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A Dbstract Inthis paper, we investigate the following abstract multi-term fractional
differential equation:

n—1
BD{ u(t) + Y A;Diu(t) = ADfu(t) + f(t), t€(0,7),
j=1

where n € N\ {1}, A, B and Ay,...,A,_1 are closed linear operators on a complex
Banach space £, 0 < a1 < -+ < ap, 0 < a < ap, 0 < 7 < o0, f(t) is an E-
valued function, and Df* denotes the Riemann-Liouville fractional derivative of order o (see
[E. Bazhlekova, Fractional Evolution Equations in Banach Spaces, Ph.D. Thesis, Eindhoven
University of Technology, Eindhoven, 2001]). We introduce and further analyze some new
types of degenerate k-regularized (Cy, Cq)-existence and uniqueness (propagation) families
for the previous equation.
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1. Introduction and preliminaries

As already mentioned in [22], the theory of abstract degenerate (multi-term)
fractional differential equations is a still-undeveloped subject. Up to now, we have
only a few relevant references on abstract degenerate fractional differential equations
with Caputo derivatives (cf. [9]-[11] and [15]-[18]). This is, probably, the first pa-
per concerning abstract degenerate (multi-term) fractional differential equations with
Riemann-Liouville fractional derivatives. Here we continue our previous research
studies [21] (the joint paper with C.-G. Li and M. Li) and [22]; cf. also [4]-[5], [37]
and [19]. We study the following abstract multi-term fractional differential equation:

BDM +ZAD u(t) = ADXu(t) + f(t), te (0,7),  (1.1)

where n € N\ {1}, A, Band Ay, ..., A, are closed linear operators on a complex
Banach space F,0 < a3 < --- < ap, 0 < a < ap,0 <7 < oo, f(t)is an E-valued
function, and Dy* denotes the Riemann-Liouville fractional derivative of order « (see
[2]).

As in non-degenerate case, we are burdened with the problem of subjecting initial
values to the problem (1.1); we distinguish three important subcases of this problem:
(SC1), (SC2) and (SC3). The analysis of subcase (SC3) is very complicated and,
because of that, we focus our attention towards the analysis of subcases (SC1) and
(SC2). We analyze some new types of degenerate k-regularized (C, C)-existence
and uniqueness (propagation) families for (1.1) in the beginning part of Section 2,
while in Subsection 2.1 we analyze some applications of degenerate k-regularized
(C1, Cy)-existence and uniqueness families ([22]) in the study of abstract degenerate
multi-term fractional differential equations with Riemann-Liouville derivatives.

For the sake of brevity, we work in the setting of complex Banach spaces. By
E and L(E) we denote a non-trivial complex Banach space and the space of all
continuous linear mappings from E into E, respectively. The norm of an element x €
E will be denoted by ||z||. By A we denote a closed linear operator with domain and
range contained in F/; C' € L(E) denotes an 1n]ect1ve operator, and the convolution
like mapping * is given by f * g(t) := fo f(t — s)g(s) ds. The domain and range
of A are denoted by D(A) and R(A) respectively. By [D(A)] and I we denote the
Banach space D(A) equipped with the graph norm and the identity operator on F,
respectively.

Given s € R in advance, set |s| :=sup{l € Z: s > [} and [s]| :=inf{l € Z :
s < l}. The principal branch is always used to take the powers. Set N; := {1,...,(},
N? := {0,1,...,1}, 05 := 0, g¢c(t) := t*71/T(¢) (¢ > 0,¢ > 0) and go(t) := the
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Dirac J-distribution. By xg(+) we denote the characteristic function. If § € (0, 7],
then we define X5 := {A € C : X\ # 0, |argA| < d}. Let 0 < 7 < o0, and let
I = (0, 7). Then the Sobolev space W™ !(I : E) can be introduced in the following
way (see e.g. [2, p. 7]):

Wm’l(I:E)::{f ‘HCPELI(IZE)HCkGC(OSkSm—l)

m—1
ft) = Z ckgk1(t) + (gm * ) (t) forae. t € (0,7’)}.

k=0

Then ¢(t) = f(™)(t) in the distributional sense, and ¢, = f*)(0) (0 < k < m — 1).
Let 0 < 7 < oo and k € L ([0,7)). Then we say that the function k(t) is a
kernel on [0, 7) iff for each f € C([0,7)) the assumption fg k(t —s)f(s)ds = 0,
t € [0,7) implies f(t) = 0,t € [0, 7). If T < 0o, then the Titchmarsh—Foias theorem
(see e.g. [13, Theorem 3.4.40]) states that the function k(¢) is a kernel on [0, 7) iff
0 € supp(k); on the other hand, if 7 = oo and k # 0 in LL ([0, 00)), then it is well
known that the function k() is automatically a kernel on [0, c0).

We employ the following condition:

(P1): h(t) : [0,00) — E is Laplace transformable, i.e., h € Li ([0,00) : E) and
there exists 8 € R such that A(A) := L(h)(A) := limy_,o [i e MA(t) dt :=
Jo e Mh(t) dt exists for all A € C with RA > 8. Put abs(h) :=inf{R\ :

h()) exists}, and denote by £~! the inverse Laplace transform.

The inclusion H(\) € LTp means that there exist a function A(t) : [0,00) — E
satisfying (P1) and a number a > abs(h) so that h(\) = H()), A > a. Fairly
complete information concerning vector-valued Laplace transform can be obtained
by consulting the references [1], [34] and [14].

During the past three decades, considerable interest in fractional calculus and
fractional differential equations has been stimulated due to their numerous applica-
tions in engineering, physics, chemistry, biology and other sciences (for more de-
tails about fractional calculus and non-degenerate fractional differential equations,
the reader may consult [2], [7], [12]-[14], [26]-[28] and the references cited therein;
for the basic source of information on the abstract degenerate differential equations,
we refer the reader to [3], [6], [8], [23], [25], [29]-[33] and [35]-[36]).

The most important properties of Riemann-Liouville fractional derivatives are
given below. Let @ > 0 and m = [«|. The Riemann-Liouville fractional integral of
order o > 0 is defined for any function f € L'(I : E), by

JOf(t) = (goz*f)(t)v t>0.
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The Riemann-Liouville fractional derivative of order o > 0 is defined for any func-
tion f € L(I : E) satisfying g,,_o * f € W™(I : E), by

dm
DEf(#) = o (gmea * ) (0) = DRI (@), £ 0.

Due to [2, Theorem 1.5], the Riemann-Liouville fractional integrals and derivatives
satisfy the following equalities:

JEILF(6) = IR E),  DRIRf(t) = f(t),
for f € LY(I : E) and

>_A

m—

JfD?f gm a ¥ f )ga+k+1—m(t) (1.2)
k=0
forany f € LY(I : E) with g,,_o * f € W™(I : E). Denote by Dfu(t) the a-th
fractional order Caputo derivative of function w(t) ([2]).

Finally, let us consider the following inhomogeneous equation:

n—1

Bu(t) + Z(gan_aj x Aju)(t) = f(t) + (Gan—a * Au)(t), te€0,7), (1.3)

j=1
where 7 € (0,00] and f € C([0,7) : E). Then we say that a function u € C([0,7) :
E)is:
(i) a strong solution of (1.3) iff A;u € C([0,7) : E), j € NO and (1.3) holds for
every t € [0,7),

(ii) a mild solution of (1.3) iff (ga, —a; * u)(t) € D(A;),t € [0,7),j € N? and

n—1
() + 3" 4G, *w) (1) = F(B) + Ago—a *w) (1), 1€ [0,7).
j=1

2. Degenerate k-regularized (Cy, Cy)-existence and uniqueness
propagation families for (1.1)

As already mentioned in the abstract, we assume henceforth that ' is a complex
Banach space, as well as thatn € N\ {1}, A, Band A4, ..., A,_1 are closed linear
operatorson £, 0 < a1 < -+ < apand 0 < a < ay. Set a 1= a, m = [a],
Ayp:=Aand A, := B.
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Definition 2.1. Suppose 0 < 7 < oo and f € L'((0,7) : E). By a strong
solution of (1.1) we mean any function u € L'((0,7) : E) for which g, o, * u €
Wmil((0,7) : E) (0 < j < n), A;D;7u(t) € LY((0,7) : E) (0 < j < n), and
(1.1) holds for a.e. t € (0, 7).

Now we would like to introduce the concept mild solution of (1.1), and to endow
the equation (1.1) with corresponding inital conditions. In order to do that, let us
assume that u(t) is a strong solution of (1.1). Then we can integrate the equation
(1.1) o, -times by using the formula (1.2) and the closedness of the operators A; for
j € N2 _, . In such a way, we get

B

1=0

mp—1 ]
u(t) — Z (G e % 10) (Z)(O)gan—i-i-l-l—mn (t)]

n—1 m;—1 ‘
+ Z Jan—aj * Aj u(t) - Z (gmj—Oéj * U) © (0)gaj+i+1—mj (t)]
7j=1 =0
m—1
- gOén [0} * A Z gm (67 * u 0)ga+z+1—m(t) + (gan * f) (t)7
=0
2.1)

for all t € [0, 7). This immediately implies that any strong solution of (1.1) satisfies

mp—1

u(t) - Z (gmn—an * u) ® (0)go¢n+i+1—mn (t)

1=0

B ec(o,7): E), (22

whence we may conclude that u € C([0,7) : E) provided that B~! € L(E).

Definition 2.2. Suppose 0 < 7 < oo and f € L'((0,7) : E). By a mild so-
lution of (1.1) we mean any function v € L'((0,7) : E) for which g, o, * u €
Wil ((0,7) : E) (0 < j < n), Aj(ga, * D{7u()(-) € C([0,7) : E) (0 < j <
n — 1), (2.2) holds, and

mp—1 ) n—1

Blu®)= Y (gmu-an *0)” O)gatir1-ma(8) | + D A (ga * D7) (1)
i=0 j=1
= A(gan * DFU()) () + (g0, + ))(B), EE€[0,7). 23)

By the foregoing, any strong solution of (1.1) is also a mild solution of the same
problem; the converse statement is not true, in general. Observe that the equation
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(2.3) can be written in the following way:

mp—1 )
B u(t) - Z (gmn—an * u) (Z)(O)gan+i+1—mn (t)]

1=0

n—1 mjfl '
+3 4 (gan_aj . [ )= (9my-a, *u)(”<o>gaj+i+1_mj<->]>(t)

j=1 =0

m—1 ]
= A <g . [ ()= 3" (gm—a *u) ‘”<o>ga+,-+1_m<->] ) (t) + (9o, * ) (2),

i=0
24)

forallt € [0, 7).

Put
1, if there exists j € NO such that a; € N,
7?1.1) =

0, otherwise,

and S := {j € NY : a; € N}. For the sequel, it will be of crucial importance to
recognise the following three subcases of (1.1):

(SC1) ay, > 1 : Then for each number i € N,,, 1 we define the set D; by D; := {j €
NO . mj—1>1i}. Observe thatn € D; (i € Nyy,,,—1) and Dy, 1 C - -+ C Dy.
Set S; := {mj — o : j € D;} and, after that, s; := card(S;). Then S; C [0,1)
and S; can be written in the following way

Si={ai1, .., ais}

where 0 < a;1 < -+- < a;5, < 1 (i € Ny, —1). Define D! := {j € D; :
mj —aj =a;;} (1 € Ny, —1,1 <1 <s;). Then for each number i € N,,, 1
we introduce s; initial values x; 1, . . ., z; s, for terms (g, —a *u)(i) (0), where
j € D;. In addition, if there exists j € NO such that o; € N, i.e., if S # 0,
then one has to introduce a new initial value z for term (go * u)(0) = u(0).

(SC2) ay, =1 : Then we introduce only one initial value for term (go * u)(0) = u(0).
(SC3) a;, < 1:Then we consider the equation (1.1) without initial conditions.

Define
s1+ -+ Sm,—1+ T11), ifan>1,

B(l) = 1, lfOén = 1,
0, if i, < 1.
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Then we will have exactly B(;) initial conditions for (1.1).

The subcase (SC3) is very specific and therefore, not considered henceforth. Con-
sider now, for the sake of illustration and better understanding, the subcase (SC1).
Plugging z;; = (gm; —a; * 1)@ (0) in (2.1), where j € D!, and choosing other initial
values to be zeroes, we obtain

B[u(t)—xpz.<n>gan+m*mn<t>xi ]
+Zgan oy * A5 [u(t) = Xp1 ()9 i01-m, (D

= Ga,—a *A[u(t) - XD%(O)gaHH_m(t):ci’l] forall ¢ € [0,7). (2.5)

If S # (), then inserting the initial value x( for «(0) in (2.1), and choosing x;; to be
zero fori € Ny, 1 and 1 <[ < s;, we obtain similarly that

n—1
Blu(t)—xs(n)wo| + ; Gan—ay * Aj [u(t) = x5 (i)
— Go—a ¥ A [u(t) - XS(O)xO} for all ¢ € [0, 7). 2.6)

Suppose now, only for the purpose of further analysis, that 0 < 7 < oo, K(t) # 0in
Ll .([0,7)) and k(¢ fo s)ds, t € [0, 7). Convoluting the above equations with
K (t) and using the procedure s1mllar to that already employed for abstract multi-term
problems with Caputo fractional derivatives, we come to the following definition.

Definition 2.3. Let 0 < 7 < o0, k € C([0,7)), C, C1, Cy € L(E), and let C
and C be injective.

(i) (SC1) Suppose that, for every i € Ny, 1 and I € Ny, (R;i(t))icpo,r) C
L(E,[D(B)]) is strongly continuous, as well as that, for every ¢ € [0,7),
rz € E,ieNy,, _1and! € Ng,, the following functional equation

B Ri(t) = xpr () (k * o i-m, ) () Cae

n

+
|

Aj [gan_aj * (Rzl()x — Xpt () (k * gaﬁi—mj)(')clx)} (t)

<.
Il

/=

= Afga,-a * (Ris()z = xp1 (0) (k * gasi-m) (Y1) | 1)



M. Kostié

holds. If S # (), then we also introduce a strongly continuous family
(R071(t))t€[0,7) C L(E,[D(B))) satisfying that, for every t € [0, 7) and
reF,

B|Ro1(t)z — Xg(n)k:(t)Clx]
+ nz:IAj {gan—aj * (Ro,1( Jx = xs(j)k(: )Clxﬂ( )
j=1

_ A[gan_a " (Ro,l(-)x - XS(O)k(-)clx)} (t).

Then the sequence ((R;(t))tcjo,r))1<i<m,—1,1<i<s, if S = 0, resp.,
(Ri1()ieo,r), (Roa(t))iejo,r))1<i<mn—1,1<1<s; if S # 0, is said to be a
(local, if 7 < o0) k-regularized C1-existence propagation family for (1.1).
(SC2) A strongly continuous family (R(t))c0,r) © L(E,[D(B)]) satisfying
that, for every ¢t € [0,7) and z € E,

n—1
BlR(t)x - k:(t)C’lx] +5" 45 (gan—a; * RC)2) (1) = A(gan—a * R(-)2) (1),
j=1

is said to be a (local, if 7 < 00) k-regularized C';-existence propagation family
for (1.1).

(ii) (SC1) Suppose that, for every i € Ny,,,—1 andl € N, (W;1(t))scj0,r) € L(E)
is strongly continuous, as well as that

|:Wi 1(t) Bz — xpi(n) (k * Gap+i-m,) (t)C2B£U}
+ Zgan oy # [ Wit ()45 = xpy(7) (6 % Gy i-m,) (D) Ca A |

= Gay—a * [Wi,l(t)Aac — Xp! (0)(k * gati—m) (t)CgAa:} ,

forevery i € Np,,—1,1 € Ny, t € [0,7) and x € (o<, D(A4)). If S # 0
then we also introduce a strongly continuous family (W (¢ ))te[o ) Q L(E
satisfying that, for every z € (o<, <, D(4;),

[Wo,l(t)B:U - xs(n)k(t)CQBx}
+ Zgan_aj x [Wo,l( YAz — xs()k(t)CaA; x}

= Gon—a * [Wo,l(t)Ag; - XS(O)k(t)C’gAx], te0,7).
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Then the sequence (W i(t))se(o,r))1<i<mn—1,1<i<s; if S = 0, resp.,
((Wi,l(t))te[O,T)) (WO,l(t))tE[O,T))lﬁigmn—l,lglﬁsi if S ?é @, is said to be a
(local, if 7 < o0) k-regularized Cs-uniqueness propagation family for (1.1).
(SC2) A strongly continuous family (W (t)).c(0,r) C L(F) satisfying that, for

every = € (o<;j<p, D(4;) and t € [0,7),

[W(t)Bx - k(t)C’ng]
n—1

+ Z(Qanfaj * W(-)CoA;x)(t) = (dan—a * W(-)CoAz)(1),
j=1

is said to be a (local, if 7 < o0) k-regularized C-uniqueness propagation
family for (1.1).

(iii) Any sequence of strongly continuous families in L(FE) that is a k-regularized
C-uniqueness propagation family for (1.1) is said to be a k-regularized C-
resolvent propagation family for (1.1), in short k-regularized C-propagation
family for (1.1), if in addition, any single operator family of such a sequence
commutes with the operators A; (j € N2) and C, as well as CA; C A;C
(j € Np).

If k(t) = g¢c41(t), where ¢ > 0, then a k-regularized C-existence propagation
family for (1.1) is also said to be (-times integrated C'-existence propagation fam-
ily for (1.1); O-times integrated C'i-existence propagation family for (1.1) is simply
called C-existence propagation family for (1.1); a similar terminological agreement
will be used for the classes of Cy-uniqueness propagation families for (1.1) and C-
resolvent propagation families for (1.1).

A k-regularized C-existence propagation family for (1.1) is said to be locally
equicontinuous (exponentially equicontinuous) iff each single operator family of it,
considered as an element of the space L(E, [D(B)]), is locally equicontinuous (expo-
nentially equicontinuous), while a k-regularized C';-existence propagation family for
(1.1) is said to be an exponentially equicontinuous k-regularized C'y-existence prop-
agation family for (1.1), of angle o € (0, 7/2], iff for each single operator family
(R(t))¢>0 of it, the following holds:

(a) Forevery x € F, the mappings t — R(t)z,t > 0and t — BR(t)x,t > 0 can
be analytically extended to the sector 3.; since no confusion seems likely, we
shall denote these extensions by the same symbols.

(b) For every z € E and 8 € (0,a), one has lim, ;0 .ex, R(2)z = R(0)r and
limz_>07zegﬁ BR(Z).CI? = BR( )I’
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(c) Forevery 3 € (0, ), there exists wg > max(0, abs(k)) (wg = 0) such that the
family {e “#*R(2) : z € ¥g} C L(FE, [D(B)]) is equicontinuous.

The above terminological agreements and abbreviations can be also understood for
the classes of k-regularized Cz-uniqueness propagation families for (1.1) and k-
regularized C-propagation families for (1.1).

We define the notion of a mild (strong) solution of problem (2.5), resp. (2.6), in
a very natural way:

Definition 2.4. Let 7 € (0, oo]. By a mild solution of problem (2.5) on [0, 7) we
mean any continuous function ¢t — w(t), t € [0, 7) satisfying that
B [u(t) — Xp! (n)gan+it1-m, (t)xi,l}

+ TLZ_l Aj (gan—aj * [U() — Xp! (1)9a;+it1-m; (-)JJN} ) (t)

= Agan-a * [40) = X0 O)garis1-m(Jzid] ) (), € [0,7).
By a strong solution of problem (2.5) on [0, 7) we mean any continuous function ¢

u(t), t € [0, 7) satisfying that ¢ — A;[u(t) — XDl (7)o +it1—m; (t)zig], t € [0,7)
is continuous for j € N9, as well as that:

B [“(t) = Xpi ()9 +it1-mn, (t)CEi,z}
T nzl (gan—%’ * Aj [“() = Xpi ()9 +it1-m; ()le] ) (t)
j=1

= (900 * A[u() = Xp1 (O)gasi1-m(ia] ) (©), ¢ € [0,7).

The notion of a mild (strong) solution of problem (2.6) on [0, 7) is defined similarly.

Then the following holds (for the sake of brevity, we shall consider only the
subcase (SC1)):

(A) It S = 0 and ((R;1(t))se(o,r))1<i<mn—1,1<i<s; i @ C1-existence propagation
family for (1.1), then the function u; ;(t) := R;;(t)Ciz, t € [0,7) is a mild
solution of (2.5) with z;; = Cizfor1 <i<m, —1,1 <1 < 5. IS #0
and ((R;1(t))efo,r) (Ro,1(t))iefo,r))1<i<ma—1,1<i<s, is @ C1-existence prop-
agation family for (1.1), then the function ug ;1 (t) := Ro1(t)Ciz, t € [0,7) is
a mild solution of (2.6) with xq = C;x.
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B) If S = 0 and (W;, 1(t))te(0,7))1<i<mn—1,1<i<s; 18 @ C2-uniqueness propa-

gation family for (1.1), as well as A;W;;(t)z = Wy, (t)Ajz, t € [0,7),
z € Nocjen D(Aj) and CoAj C A;Cy, j € Ny, then the function u; (t) :=
Wi7l(t)02_1$i,l, t € [0, 7) is a strong solution of (2.5) for 1 <i <m,—1,1 <
[ <s;and T € C2(ﬂ0§j§n D(A]))
If .5 # 0 and (Wii(t))ieo,r)> (Woi(t))iefo,n)1<i<m,—1,1<i<s, is @ Co-uni-
queness propagation family for (1.1), as well as (in addition to the as-
sumptions employed in the case that S = () A;Wy(t)x = Wy1(t)Az,
t € [0,7), x € MNy<j<, D(A;)), then the function ug(t) = Wo(t)Cy o,
t € [0,7) is a strong solution of (2.5) for 1 < i < m, —1,1 <1 < s; and
To € C2(ﬂogj§n D(A;)).

The assertions of [20, Propositions 2.3, 2.5, and 2.6] can be reformulated in our
new framework (cf. also [22, Proposition 2.2]). This is also the case with the assertion
of [20, Theorem 2.8], as the following theorem shows:

Theorem 2.1. (SC1) Suppose that S = ), Co € L(E) is injective, f € C([0, ) :
E), and (W;1(t))iejo,r))1<i<mn—1,1<i<s, IS a k-regularized Ca-uniqueness propa-
gation family for (1.1). If a function u(t) is a strong solution of problem (1.3), then

Wia() = xpi () (k = ganﬂ,mn)(-)@} «f
= Z [XDZ Qan-i-z m; * kCsy x A; u)( )

— Xpt (1) (920, —a+i—m, * kCa % Aju) (.)}
{XD’ (0) (Qan+z‘—m x kCy * Au) ()
= Xt (1) (G20, -avti-m, *KCo % Au) ()]

If S # 0 and (Wii(t))icp,r)s Woi(t))iep,r)i<i<mn—1,1<i<s; is @ k-regularized
Cs-uniqueness propaganon family for (1.1), then we also have the following equality

on[0,7) :
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(SC2) Suppose that Co € L(E) is injective, (W (t));c0,r) is a k-regularized Cs-
uniqueness propagation family for (1.1), and f € C([0,7) : E). If a function u(t) is
a strong solution of problem (1.3), then the following equality holds on [0, T) :

W)z = k()] « 1

n—1

= (Jan—a * kCo x Au)(-) = > (gap—a, * kCa * Aju)(:).
1

.
Il

As explained in a series of our recent papers, the notion of a k-regularized C'-
existence propagation family is probably the best theoretical concept for the investi-
gation of existence of integral solutions of non-degenerate abstract time-fractional
equation (1.1) with A; € L(E), 1 < j < n — 1; the Laplace transform can-
not be so simply applied in the case that there is an index j € N,_; such that
Aj ¢ L(E). In contrast to the above, it is very simple to reformulate the assertions of
[20, Theorem 2.9 (ii)] and [22, Theorem 2.4], concerning the Laplace transform of k-
regularized Ca-uniqueness propagation families, to degenerate differential equations
with Riemann-Liouville fractional derivatives. Details can be left to the interested
reader. The assertions of [20, Theorem 2.10-Theorem 2.12] can be rephrased for ab-
stract degenerate multi-term problems with Riemann-Liouville fractional derivatives,
as well. Having these done, it is not difficult to reconsider [20, Example 5.1 (i)] in
our new setting. Furthermore, it is not so difficult to construct some examples of local
k-regularized I-resolvent propagation families for (1.1); see e.g. [20, Example 5.2]
and [22, Example 2.1].

Now we would like to state the following result on the existence of strong so-
lutions of equation (1.1) (cf. [24, Theorem 3.1] and [22, Theorem 3.13] for the
corresponding statement in the case of equations with Caputo fractional derivatives).

Theorem 2.2. Suppose A, B, Aq,..., A,_1 are closed linear operators on E,
w>0,0<7<o00,C € L(E) is injective, f(t) = 0, the operator P is injective
for A\ >wand D(P{'C) = E, A\ > w.

(SC1) Suppose 1 < i <m, —1,1 <1< s;,nc€ Dﬁ, Cx;; € D(P;lAj),
provided A\ > w and j € N? N Df;, as well as oj — o, +my — 1 — 1 < 0, provided
j € NO_, \ D!, and the following holds:

n—1
)\mnfiflfaBCl.i’l + Z A] (X'Dl (j))\mj*iflfaCl‘i,l)
j=1

n p—1
A% P;

— A(Xpé(o))\m—i—l—acmi’l) o )\mn—l—iowu e LTE (27)
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and

n—1
)\m"_i_l_aBCl'iJ + ZAJ (XDZ. (j))\mj—i—l—acl'@l)
j=1

Aj{)\%'PA1

~ A(xpy (O™ 1 Cy )

— Xp! (j))\mjilcwi,l} € LTEg. (2.8)

Then there exists a strong solution of (1.1) on (0, T), with initial value x; ; replaced by
Cx;; and other initial values chosen to be zeroes. If S # () and the above conditions
holds for the initial value ¢ 1 = u(0) with set D replaced by S (i = 0,1 = 1), then
there exists a strong solution of (1.1) on (0, ), with initial value x¢ replaced by
Cxo,1 and other initial values chosen to be zeroes.

(SC2) Suppose Czxzo1 € D(DB), Al_O‘P)TlBCJ:OJ — Cx01 € LTg and
NG~ A; Py BOxoy € LTp. Then there exists a strong solution of (1.1) on (0,7),
with initial value x 1 replaced by Cxo 1 and other initial values chosen to be zeroes.

PROOF. We will prove the assertion of theorem only in the case (SC1) with 1 <
i<mp—land1l<1[<s;.Letu;; € L] ([0,00) : E)and F};,, € L] _([0,00) : E)
satisfy:

[e.o]

n—1
/e’\tui,l(t) dt = P;l Al ROy Z A; (XD@ (j))\mfi*l*aCxiO
0 j=1
_ A(X’Dl_ (O)AmilaCx“)]
and

/ e ME (1) dt = \on Pt Amnitlea By, A(XDZ_ (O)Am—i—l—acxi,,)
0

n—1 ' '

- Z Aj (XDl. (j))\mj_l_l_acwi,l> — N Oy,
j=1

for A > w suff. large; cf. (2.7). By performing the Laplace transform, it can be easily
checked that:

(9mn * Fiin) () = (Gmp—an * wig) (t) — gig1(t)Cuy, ¢ > 0.
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This implies that Dy u; ;(t) is well defined for t > 0 (more precisely, on any finite
subinterval of (0,00)) and Fj;,(t) = Dj"u;;(t), t > 0. Keeping in mind that
n € Dtand o — ay +my, — 1 —i < 0for j € NO_; \ D!, we can conclude from
(2.7) that A% u; (X)) — Xp! (J)A™i _i_lC:ci’l € LTk forall j € N? . as well as that

n—1»
D;Yu;(t) is well defined for ¢ > 0, with
o0
/ MDY () dt = A G1(A) = xpr (ON™ " Caryy € LT,
0
for all j € N%_l. Using (2.8) and [1, Proposition 1.7.6], it readily follows that

A;D{7u;(t) is well defined for ¢ > 0, and

/ e M A DD i () dt = A XTI = vpr (A Cyy
0

e LTg,

forall j € Ng,l. Finally, a simple calculation yields that:

(o0

/eAt [BDf‘nui,l(t)—i—An_lDtanfl wig(t)+-- -—I—AlDf‘lUi,l(t)—ADtaui’l(t)} dt =0,
0

which implies by the uniqueness theorem for the Laplace transform that u; ;(-) is a
strong solution of the problem (1.1) with initial value x; ; replaced by C'x; ; and other
initial values chosen to be zeroes.

Remark 2.1. Consider the subcase (SC1), suppose first that 1 < ¢ < m,, — 1,
1 <1l <s3,n € Dﬁ, as well as that o; — ap, +m,, — 1 — 7 < 0, provided j €
NO .\ Df. Then a straightforward computation shows that the assertion of Theorem
2.2 continues to hold if we replace the term

n—1
P/\—l )\mnfiflfaBCx“_}_ZAj (X’Dﬁ(j))\mjiiiliacxi,l>

=1

— A(xp A"y )

)
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i.e., the Laplace transform of solution ¢ — wu; ;(t), t > 0 with the term

Pt

Amnfzflfanp)\cxi’l o § : Aj ()\mnflflfanJrajfaCmi’l)
jENL_1\D}

Y

+ A(X, p ON™ 0 )

and suppose that Cz;; € D(Py'A;) for A > wand j € NO_, \ D!, instead of
Criy € D(Py'Aj) for A > wandj € N0 NnDLIFS #0,i =0and = 1,
then one has to replace the set Dg with S. The corresponding analysis of the subcase
(SC2) is left to the interested reader.

2.1. k-regularized (C1, Cy)-existence and uniqueness families for (1.1)

In this subsection, we assume that X (the state space) and Y are complex Banach
spaces; the norm of an element y € Y will be denoted by ||y||y, while the abbrevia-
tion L(Y, X) stands for the space which consists of all bounded linear operators from
Y into X. Now the closed linear operators A, B, A1, ..., A,_1 are acting on X.

We need the following definition from [22].

Definition 2.5. Suppose 0 < 7 < o0, k € C([0,7)), C; € L(Y,X), and Cy €
L(X) is injective.

(i) A strongly continuous operator family (E(t));c(0,-) € L(Y, X) is said to be a
(local, if 7 < o0) k-regularized C;-existence family iff, for every y € Y, the
following holds: E(-)y € C™~([0,7) : [D(B)]), E®(0)y = 0 for every
i € Ng withi < mp, — 1, Aj(gap—a, * E™V)()y € C([0,7) : X) for
0<j5<n,and

n—1

BE™ D (t)y + 3 Aj(gan—a, * ™ D) (t)y
j=1

— A(gap—a * E™ D) (t)y = k(t)C1y,

forany t € [0, 7).

(ii) A strongly continuous operator family (U(%));co0,r) S L(X) is said to be a
(local, if 7 < o) k-regularized Ca-uniqueness family iff, for every 7 € [0, 7)
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and = € (y<,<, D(4;), the following holds:

n—1

Ut)Bz+ Y (Jan—a, * U()Az)(t)

— (Jan—a * U()Az) )y = (K * gm, —1) (t)Caz.

If k(t) = g¢y1(t), where ¢ > 0, then it is also said that (E(t)).e[o,r) is a (-times
integrated C'j -existence family; O-times integrated C' -existence family is also said to
be a C'1-existence family. A similar notion can be introduced for all other classes of
uniqueness and resolvent families introduced in Definition 2.5.

The first part of subsequent theorem can be proved following the analysis carried
out in [21, Section 3]; the second part of this theorem can be proved by using [22,
Theorem 3.4 (ii)] and the fact that DSu(t) = DSu(t), t > 0, provided that ¢ > 0,
DSu(t) is defined and w()(0) = 0 for all i € NP, _;. Observe also that we can
reformulate the final conclusions from [16, Theorem 2.2] for degenerate multi-term
problems with Riemann-Liouville fractional derivatives and that it is very difficult to
state, in contrast to the equations with Caputo fractional derivatives, some satisfactory
results on the existence of strong solutions of (1.1), provided that there exists a (local)
C1-existence family.

Theorem 2.3. Let 0 < 7 < oo, let C1 € L(Y,X), and let Cy € L(X) be
injective.

(i) Suppose that (E(t))ic(0,7) is a (local) Ch-existence family, 1 < i < my, — 1
and 1 <1 < s;. Then there exists a mild solution of the problem (2.5) provided that
Bz € R(Ch), ifn € DL, and that, for every j € NO_| N\'D., there exists an element
Yirj €Y such that Ajx;; = Cryipj. If S # 0,1 = 0 and | = 1, then the above
holds with the set D} replaced by S.

(ii) Suppose that (U(t)).e(o,r) is a k-regularized Ca-uniqueness family and k(t)
is a kernel on [0, 7). Then every two strong (mild) solutions of the equation (1.1)

possessing the same initial conditions (cf. (2.1) and (2.4)) are identically equal on
[0,7).

In [22, Theorem 3.6], we have considered inhomogeneous degenerate multi-term
problems with Caputo fractional derivatives. Similarly we can consider the inhomo-
geneous degenerate multi-term problems with Riemann-Liouville fractional deriva-
tives.

As indicated in [22], our results can be applied in the analysis of some atypical
multi-term differential equations in LP-type spaces. For example, making use of
Theorem 2.9 and the analysis contained in [22, Example 3.2], we can prove certain
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results about the existence and uniqueness of mild solutions of the integral equations
associated with fractional analogons of the following equation:

{ (A = Dug(t, ) + Frug(t,z) = (ZInISQ a, D" + F())u(t, x),
u(0,2) = ug(z) = ¢(x), w(0,2) = ui(z) = Y(z),
involving Riemann-Liouville fractional derivatives (1 < p < oo, X = LP(R"),

Fy € L(X) and F; € L(X) satisfy certain properties). Details can be left to the
interested reader.
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