single-valued linear case, we distinguish the

following three subcases of (2.1):

(SC1) ap, > 1 : Then for each integer ¢ € Ny, _1 we set
D;={jeN):m;—1>i}, S;:={mj—a;:jeD}
and s; := card(S;). Then we have S; C [0,1) and
Si ={ain,...,ais},
where 0 < a;1 < --- <ajs <1 €N,,,_1). Define
Dl={jeDi:m;—aj=a;} (i€N,, 1, 1<1<s).

For each integer 7 € N,,,_1 we introduce s; initial values x; 1,...,%; s, for terms
(gm,;—a, * u)D(0), where j € D;. Additionally, if there exists j € NS such that
a; € N, ie., if S # (), then we introduce a new initial value z for the term (go *
u)(0) = u(0).

(SC2) o, = 1 : In this case, we introduce only one initial value for term (go *
w)(0) = u(0).

(SC3) o, < 1 : In this case, we consider the equation (2.1) without initial condi-
tions.
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Put
S1+ -+ Sm,—1 T+ 7?2.1), if a, > 1,

Boy:=4q 1, if a,=1,
0, if a, <1.

By the foregoing, there will be exactly B3 1) initial conditions for (2.1).

The subcase (SC3) will not be examined henceforth. For the subcases (SC1) and
(SC2), we will use the following definition (cf. [13, Section 2.4] and [15] for more
details about single-valued linear case).

Definition 2.4. Let 0 < 7 < o0, k € C([0,7)), C, C1, Cy € L(X), and let C
and C be injective.

(i) (SC1) Suppose that, for every i € Ny, —1 andl € Ny, (R;1(t))sejo,r) € L(X)
is strongly continuous, as well as that, forevery ¢ € [0,7),x € X, i € N,,,, _1,
| € Ny, and j € NY, one has

9o —a; * (Rii(-) = Xxpi (5)(F * ga+i-m; ) (-)C12)](t) € D(A;)

and

B[Ri,l(t)x — Xp! (n) (k * gan+,~_mn) (t)Cla:}
n—1

+ 3 A [gan-a, * (Raa () = xpy(3) (k * gasiom,) (Y012 ) | ()
j=1

€ A{g%_a * (R”()x — Xp! (0)(k * gati—m) ()C’mc)] (t) (2.6)
holds. If S # (), then we also introduce a strongly continuous family

(Ro,1(t))eepo,r) € L(X)
satisfying that, for every ¢t € [0,7), z € X and j € NO, one has
9o —a; * (Roa(-)z — xs(7)k(-)C12)](t) € D(A;)
and

B[R0,1<t)$ — Xs(n)k(t)clx]
n—1
£ 3 Ay 0o, * (Roa () — xs(IEC)Cr) | ()
=1

c .A[gan_a * (Ro,l(-)m . XS(O)k(-)clx)] (). 2.7)
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Then the sequence ((R;(t)):c(o,r))1<i<mn—1,1<1<s; if S = 0, resp.,

(Rii(t))tepo,r), (Ro,1(t))efo,r))1<i<mn—1,1<i<s;

if S £ (), is said to be a (local, if 7 < c0) k-regularized C-existence propaga-
tion family for (2.1).

(SC2) A strongly continuous family (R(t)).cj0,r) € L(X) satistying that, for
every t € [0,7), z € X and j € NJ, one has [ga, —a, * R(-)z](t) € D(A;)

and
n—1

B[R(t)z — k(t)Chz] + Z Aj(gan—a; * R()z)(t) € A(gayn—a * R(-)x)(t),
j=1

is said to be a (local, if 7 < 00) k-regularized C'j -existence propagation family
for (2.1).

(ii) (SC1) Suppose that, for every i € Ny, 1 and I € Ny, (W;i(t))ejo,r) S
L(X) is strongly continuous, as well as that (;_, D(A;) # 0 and

Wia(-)wn — XDl (n) (k * gan—l—i—mn) (1)Cawn
n—1
3 Gy * | Wia )2 = X1 () (5 # Gy iom, ) () G |
j=1

= Jon—a * [Wi,l('>m0 - ng(o)(k * ga+z’—m)(')02$0]a

whenever i € Ny, 1,1 € Ny, and (z,2;) € Aj forall j € N If S £ 0,
then we also introduce a strongly continuous family (Wo,1(t))ejo,r) € L(X)
satisfying that

n—1

Wo1(-)xn — xs(n)k(-)Coxp + Zganfaj * [WO,l(‘)xj — XS(j)k(')CZl'j}
=1

= Gop—a * [Wo,l(')xo - XS(O)k(')szo} )
whenever (z, ;) € Aj forall j € NO. Then the sequence

(Wia(t))iejo,m) )1<i<mn—1,1<1<s;

if S =0, resp.,

(Wii())eeo,r)s Woi(t))eefo,r))1<i<mn—1,1<1<s;
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if S # 0, is said to be a (local, if 7 < 00) k-regularized Co-uniqueness prop-
agation family for (2.1). If, in addition to the above, A; for 0 < j < n, any
operator family W; ;(-), the operator family W ;(-) if S # 0, and the opera-
tor C, all commute with each other, then (W ;(t))se(0,))1<i<mn—1,1<i<s; if
S =0, resp., (Wia())iepo.n)» (Wo1())iepo,n)1<i<ma—1,1<i<s; if S # 0, is
said to be a k-regularized Ca-resolvent propagation family for (2.1).

(SC2) A strongly continuous family (W (t))cj0,r) € L(X) satisfying that

n—1
W (t)zn — k(t)Con + Y _ (Jan—a; * W(-)Cox;) (t)
j=1
= (Gan—a * W(-)Cazo) (), t€0,7),

whenever (z,z;) € A; for all j € NY, is said to be a (local, if 7 < o00) k-
regularized C>-uniqueness propagation family for (2.1). If, additionally, A;
for 0 < j < n, W(-) and the operator C5, all commute with each other, then
(W (t)) is said to be a k-regularized Cs-resolvent propagation family for (2.1).

The notions of k-regularized Co-uniqueness propagation families for (2.1) and k-
regularized Cy-resolvent propagation families for (2.1) coincide with the correspond-
ing notions introduced in single-valued linear case (cf. [15, Definition 2.3(ii)—(ii1)]).
Furthermore, the notion of a k-regularized C'-existence propagation family for (2.1)
is slightly weaker from that one introduced in [15, Definition 2.3(i)] because, in the
case that the operator B = B is single-valued, we do not assume here the strong
continuity of families (BR;;(t)):c(o,-) € L(X) and (BRo1(t))sejo,r) € L(X) (the
subcase (SC1)).

In the case that k(t) = g¢41(t), where ¢ > 0, then we say that a k-regularized
(' -existence propagation family for (2.1) is also a (-times integrated C-existence
propagation family for (2.1); O-times integrated C';-existence propagation family for
(2.1) is further abbreviated to C'-existence propagation family for (2.1); a similar
language is used for the classes of Cy-uniqueness propagation families for (2.1) and
C-resolvent propagation families for (2.1).

A k-regularized C'1-existence propagation family for (2.1) is said to be an expo-
nentially bounded (resp., bounded), analytic k-regularized C';-existence propagation
family for (2.1), of angle « € (0, 7/2], if and only if for each single operator family
(R(t))+>0 of it, the following holds:

(a) Forevery x € X, the mapping ¢t — R(t)x, t > 0, can be analytically extended
to the sector X,,; we denote this extension by the same symbol.

(b) Forevery z € X and 3 € (0, ), we have lim, ¢ .ex, R(z)r = R(0)z.
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(c) Forevery 5 € (0, ), there exists wg > max(0, abs(k)) (resp., wg = 0) such
that the family {e™“#*R(z) : z € ¥3} C L(X) is bounded.

We similarly introduce the classes of exponentially bounded (resp., bounded), ana-
lytic k-regularized Co-uniqueness propagation families for (2.1) and exponentially
bounded (resp., bounded), analytic k-regularized C'-resolvent propagation families
for (2.1).

Concerning the well-posedness of abstract inhomogenous Cauchy problem (2.4)
(f = 0), we want only to observe that the assertions (A)-(B) clarified in [15] continue
to hold in our new framework without any terminological changes. We leave to the
interested readers a problem of transferring the assertions clarified in [15, Theorem
2.6, Remark 2.7] to multivalued linear operators case.

3. Asymptotically almost periodic and asymptotically almost
automorphic solutions of (2.4)

In this section, it will be always assumed that B =1, A; = A; € L(X) for1 <
j <n—1,and Ais aclosed MLO. Then we can profile the class of k-regularized C'-
resolvent propagation families for (2.1) by means of vector-valued Laplace transform.
In order to present the main ideas for applications, in the subsequent three theorems,
we will consider only the subcase (SC1) in which 0 ¢ Dﬁ usa<i<m,—1,
1 § l § SZ').

The following results can be deduced by using the argumentation contained in
the proofs of [14, Theorem 3.4.5, Theorem 3.4.6, Theorem 3.4.8].

Theorem 3.1. Suppose k(t) satisfies (P1), w > max(0, abs(k)), as well as that
foreveryi € Ny, _1andl € Ng,, (e7“'R; (t))i>0 € L(X) is a strongly continuous
bounded family, as well as that, in the case that S # 0, (e 'Ry 1(t))t>0 C L(X) is
a strongly continuous bounded family. Let O ¢ Dﬁ US1<i<m,—1,1<1<s;).

(D) Let the following two conditions hold:

@) CAJ - AjC,j S N?z—l? Aj S L(X),j € N1, AZA] = Ain;

i, J € Ny,_1 and A]A - .AAj,j € N,_1.

(i) If S = 0, there exist an integer i € N, _1 and an integer | € [1, s;]
satisfying that the operator

n—1
Zy = Xpt (MA™ + Y xpi ()N A;
=1

is injective for all A € C with Re A > w and l;:()\) £ 0.
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(iii) If S = 0 and there do not exist integers i € N, _1 and 1l € [1,s;]
such that the operator Z is injective for all A € C with Re A > w and
E(X) # O, then there exists j € Ny, with a; € N.

If (Rii(t))t>0)1<i<mn—1.1<i<s; if S = 0, resp.,
((Ri1(t)1=05 (Ro,1(t))t=0)1<i<mn—1,1<1<s;

if S # 0, is a k-regularized C-resolvent propagation family for (2.1), then Py
is injective for every A € C with Re A > w and k(\) # 0, as well as the
equalities

P / e MR, () dt = EOA | ypr (M)A O
0 1

n—1
+D Xp (A A;Cx| (B
=1
and
Py / e MRy () dt = k(X)) xs(j)A;Cx (3.2)
0 :
7j=1

are fulfilled for Re A > w and l;:()\) # 0.

(ID) Suppose that Py is injective for every A € C with Re A > w and ];:(/\) # 0
as well as the equalities (3.1)—(3.2) are fulfilled and the condition (1)(i) holds.
Then ((R;(t))t>0)1<i<mn—1,1<i<s; if S = 0, resp.,

((Rig(t))e=0, (Ro,1(t))iz0)1<i<m,—1,1<1<s,
if S # 0, is a k-regularized C-resolvent propagation family for (2.1).

Theorem 3.2. Assume k(t) satisfies (P1), w > max(0,abs(k)), 5 € (0,7/2]
and, for every i € N? the function (k x g;)(t) can be analytically extended to a

mp—1°

function k; : X3 — C satisfying that, for every v € (0, 3), the set
{e™¥%ki(2) : 2 € By}

is bounded. Let 0 ¢ Dﬁ US(1<i<my,—1,1<1<s), and let the following four
conditions hold:
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(1) OA - A C ] € Nn 1 A] € L(X)7j € Nn—l)AiAj = A]AHZ) ,7 € Nn—l
andA ACAA;, j e Ny

(ii) The operator Py is injective for all w + X5 7 /3.

(iii) For every integers i € Ny, 1 andl € [1,s;], there exist an operator D;, €
L(X) and a strongly analytic mapping ¢;; : w + DE L(X) satisfying

the following:
. n—1
g1 (N2 = k()P xp (M)A C + Y xpi (7)™ A, Cx |,
j=1

forany x € X, Re A > w, the family
{AN=w)gii(N) s dew+ Z%H} is bounded for all v € (0, 3),
and, in the case D(A) # X,

lim Mg (N)z =Dz, z ¢ D(A).
A—400

(iv) If S = 0, then there exist an operator D € L(X) and a strongly analytic
mapping q : w + Eg+5 — L(X) satisfying the following:

g Nz = l;:(A)P/(l ng(j)AjC'x, re X, ReA>w
j=1
the family { A=—w)gA\): Aew+ E%Jﬂ} is bounded for all v € (0, B),
and, in the case D(A) # X,

lim ANz =Dz, ¢ D(A).

A—~+00

Then there exists an exponentially bounded, analytic k-regularized C-resolvent
propagation family

(Ri1(t)t=0)1<i<mn—1,1<1<s;
if S =0, resp.,

((Ri1(t)1=0, (Ro,1(t))t=0)1<i<m,—1,1<1<s;

if S # 0, for (2.1), of angle (. Furthermore, the family {e"“?R. .(z) : z € ¥}
is bounded for all v € (0, ), (2.6)-(2.7) and R..(2)A; C A;R..(z), z € g,
j € NV _| are valid for any single operator family R. ().
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Observe that the notion from Definition 2.1 can be modified and introduced for
single operator families ([10]). The former two theorems can be simply reformulated
in this context, which will be important in the sequel.

For our investigation of generalized asymptotically almost periodic and gener-
alized asymptotically almost automorphic solutions of (2.4), the following analogue
of [14, Theorem 3.4.10] is crucial to be stated. The proof is very similar to that of
afore-mentioned theorem and we will sketch the main details of it, only:

Theorem 3.3. Suppose that c; > 0, B =1 and A; = c;jl for1 < j <n—1,
¢'>0,A: X — P(X) isaclosed MLO, C € L(X) is injective, CA C AC and
the following condition holds:

(H): There exist finite constants ¢ < 0, M > 0,0 < 0 < 7 and 8 € (0, 1] such that
c+Xr9C PC(A)
and

_ M
-l < 2

C|57 A€c+ Y.

Assume that the mapping \ — (A — A)71C, A\ € ¢+ S, _y, is strongly continuous.
Let the integers i € Ny, _1 and | € [1, s;] be fixed, and let 0 ¢ D.. Set

ri= max{s eENy,:s€ Df}

Assume also that

r—a—i—¢ —(an—a)B <0, (3.3)
and
yoo 0T (3.4)
op — o 2

Set ¢ := (' if A is densely defined, { > (' otherwise, and k;(-) := gc41(-). Then
there exists an exponentially bounded, analytic k;-regularized C-propagation family
(R;ii(t))e>0 for (2.1), of angle v := min(v/', 7/2). Moreover, (2.6)—(2.7) hold and
there exists a finite constant M’ > 0 such that

n—1
[Ri(t)|| < M| toF<H=mnDl(n) 4 3 42FHTLDI(G) |, £>0. (3.5
7j=1
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Sketch of proof. As in [10], the mapping A — (A — A)"'C, A\ € c+ S,_g is
strongly continuous and its restriction to ¢ + X _g is strongly analytic. Since ¢; > 0
for 1 < j < n—1 and the estimates (3.3)-(3.4) are valid, we can easily show that the
conditions of Theorem 3.2 hold (for single operator families, see the short discussion
above), with w > 0 sufficiently large and k;(-). Hence, A is a subgenerator of an ex-
ponentially bounded, analytic (-times integrated C'-propagation family (R;;(t)):>0
for (2.1), of angle v = min(v/, 7/2), as claimed. The estimate (3.5) can be deduced
as in the proof of [14, Theorem 3.4.10], with appealing to some estimates contained
in the proof of [2, Theorem 2.6.1].

Remark 3.1. The assertion of Theorem 3.3 can be also formulated, with minor
modifications, for exponentially bounded, analytic C-regularized solution operator
families whose Laplace transform can be computed as

/ e MR(t)zdt =17 C
0

S
A%s —i—ch)\“j]x, z € X, Rel > w,
j=1

wherew > 0,s € N,0<a; <ay<---<as, (>0andc; >0, 5 € N;.

Let F € {APr([0,00) : C),AAP(]0,00) : C),AAA([0,00) : C)}, where
the symbol APr([0,00) : C) denotes the space of scalar-valued asymptotically 7'-
periodic functions (" > 0), AAP([0,00) : C) denotes the space of scalar-valued
asymptotically almost periodic functions and AAA([0, o) : C) denotes the space of
scalar-valued asymptotically almost automorphic functions defined as in [14]. Let the
function k;(-) be defined as above, let f € F, and let (R;(t));>0 be the k;-regularized
C-propagation family for (2.1), constructed with the help of Theorem 3.3. Then it
can be easily verified that ((R; * f)(t)):>0 is a k;-regularized C-propagation family
for (2.1), satisfying additionally (2.6), where k;(-) = (g¢4+1 * f)(-). Assume that

(a+C+i—my)Di(n) + (a+ ¢ +i—m;)DL(j) < —1. (3.6)

Applying Theorem 3.3, some known assertions concerning inheritance of asymptot-
ical periodicity, almost asymptotical almost periodicity and asymptotical almost au-
tomorphy under the action of finite convolution products ([14]), we can establish the
following result (the condition (3.6) yields the uniform integrability of (R; ;(t)):>o0,
ie., we have [ || R;;(t)||dt < oo, while the uniqueness of solutions is a simple
consequence of the fact that [15, Theorem 2.5] holds in our framework):

Corollary 3.1. Let the requirements of Theorem 3.3 hold, let f € F, and let
ki(-) = (g¢41 % f)(-). Assume that (3.6) holds. Define u.(t) := (R * f)(t)x,t > 0,
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x € X. Then, for every x € X, u,(-) € F is a unique mild solution of the abstract
Cauchy inclusion

[u(t) = xpt () (f * Ga,+i-matc41) () C]
n—1
+ Z ¢ [gan_% * (u(')x — Xpt () (f = gaj+i—m]-+c+1)(')cx)] (t)

J=1

€ Algan—a* ()2 = X (0)(f * Gari-mrci1) ()C2) | (), 20,

Furthermore, uy(-) is a strong solution of the above inclusion provided that © €

D(A).

Concerning generalized asymptotically almost periodic functions and generalized
asymptotically almost automorphic functions (Stepanov and Weyl classes, primarily;
see [6], [9] and [14]), some additional conditions on the vanishing part of function
f(-) must be imposed in our striving for solution u,(-) to belong the same class of
functions as f(-) (in vector-valued sense). It should be noted that Corollary 3.1 is ap-
plicable in the study of certain type of abstract degenerate integral Cauchy problems
involving the Poisson heat operator ([8], [14]). Semilinear Cauchy integral inclusions
can be also examined, with the help of already established results and theorems from
the fixed point theory.

Let 7' and F” be the spaces of generalized asymptotically almost periodic (au-
tomorphic) functions defined in [14, Section 3.4]. The following analogue of [14,
Proposition 3.4.13] holds in our framework:

Proposition 3.1. Suppose that k(t) satisfies (P1), i € Ny, 1,1 < I < s,
(Ria())eepo,r) 1<i<smu—1,1<1<s; i S = 0, resp.,

(Rii(t)ico,r), (Ro,1(t))iefo,r))1<i<mn—1,1<i<s;

if S # 0, is a strongly Laplace transformable k-regularized C-resolvent propagation
family for (2.1).

(1) Forevery A € C, there exists a function f;\’l() satisfying (P1)-L(X) and

n—1
A A
<1_ )z

X (XD%( zan—f—z My Z XD an<+2€n] - Xpé( )Z);‘]:(%) }(t),

-1

R = ﬁ-l{
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forany t > 0, and a function fg’l (+) satisfying (P1)-L(X) and
\ n—1 Aj
<1 B Zan—a>I + Z 20—
j=1

X <XS(“)/~‘€(Z) + i: Xs(j) Ajk(z)z% 7" — Xs(O)l%(Z)za_a"> }(t),

j=1

-1

A = ﬁl{

foranyt > 0.

(ii) Denote by D the set consisting of all eigenvectors x of operator A which corre-
sponds to eigenvalues \ € C of operator A (Ax € Ax) for which the mapping

FL@) = £ 0z, >0, resp., fya(t) = fy'(t)z, t>0

belongs to the space F'. Then the mapping t — R; ;(t)x,t > 0, resp., t — Ro1(t)z,
t > 0, belongs to the space F' for all x € span(D); furthermore, the mapping
t— Ri(t)x,t > 0, resp., t — Ro1(t)x, t > 0, belongs to the space F" for all
x € span(D) provided additionally that (R;(t))¢>0 is bounded.

The assertion of [14, Theorem 3.4.15] can be also rephrased for abstract multi-
term fractional differential inclusions with Riemann-Liouville derivatives. Details
can be left to the interested readers.
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