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Abstract In[Bull ClL Sci. Math. Nat. Sci. Math. 40 (2015), 99 — 113] we defined
the Laplace transform on a bounded interval [0,b], denoted by °L, using some ideas of H.
Komatsu [J. Fac. Sci. Univ. Tokyo, IA, 34 (1987), 805-820] and [Structure of solutions
of differential equations (Katata/Kyoto, 1995), pp. 227-252, World Sci. Publishing, River
Edge, NJ, 1996]. We use this definition to extend it to the space of locally integrable functions
defined on [0, 00), which is a wider class then functions L used by G. Doetsch [Handbuch der
Lalace-Transformation I, Basel — Stuttgart, 1950 — 1956, p. 32]. As an application we give
solutions of integral equations of the convolution type, defined on a bounded interval, or on
the half-axis as well, and of equations with fractional derivatives.

AMS Mathematics Subject Classification (2000): 46F12.
Key Words: Space of locally integrable functions, Laplace transform of functions be-
longing to L[0,b], 0 < b < oo; Laplace transform of locally integrable functions [0, 00).

1. Introduction

To make easier reading this paper we quoted some definitions and propositions
from [9] and [1].



42 B. Stankovi¢

Vector space L[0,b], 0 < b < oo. The function f € L|0, ] if there exists
b b
[ f(7) dr in the sense of Lebesgue; [ f(7)dr =0 < f(t) =0 ae. on [0,b].
0 0

Vector space of locally integrable functions Ljoc[a, o0). A function f is said
to be locally integrable in the interval [0, co) if it is integrable in the sense of Lebesgue
in each bounded interval [0, 7], T > 0. We know that if f and g are locally integrable
on [0, 00), so is their convolution ([6]).

Lemma 1.1 ([6], p. 96). If the convolution of two locally integrable functions f
and g vanishes almost everywhere in the interval 0 < t < oo, then at least one of
these functions vanishes almost everywhere in this interval.

Vector space L°*P[0, co). The function f € LP[0,00) if f € Ljy[0,00) and
[e.@]

such that for an sp > 0 there exists [ [e™*°7 f(7)| d7. With operation addition and
0

multiplication by ¢ € C this is a vector space on C. A function f € L®P[b, 00) if
f € L™P[0,00) and f(t) = 0,0 <t < b < co. LP[b, c0) is also a vector space.
The convolution of f and g which belong to L**P[0, 0o) is also in L=P[0, co).

In the following we take care of Theorem 2 in [1], I, p. 33: If the Laplace integral
in sq is absolute integrable, it is absolute integrable in Re s > sg, as well.

Lemma 1.2 ([1], I, p. 123). If f € L*P[0,00), and g € L®*P[b,0), then the
convolution f % g € L*P[b, 00).

Vector space L°*P[0, co)/L*P[b, 00). In L™*P[0, 00) we define a two ele-
ments relation: [ ~ g = f—g € L™P[b,00), b > 0. Since L=*P[b,00) is a
€

vector space, a subspace of L“*P[0, co), the relation ~ is an equivalence relation in
accordance with the vector space L°*P[0, c0). The equivalence classes are elements
of Ly, = LP[0, 00)/L**P[b,00). An element f;, € Ly is defined by f + L™P[b, 00),
where f € L®P[0,00). In L; is defined the addition and product by r € R :
fo+9 = f+ g+ L=Pb,00), and 7f, = (rf),. With this two operation Ly, is
also a vector space.

The “0” element in L; is LP[b, 00).

Lemma 1.3 ([9]). Every function f € L|[0,b] can be extended to a function

f € LP[0,00). The vector space Ly is algebraically isomorph to the vector space

In this part we use some theorems from [1] where Riemann integral is used.
This is possible because: Every J—function in the sense of Riemann is also an J—
function in the sense of Lebesgue ([1], I, Theorem 2, p. 31).
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2. Generalized Laplace transform of locally integrable function
defined on |0, 00)

Definition 2.1 ([9]). For a function f € L[0,b], b > 0 the generalized Laplace
transform, denoted by 0£, is defined as

(CLE)(5) = (LF)(s) + (LL™P[b,00))(s5), s > s, 2.1
where L is the classical Laplace transform and f is the extension of f, which belongs
to L¥P[0, 00).

Some properties of °L follows from the properties of Laplace transform £. So
the inverse operator of °L, of element f € L]0, b] denoted by ~(°L) we can defined
in the following way: Let ~ £ be inverse of £ then

“(°L)(°Lf(s)) =TL(LF(s) + LLOPIb, 00)) = f(s) + LOP[b,00) 4+ f € Ligy.

Now it is easy to extend L to locally integrable functions on [0, o).

Definition 2.2. The generalized Laplace transform ° £ of a function f € L]0, 00)
is defined by the family of functions

{°L(fljo.57)(8)o<b<oo }- (2.2)

The inverse operation of the generalized Laplace transform ~(°£) defines the
function f € Lj,.[a,00) by the family

{~Co)Ccs

As an example of Definition 2.2 we show how works the generalized Laplace
transform £ when we solve ordinary differential equation with constant coefficients:

0,6)(8)); 0<b< oo} (2.3)

n

> ey D(t)=f(t), =1, feL[0b], 2.4)

=0

with initial conditions
yD0)=0, i=0,...,n—1. (2.5)
First we introduce the following notations:

1. For K € Lioc[0, 00), the notation Koy = K (1[0 is the projection of K(t)

on the interval [0, b]. K[g(t) is the extension of K[y (t) on the whole [0, c0)
belonging to L**P[0, 00).
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2. Ku)(s) = L(K[oy(t))(s), where L is the classical Laplace transform.

To equation (2.4) it corresponds by Theorem 3.2 in [9], the family of equations

> cilon) V() = fop () + L, 00) = L%[b, 00), b > 0. (2.6)
1=0

We apply now to (2.6) the classical Laplace transform, the theorem which gives
the Laplace transform of the derivative of a function ([1], I, p. 100), with (2.5):

Z cis' (50.)) () = flo(8) + LILEP[b, 00)) (1) = LLP[b,00)(s),  (2.7)

for every b > 0, and Re s > sg. The equality (2.7) can be correct if and only if

<Z:cZ ) (Yo,5)(8) — f[oyb}(s):O, forevery b>0, Res>sy (2.8)

(because “0” element in Ly, is L=*P[b, 00)).
n

Let us denote by p(s) = Z c;s". If we know to calculate

i—0
u(t) = (“£)( =) € Lucfo. )
(see [1], II and [2]), then
Joo(s)

fi b>0 R
Yo (s) = sy o forevery >0, Res> so,

and

jo,4] (t) = f[o,b] (t) * Upo,p) (t), forevery b> 0.

The solution to equation (2.4) is
y(t) < ]?[071)} (t) * wpp(t) + L™P[b,00), 0<t<b, forevery b>0, (2.9)

which belongs to Lj.[0, 00).
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3. Application °L to solve integral equations

We consider the integral equation
t
/K(t — 1) X(1)dr = G(¢t). 3.1
0

on the interval [0, b] or on the half axis.

Equations (3.1) are equations of the convolution type. They are also Volterra’s
equations of the first kind (enclosed singular once, as well).

We know that if K and X in equation belong to Li,.[0,00), then G belongs
to Lioc[0,00), as well. ([6]). In this part we look for conditions on functions K
and G such that equation (3.1) has a solution X belonging to Li,[0, c0). The space
Li6c[0,00) is a wider class of functions then the class to which one can apply the
classical Laplace transform.

In mathematical literature there is only some results for special cases of (3.1) For
example see [1] , III, p. 151-163, [2], [6], p. 13-20, and the well-known Abel’s
equation. We will treat also some special cases, but after all more general, using the
generalized Laplace transform °L.

3.1. Unique solution to integral equation (3.2).

We consider first the unique solutions of the equation
¢
/K(t —7)X(r)dr = G(t), t>0. (3.2)
0

Theorem 3.1. Suppose that:
1. K € L]OC[O,OO);

2. Equation (3.2) has a solution belonging to Liy[0,00), then this solution is
unique in L]0, 00).

PROOF. Let us suppose that there exist two solutions X; and X5 to equation (3.2)
belonging to Lj,.[0,00), Then

(K * (X1 — X2))(t) =0, t>0. (3.3)

(The symbol * marks the operation convolution).
By Lemma 1.1 it follows that (X; — X5)(¢) vanishes everywhere in the interval
[0, 00).
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Theorem 3.2. Suppose that:

1. K € L[0,b] and non exists number ¢, b > ¢ > 0, such that K(t) = 0,
0<t<g

2. There is a solution to equation
(K+*X)(t)=G(t), 0<t<b (3.4)
belonging to L|0, b].
Then this solution is unique to equation (3.4) which belongs to L|0, b].

PROOF. Suppose that there exist two solutions to equation (3.4) X; and X5 be-
longing to L[0, b], for a given G(t), then

(K * (X1 — X2))(t) =0, 0<t<b. (3.5)

The proof follows when we apply Theorem 12 in [1], I, p.131, which says: If
f * g = 0 for one interval (0, b], then f = 0 in interval [0, a] and g = 0 in interval
[0,0], where a + ¢ = b. In our case X;(t) = Xs(t) for t € [0,b], because of
supposition 1.

3.2. Solution of integral equation (3.1)

To solve equation (3.1) using the generalized Laplace transform we apply already
exploited notations:

1. For K € Ljoc[0, 00) the notation Ko = K(t)][o) is the projection of K (t)
on the interval [0,b], and Kpoy(t) is the extension of Kjoy(t) on the whole
[0, 00) belonging to L=*P[0, co).

2. Ku)(s) = L(K[gy(t))(s), where L is the classical Laplace transform.

Theorem 3.3. Suppose that in equation (3.1): the functions K and G belong to
Lioc[0, 00) and the number n have the following properties:

D n>2,
2) There exists the function H (t) such that H"=1 (t) € Li,c[0, 00),
(O[,ﬁ[o,b] (t)(s) = (s”f([o,b](s))_l, Res > sy forevery b>0

and Hyoy)(t) is bounded on every interval [0,b], b > 0.
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3) G™)(t) exists for every t > 0 and is bounded on every interval [0,b],b > 0.

Then there exists X (t) € Lyoc[0,00), the unique solution to equation (3.1) be-
longing to Ly,.[0, 00) and

X(t) ¢ Xjoy(1) + L[, 00) = (Higy(7) * Gpoy (7)™ (£) + LP[b, )
= (Hy(7) * Gy (M)(®) + Glogy (O H P (1)
oo+ Gl (0) Hig (1) + L&P[b, o)

for every b > 0.
The function X (t) € Lioc[0, 00).

PROOF. The equation (3.1) we write in the form which permits to apply the gen-
eralized Laplace transform

(K(r)« X(m)(t)=G(t), 0<t<b, b>0 (3.6)
To (3.6) it corresponds the family of equations in L, b > 0,
(Ko (7) * Xy (1)) = Gy (8) + L2P[b,00) = LP[b,00), b>0 (3.7)
(cf. [9], Lemma 3.2).

The Laplace transform of equation (3.7) is
Kio)(8)X[04(8) = Glop(s5)) + (LLP[b,00))(s) = (LLOP[b,00))(5),  (3.8)

b>0, Res> sg.
This equation (3.8) will be satisfied if:

Ko 4(s)X[0)(s) — Gy (s)) =0, forevery b>0, s> sp,
(the “0” element in L) or
s" Kiop(s)s " X (s) — Gy (s))(t) =0, forevery b>0, s>s0. (3.9)
Equation (3.9) can be written as
s Xjog(8)) = (s " Kjop(s) "' Gpoy(s)), forevery b>0, Res> so.
By the supposition 2),

(Snk[07b](S))_lé[(),b}(s)) = E[o,b}(s)é[o,b](s); b>0, Res> sg,
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and
t (n)

/ dr X[O,b} (t) = (H[O,b] (T) * G'[O,b] (T)) (t), for every b>0.
0

With supposition 3) and Theorem 13 and 10 in [1], L, p. 1_19 and 1_17, which give
the condition for the derivative of convolution, there exists (H|y ) (7)Go g (7)™ (1)
so that

Xoy(t) = (Hpy(r)*Goy(r)™ (1)

|
o%&

Hyy(t —7) GE&](T) dr (3.10)

+Gloy(0) Higly V(8) + -+ Gl V(O H gy (1), >0,

for every b > 0.
Because of suppositions 2) and 3) the solution X () belongs to Lj,c[0, 00). This
proves Theorem 3.3 in the interval [0, b], for every b > 0.

If the equation (3.1) is given in the interval [0, b], in the proof of this theorem we
have only to leave out that the proof is valid “for every b > 0” ([9]). This means that
(3.10) is the unique solution to equation (3.1) in the interval [0, b].

As an example of Theorem 3.3 we solve Abels integral equation

¢
(t—7)"“X(r)dr =G(t t>0.

s DX =G, >

0

_ Here Kjgy(t) = t~*/T(1 — @) forevery b > Oand t~*/T(1 — @) € Lioc[0, 00).

Ko y(s) = s*71, for every b > 0, and Re s > sq. The functions Hyg(s) = s,

for every b > 0 and

¢ 7_)04 1 ) _
0/ a0 dr+6(0)

This is the unique solution in the space Lj,.[0, 00) (cf. for example [7] and [3]).
We apply Theorem 3.3 to solve equation with fractional derivatives. First we
show the way how we can transform an equation with fractional derivatives in such a
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way that we can apply Theorem 3.3 . Let us mention that we can apply operator £
direct to an equation with fractional derivatives ([9], Part 4).
Consider the equation

(DY) () + Ny(t) = G(t), t>0, yD0)=0, i=0,1,...,m—2 (3.11)
where: D? is the Riemann-Liouville derivative , « = [a] + v, [a] is the greatest
integer partof o, 0 < v < 1l,and m = [a] + 1, o > 2.

The fractional derivative D%y is

DOy(t) = <§t>m r(11—a) /Ot(t ) y(r)dr, £ 0.

The function y(¢) can be written:

y(t) = % /Oty(T) dr = % (i)ml /Ot(t — 7)™ Yy(r)dr, t>0.

Supposing for the function y(t) : The function y(™ 1 (t) exists for t > 0, is
bounded on every interval [0,7],0 < T < oo and y(0) = 0,...,y™ 2 (0) = 0.
The same supposition we take for the function G(¢). Then we can write equation
(3.11) as

t
—v, (m—1 2
T =) & /t—r Y™ (1) dr + A2 0(1 —v)
0

ml(m 1)()d

O\_,w-

t
—I(1-v) /(t — )"l =D(rydr y =0, >0,
0

(cf. [1], I, Theorem 13, p. 119-120, Theorem which gives derivative of the convolu-
tion of two functions, or

t —7)7V+ )\QF(l —v)(t— T)m_l] y(m_l)(T) dr

o\“

: (3.12)
INQES” / )LD (dr + ¢, t> 0.
0

Now, we introduce a new function

t
G1(t) 1—1// )™ IGM (1) dr + ¢,
0
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so that equation (3.12) has the form (under supposed conditions)
t
/ [(t—7) "+ 2T —v)(t — 7)™ y™ V(r)dr = Gi(t), t>0. (3.13)
0

Equation (3.13) is of the form (3.1), with
K@) =t +NT(1—v)t™ ", X(t)=y™ D), Gt)=Gi(t).
We apply Theorem 3.3 if m = 2, and n = 3. Then K (s) = s* 1+ \2T'(1—v)s 2
and
(3K (s)™! = 1 (371 4 A26) 71 = 1 1 (81+u + )\2)—1
ri1-v) r'l—v) \s )
We introduce a new parameter 5 = (1 +v)/2, 1/2 < < 1. Then
1 1

CEE™ = a7
B 1 A st s -1 (3.14)
= e ()

Now we can use the following relation for the Laplace transform: If (Lf)(s) =

¢(s), then .
oot = 2| [ () 10 5] o)

([10], p. 119 ), where Fj(t) = ®(0;1/(t~7)) and

o0
ZTL

(0,5 2) = nzz;) T+ VT(=5)
is the Wright's function ([10] and [3]). Tn our case ¢(s) will be
$(5) = A(s” + A%) 71 = L(sin At)(s) = (Lf)(s)
(121, p. 137) and

< [T r ] (9= o)

Going back to (3.14)

(PR (s) " = F(212B)5Aﬁ [ﬁ /OOO Fy <:}3> sin ATEZ] ().
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Since

H(t) = (“L)(*K(s) " = A */OOO Fy <t> sin)\Td—:.

1 th-1

I'(2-26) T'(B)

Now we can use (3.10) in which X () = y()(¢). Then this gives y")(¢) and y(t)
as a solution of (3.11) belonging to Lio[0, 00).
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