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1. Introduction and Preliminaries

Convoluted C-semigroups and cosine functions ([6]-[8], [14], [16]-[17], [25])
allow one to consider in a unified treatment the notion of fractionally in-
tegrated C-semigroups and cosine functions ([1]-[3], [20], [22], [39], [41]).
We refer the reader to [1]-[2], [5], [9]-[11], [16]-[17], [25], [36] and [42] for
examples of differential operators generating various types of convoluted C-
semigroups and cosine functions. In the present paper, we study additive

!This research was supported by grant 144016 of Ministry of Science and Technological
Development, Republic of Serbia.
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perturbation theorems for such classes of operator semigroups and cosine
functions and continue the researches raised in [12], [16], [20], [28]-][29], [31],
[35] and [39]-[40] (cf. also [4], [9]-[10], [21], [26], [32]-[34], [37]-[38], and
[23]-[24], for similar results).

Throughout this paper E denotes a non-trivial complex Banach space, L(E)
denotes the space of bounded linear operators from FE into E, A denotes
a closed linear operator acting on FE and [D(A)] denotes the Banach space
D(A) equipped with the norm ||z||[pa)) = ||z]|+]||Az]|, € D(A). By R(A)
is denoted the range of operator A. Henceforward L(FE) > C is an injective
operator, 7 € (0,00], K is a complex-valued locally integrable function in
[0,7) and K is not identical to zero. Given t € R, set |t] := sup{k €

¢
Z :k <t} and [t] ;== inf{k € Z : k > t}. Set O(t) := [ K(s)ds and
0

¢
O~ L(t) := [O(s)ds, t € [0,7); then © is an absolutely continuous function
0

in [0,7) and ©'(t) = K(t) for a.e. t € [0,7). Let us recall that a function
K € L} ([0,7)) is called a kernel if for every ¢ € C([0,7)), the assumption

t
JK({t —s)¢(s)ds = 0, t € [0,7), implies ¢ = 0; thanks to the famous
0

Titchmarsh’s theorem, the condition 0 € suppK implies that K is a kernel.
We mainly use the following condition:

(P1) K is Laplace transformable, i.e., it is locally integrable on [0, c0) and
there exists § € R so that

b 00
K(\) = L(K)()\) := blirn [e MK (t)dt == [ e MK (t)dt exists for all
—00 () 0
A € C with ReX > (. Put abs(K) :=inf{Re\ : K(\) exists}.
In Theorem 2.9, we use the following condition:

(P2) K()\) # 0 for all A € C with Re)\ > abs(K).
Definition 1.1. ([14], [16]-[17]) Let A be a closed operator and let 0 <
7 < oo. If there exists a strongly continuous operator family (Sk (t)):efo,r)
(Sk(t) € L(E), t € [0,7)) such that:

(i) Sk(t)A C ASk(t), t €[0,7),

(ii) Sk(t)C = CSk(t), t €[0,7) and
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¢
(iii) for all z € E and t € [0,7): [ Sk(s)xds € D(A) and
0

A / Sic(s)eds = Sk (t)z — O(1)Ca,
0

then it is said that A is a subgenerator of a (local) K-convoluted C-semigroup
(Sk(t))tefo,r)- If T = oo, then we say that (Sk(t))i>0 is an exponentially
bounded K-convoluted C-semigroup with a subgenerator A if, additionally,
there exist M > 1 and w € R such that ||Sk(t)|| < Me*t, t > 0.

Definition 1.2. ([14], [16]-[17]) Let A be a closed operator and let 0 < 7 <
oo. If there exists a strongly continuous operator family (Ci (t))¢c[o,r) such
that:

(i) Cx(HA C ACK(t), t € [0,7),
(ii) Ck(t)C = CCk(t), t €]0,7) and

¢
(iii) for all x € E and t € [0,7): [(t — s)Ck(s)zds € D(A) and
0

A / (t — $)Cx(s)xds = Cr(t)x — O(t)Clr,

0

then it is said that A is a subgenerator of a (local) K-convoluted C-cosine
function (Ck (t))se(0,r)- If 7 = 00, then we say that (Ck (t)):>0 is an exponen-
tially bounded K-convoluted C-cosine function with a subgenerator A if, ad-
ditionally, there exist M > 1 and w € R such that ||Ck(t)|| < Me*t, t > 0.

Plugging K(t) = % in Definition 1.1 and Definition 1.2, where o > 0
and I'(-) denotes the Gamma function, we obtain the well-known classes
of a-times integrated C-semigroups and cosine functions; a (local) 0-times
integrated C-semigroup, resp. C-cosine function, is defined to be a (local) C-
semigroup, resp. C-cosine function. The integral generator of (Sk (t))icpo,7),
resp. (Ck(t))ie[o,r), is defined by

t

{(m,y) €EEXE:Sk(t)r—0(t)Cx = /SK(s)yds, te [0,7’)}, resp.,
0
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t
{(2,9) € Ex E: Cx(t)e — 0(1)Cr = /(t — 5)Ck(s)yds, t € [0,7)},
0
and it is a closed linear operator which is an extension of any subgenerator
of (Sk(t))icjo,r)s resp. (Ck(t))icpo,r)- Suppose that A is a subgenerator of
(S (t))tefo,r)» resp- (Ck(t))icpo,r)- By [18, Proposition 1.1}, we know that
the integral generator A of (Sk(t))ic(o,r); resp. (Ck(t))icpo,r), satisties A =
C~lAC =clAcC.

Lemma 1.3. ([17]) Let A be a closed operator and let 0 < 7 < oo. Then
the following assertions are equivalent:

(i) A is a subgenerator of a K -convoluted C-cosine function (Ck (t)):e(o,r)
n E.

0

(ii) The operator A = ( A0

) 1s a subgenerator of a ©-convoluted C-

CO).

semigroup (Se(t))ie(o,r) i £ X E, where C = ( 0 C

In this case:

ftC’K(s)ds j(t —5)Ck(s)ds
So(t) = 0 0 ,0<t<T,

Cx(t) — () C J’CK(s)ds

and the integral generators of (Crk(t))ejo,ry and (Se(t))icpo,r), denoted re-

spectively by B and B, satisfy B = ( g é )

Definition 1.4. Let 0 < o < § and let (Sk(t))i>0 be a K-convoluted
C-semigroup. Then we say that (Sk(t))i>0 is an analytic K-convoluted C-
semigroup of angle a, if there exists an analytic function Sk : ¥, — L(E)
which satisfies

(i) SK(t> = SK(t), t >0 and

(i) lim _ Sg(z)r=0forally € (0,a) and = € E.
2—0, z€X,
It is said that (S (t)):>0 is an exponentially bounded, analytic K-convoluted
C-semigroup of angle «, if for every v € (0, ), there exist M, > 0 and
w~ > 0 such that |[Sk(2)|| < Mye“rfez) 2z e %,
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Since there is no risk for confusion, we shall also write Sk for Sgk.

2. Perturbations

The following rescaling result for subgenerators of (local) convoluted C-
semigroups extends [16, Proposition 3.2].

Theorem 2.1. Suppose z € C, K and F satisfy (P1), there exists a > 0
such that

K\ — K\ +2)
K\ +2)

_ /e"\tF(t)dt, ReA>a, KA +2)#£0, (1)
0
and A is a subgenerator (the integral generator) of a (local) K-convoluted

C-semigroup (Sk (t))ieo,r)- Then A — z is a subgenerator (the integral gen-
erator) of a (local) K -convoluted C-semigroup (Sk -(t))iecp0,r), where

t

Sk.(t)r :=e Sk (t)r + /F(t —s)e **Sk(s)zds, v € E, t € [0,7). (2)
0

Furthermore, in the case T = 00, (Sk .(t))>0 is exponentially bounded pro-
vided that F' and (Sk(t))t>0 are exponentially bounded.

Proof. Itis clear that (Sk.(t))clo,r) 18 a strongly continuous operator
family that commutes with C' and A — z. Let * € E be fixed. Then we
obtain

(A—2) JSK,Z(s)wds =(A—-2) Oj[e_ZSSK(s)a: + Ost(s —r)e " Sk (r)zdr|ds

=(A- z)[e_thSK(s)xds + zfte_sz [ Sk (r)xdrds]
0 0 0

+(A-2) Oft ({S F(s—r)e *"Sk(r)xdrds

— e[S (t)z — O(t)Ca] — ze~" [ Sy (s)zds + = Oft e[Sk (s)z — O(s)Cx]ds

0
t s t s
—22 [e % [ Sk(r)xdrds + (A —2) [ F(t — s) [ e *" Sk (r)zdrds
0 0 0 0

= e Sk (t)x — O(t)Cx] — 2% Oft Sk (s)xds
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+zfte_SZ[SK(s)x — O(s)Cx]ds — zzfe_sszK(r)xdrds
0 0 0
+ ft F(t—s)(A—z)[e > f Sk (r)zdr + z f e fr Sk (v)zdvdr]ds
0 0 0 0

= Sk.(t)x — fi(t) — fo(t)Cx, z € E, where:

¢ ¢ ¢ s
fi(t) = ze ™ [ Sk (s)wds — z [ e **Sk(s)xds + 2% [ e=%% [ Sk (r)zdrds
0 0 0 0
¢
+z [e #F(t — s)
0

C—u

Sk (r)xdrds — z Oft F(t—s) Ofs e *"[Sk(r)x — O(r)Cxldrds

—i—sztF(t —5)
0

C—u

e *" [ Sk(v)xdvdrds, t € [0,7) and
0

fa(t) = O(t)e " + zge_zs@(s)ds

+£F(t —s)e *0O(s)ds — J’F(t - s)je”@(r)drds, tefo,7).

Fix a number ¢ € (0, 7) and define afterwards a function Sk : [0, 00) — L(E)
by setting:

= [ Sk(s), seo],
S (s) = { Sk(t), s> t.

Clearly, (Sk(t))i>0 is a strongly continuous operator family and there exist
M > 0 and w € R such that ||Sk(t)|| < Me*t, t > 0. Define f; : [0,00) —
L(F) by replacing Sk in the representation formula for f; with Sr. Then
fl extends continuously the function f; to the whole non-negative real axis,
and moreover, fl is Laplace transformable. Using the elementary opera-
tional properties of Laplace transform and (1), one obtains L(fi(t))(\) =
L(f2(t))(A\) = 0 for all sufficiently large real numbers A. An application of the
uniqueness theorem for the Laplace transform gives that A — z is a subgen-
erator of a (local) K-convoluted C-semigroup (Sk - (t))se[o,r)- Suppose now
that A is the integral generator of (Sk(t));>0. Then one has C~1AC = A
and this implies that C~1(A — 2)C = A — z is the integral generator of
(Sk,2(t))ie[o,r)- Finally, the exponential boundedness of (Sk . (t)):>0 simply
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follows from (2) and the exponential boundedness of F' and (Sk (t))¢>o0-

Suppose K = E*I(Z; ':((i)) ), where £71 denotes the inverse Laplace transform,
pr and p,, are polynomials of degree k£ and m, respectively, and k& > m. Then
the condition (1) holds for a suitable exponentially bounded function F. Sup-

pose now o > 0 and K (t) = %, t > 0. Then there exists a sufficiently large

o o .
positive real number a such that % =(1+3)-1=Y (i =

Zntn—l

L( § (3) o) (A), A > @, where 1% = 1. Since sup |(7)] =: Lo < oo, we
n=1 ) neN

x n4n—
obtain | Y (z)%\ < Lo|z[elt, t > 0. With Theorem 2.1 and this ob-
n=1 ’

servation in view, one obtains the following extension of [20, Proposition
2.4(b)] and [28, Proposition 3.3]; for the global case, see [21].

Corollary 2.2. Suppose z € C, a > 0 and A is a subgenerator, resp. the
integral generator, of a (local, global exponentially bounded) a-times inte-
grated C-semigroup (Sa(t))e(o,r)- Then A — z is a subgenerator, resp. the
integral generator, of a (local, global exponentially bounded) a-times inte-
grated C-semigroup (Sa,=(t))ic(o,r), which is given by:

¢
_ =zt = o Zntnil —z8
Sa:(t)x=c¢ Sa(t):c+0/ Z <n> (n— 1)!6 Sa(s)xds, t € 10,7), x € E.

n=1

The following perturbation theorem generalizes [16, Theorem 4.1].

Theorem 2.3. Suppose B € L(E), K is a kernel and satisfies (P1), A is a
subgenerator (the integral generator) of a (local) K -convoluted C-semigroup
(Sk(t))iejo,r), BA € AB, BC = CB and there exists a > 0 such that the
following conditions hold:

(i) For every n € N, there is a function K, satisfying (P1) and
. . a1 -
EaN) = KO g ()0 A>a, KOy #0.

¢
Put ©,(t) := [ |Ky(s)|ds, t >0, n € N.
0

(if)

08

On(t) < oo, t>0.
1
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Then A+ B is a subgenerator (the integral generator) of a (local) K -convoluted
C-semigroup (Sﬁ(t))te[oﬁ), which satisfies for every x € E and t € [0,7) :

i=1n=1

SB(t)x = B Sk(t) :E-f—zz (;) /Kn(t—s)si_"SK(s)xds. (3)
0

Furthermore, the following holds:

(a) [[SE(t) — B Sk (t)]| < !Bl max 1Sk () 3 O ()Pl t € [0,7).
s€|0, n=1

(b) Suppose T = 00, (Sk(t))ielo,r) s exponentially bounded and there exist
constants M > 0 and w > 0 such that

oo
Z ) < Me*t, t > 0. (4)

Then (Sﬁ(t))te[oﬁ) is also exponentially bounded.

P roof. First of all, notice that the commutation of B with C' and A implies
t

that the function uy, resp. ug, given by wui(t) := [ Sk(s)Bxds, t € [0,7),
0

resp. uz(t) := [ BSk(s)zds, t € [0,7), is a solution of the initial value

O —

problem

ue C([0,7): [D(A)])NCL0,7) : E),

u'(t) = Au(t) + ©(t)CBz, t € [0,7),

u(0) = 0.
Since K is a kernel, we have the uniqueness of solutions of the preceding
problem ([14], [17]) and this implies BSk (t)x = Sk (t)Bx, t € [0,7), x € E.
Then we obtain:

ISE®) —etBSKu)HSmaxsdo,ﬂ||SK<s>||§'ilen<>§ji (e
= maxcon 1S9 32 0u(0) 5 L5 % (e

(s)|| ngl On(t) Hi [ 4 (tJtril)z

= ¢lBll maxeo, ||Sk (s)]] 2_:1 O,(t)elBIl t € (0,7).
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Hence, the assertion (a) holds. The previous computation also shows that
(Szl?(t))te[o,r) is a strongly continuous operator family that commutes with
A+ B and C. Let x € E be fixed. Then the dominated convergence theorem,
the closedness of A and integration by parts, as well as the argumentation
used in the estimation of term ||SE(t) — !B Sk (t)|], imply:

(A+ B);Sg(s)xds =(A+ B)OftGSBSK(S)iL‘dS

K, (s —7r)r" " Sk (r)xdrds

+
™
™
N
=

s
=
S

+
=
o o
o

t

_|_
18
@
|
=
3
e
+
=
Ot—
X
=
|
N
C—un
%&)&
[
%
=
=
8
IS
3
IS
V2)

X ({tKn(t —s) [si_" g: Sk (r)xdr — (i —n) [ri-n1 Of SK(v)mdvdr} ds

+ 5 5 B C1()
K, (t—s) zrinl[SK(r)x — O(r)Cxdr|ds
= SB(t)x — fi(t) — fa(t)Cx, t € [0,7), where:

mw=§i§%4w@jmﬁ—@x

i=1n=1

x st Ofs Sk (r)xdr — (i —n)

C—u
ﬁ@
|
3
L
O—=
95)
=
4
~—
8
QU
i~
&
3,
QL
Va)
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i=1n=1
and
falt) = BO(1) = B [ BO(s)ds + 5% 3 B(=1) (1) [ Kolt — )5 "O(s)d
0 i=1ln=1 0
S B ()0 i) [ Kalt - 8) [ ri-m10(r)drds, t € [0,7).
i=1n=1 0 0
Then the partial integration implies
) = 3 B 00() [ Kalt = ) [ 1 ] Syc(r)adrds
i=1n=1 0 0 0
+3Y % %(_1)"(;)@ —1) ftKn(t — s)fsrz_"_l fSK(r)mlrds, te0,7).
i=1n=1 0 0 0

= =i 1 [(i-1
nz::l(_l) ( 7! <n>+(z’—1)!< n >)
- Ky(t—s) i-n=1 [ g (r)xdrds = 0,
Fre-n fov s

0
because %(T’l) + (ijl)!(ijll) = 0. Thereby, fi(t) = 0, t € [0,7). On the
other hand, the usual series arguments imply that the coefficient of B? in
the expression of fy(t) equals O(t), t > 0 if ¢ = 0, and

if i > 1. Proceeding as before, one obtains, as a consequence of the condition
(iii), that the function ¢ — fa,(t), t > 0 satisfies (P1) and that there exists
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a” > 0 such that

= H () 700 Lt ()

—1)i+1 )
Py R
for all A\ > a” with K(\) # 0. This enables one to deduce that fo(t) =
O(t), t € [0,7) and that (SE(t))iejo,r) is a (local) K-convoluted C-semigroup
with a subgenerator A + B. The proof of (b) follows from a simple com-
putation; furthermore, the supposition that A is the integral generator of
(Sk(t))tefo,r) implies that C"'AC = A and that C~'(A+ B)C = A+ B is

the integral generator of (S£ (t))tefo,r)- This completes the proof of theorem.

Remark 2.4.

(i) The assumption (i) of Theorem 2.3 is satisfied for the function K =
Eil(ﬁ(/\)), where py, is a polynomial of degree kK € N and a € C\ {0}.
Then ng = k and K,, =0, n > k+1. In this case, we have the existence
of positive real numbers M and w such that (4) holds.

(ii) ([16]) Let n > 1 and let P be an analytic function in the right half
plane {A € C: Re\ > Ao} for some A9 > 1. Suppose that P(\) #
0, ReX > Ao, and that there exist C' > 0 and r € (0, 1] with:

|[P(A)| > CIAI", ReA > Ao,

d ,
PO < O IPO)], Red > g, i € N,
p)
5 €LT(C), j<1/r jeN,

where LT (C) denotes the set of all Laplace transforms of exponentially
bounded functions. Then the condition (i) of Theorem 2.3 holds for
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the function K = £71(1/P) and there exist M > 0 and w > 0 such
that (4) holds.

The conditions (ii) and (iii) quoted in the formulation of Theorem 2.3
can be replaced with:

(ii)’ there exist M; > 1 and w; > 0 such that

B
ZZ” ” ( )/‘K z—ndsleewuf’ tZO

i=1n=1

and

(iii)” to every ¢ € N, there exists a; > 0 such that the function
t m[%x} |©(s)|eait Z (2t+2) ©,(t), t > 0 belongs to the space
s€|0,t
LY(]0,00) : R).

Notice only that one can prove that f; = 0 by direct computation of
coefficient of B?, i € N and that the condition (iii)’ is necessary in
our striving to show that, for every i € N, the function ¢ — fa,(t),
t > 0 satisfies (P1); it is also clear that (iii)” holds provided that © is
exponentially bounded and that, for every n € N, O, is exponentially
bounded. Let us prove now that (ii)’ and (iii)’ hold for the function
K = £7'(e7"), where o € (0,1). First of all, we know that K is
an exponentially bounded, continuous kernel. Let f(\) = M, N e
C\ (—00,0]. Then the mapping A — f(\), A € C\ (=00, 0] is analytic,
f'(N) =X Lf(\) and

£ Z ( ><-“)("“)<A>f“><x>, A€ C\ (—00,0]. (5)

Using (5), one concludes inductively that, for every n € N, there exist
real numbers p; (o), 1 < i < n such that, for every ¢ > 0:

t’I’L ’LO”

szn A“’”Re)\>0and® Z‘pn+1 o)
— 40

Put po (o) :== 0, n € N. By the foregoing, we have

(6.[,) n) )\" szn )\za n
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and
o\ (n+1) G n+1 o (1)
()" 0) = 7 3 (@) — ) + 0pitne) ) A7),
i=1

for all n € N and A € C with ReX > 0. Hence, p1,(0) =0(0—1) - --
(0 —(n—1)),n € N\ {1}, pan(0) = 0", n € N and

Pin+1(0) = pin(o)(ic —n) +opi—1n(0), neN, 2<i<n. (6)

Clearly, L, := sup |(7)| < co. Applying (6) we infer that for every
n€Ng
n>2:

n+1 )
> ilpinti(o)]

=1

<loe-1)-- (0 =n)|+ i [ampi_lm(a)y +n(0+1)illpin(0)]] + (0 +1)!

< L, (O’ + n)n' +no Z "pin(o)| + n(a + 1) i'pin(o)] + (n+ 1)L
=

The preceding inequality implies that, for every ( > 2440 + 2L, the

following holds:

n

> illpin(o)| < ¢"nl for all n € N. (7)
i=1

Denote by (, the minimum of all numbers satisfying (7). Then a
simple computation shows that, for every x € E :

>y ()/HK (1~ )5 Sxc(s)a ] ds

i=1n=1

< max||S ||Z

HBH CZ ion tH—l—lUZ]

ZZ z+2—l.0)l!’ t20. ()

On the other hand, it is easily verified that:

i

ZZ% <2 jeN. 9)
i Ti+2—1o)l!
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Combining (8)-(9), it follows that, for every ¢ € [0, min(1, 7)),

22*0

|SE®) — P 5k(0)] < tBlIC 22712 max (15 ()]

s€[0,t]

and, in case T > 1,

—o - 2—0o
| SR =€ BSic(t)]| < #2]Bl|¢ 227 elPI2 . [1Sic(s)ll, ¢ € [1,7),

proving the condition (ii)’; furthermore, in case that 7 = oo and that
(Sk(t))i>0 is exponentially bounded, then (S (t))¢>0 is also exponen-
tially bounded. It is clear that (iii)’ holds and that the above con-
clusions remain true in case K = £7'(e*"), where ¢ € (0,1) and
a > 0.

_ ta—l

Suppose o > 0, K (t) = 155, t > 0, Lo := sull\)I (%) and A is a subgen-
ne

erator of a (local, global exponentially bounded) a-times integrated C-
semigroup (Sa(t))iefo,r)- Then Ky (t) = %t”fl, Ly < oo,
On(t) = |($)[t", t > 0, n € N and this implies that the condition
(iii) of Theorem 2.3 does not hold if & ¢ N. Nevertheless, the series
appearing in (3) still converges, the estimate ||SE(t) — !B Sk (t)|| <
Ly Srél[%}t(] 1Sk (s)||e*1BI € [0, 7) follows analogically and the proof of
T heorém 2.3 can be repeated verbatim. Having in mind these obser-

vations, we obtain the next important generalization of [16, Corollary
4.5] and [35, Theorem 2.3] (cf. also [21, Theorem 3.5)):

Theorem 2.5. Suppose a > 0, A is a subgenerator, resp. the integral
generator, of a (local, global exponentially bounded) a-times integrated C-
semigroup (Sa(t))icpo,r), B € L(E), BAC AB and BC = CB. Then A+B is
a subgenerator, resp. the integral generator, of a (local, global exponentially
bounded) a-times integrated C-semigroup (Sf(t))te[077), which satisfies, for
every x € E and t € [0,71),

SB(t)r = P Sy (t)x + i i: g(—l)"n (;) (a) /(t — 5)" LTS, (s)zds.
0
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Notice ([36]) that the previous formula can be rewritten in the following
form:

t

SB(t)z = eB S, (t :L‘+Z< ) / (t =5y BSS( )xds, z € E, t € [0,7).
i=1

(1 —1)!
0
(10)

The following perturbation theorem for generators of exponentially bounded,
analytic integrated C-semigroups is applicable on a class of (differential)
operators analyzed by R. deLaubenfels in [10, Section XXI, Section XXIV].

Theorem 2.6. Suppose r > 0, o € (0, 3], A is a subgenerator, resp. the
integral generator, of an exponentially bounded, analytic r-times integrated
C-semigroup (Sy(t))i>o0 of angle o, B € L(E), BA C AB and BC = CB.
Then A + B is a subgenerator, resp. the integral generator, of an exponen-
tially bounded, analytic r-times integrated C-semigroup (SB(t))i>0 of angle
«, where

z

_ Lz (275) s
SB(2)x =P8, (2 a:—i—z < ) O/MeB Sp(s)xds, x € E, z € ¥,.
(11)

Proof Clearly, Lo = sup|(])| < oo. Notice that, for every z € X,
neN

the series appearing in (11) is absolutely convergent and that, for every
v € (—a, «) such that |y| > arg(z), we have the following:

|21

1SE(2) — B8, (2)|| <  LollBIf f 1Bl 0 o Rez g
< RezMVLO]|B[|e(2llBH+ww)Rez' 12)

This implies that (S,(2)).ex, is a strongly continuous operator family sat-
isfying the conditions (i) and (ii) stated in the formulation of Definition 1.4.
It remains to be shown that the mapping

[ =9 5
zr—>z< > O/MeB Sy(s)ds, z € 3q (13)
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z
is analytic. By standard arguments, the mapping fo(z) = [ e P%S,.(s)ds, z €
0

Y, is analytic and fj(z) = e P%8,(2), 2z € X,. This simply yields that, for

(z—s)i~1

every i € N, the mapping f;(t) = [ = ePsS,(s)ds, z € ¥, is analytic
J .

and that f/(z) = fi—1(2), z € 3,. Furthermore, the series in (11) is locally
uniformly convergent; this follows from the next obvious estimate:
. (|[B][+w) sup |z]

| By |
0

(2
[&
< M, (sup |2 11B ) g —

(Z(;fli)jl ebs s, (s)ds”

where K is an arbitrary compact subset of ¥, and ~ is chosen so that
K C 3. An application of the Weierstrass theorem completes the proof of
theorem.

The following theorem extends [30, Theorem 3.8] and [35, Theorem 2.4,
Theorem 2.5, Corollary 2.6] (cf. also [40, Theorem 2.3]). The proof is
omitted since it follows by the use of the argumentation given in [35], [29,
Section 10] and [40].

Theorem 2.7. Suppose n € N, A is a subgenerator, resp. the integral
generator, of a (local, global exponentially bounded) n-times integrated C-
semigroup (S(t))¢cpo,r), B € L(E), R(B) € C(D(A")) and BCx = CBr, x €
D(A). Then A+ B is a subgenerator, resp. the integral generator, of a (local,
global exponentially bounded) n-times integrated C-semigroup (S(t)):e(o,r)
which satisfies the following integral equation:

Sp(t)e = S(t)e + / St — )1 BSp(s)ads, t € [0,7), x € E.

With Theorem 2.7 in view, one can prove the following extension of [29,
Theorem 10.1] that is comparable with [35, Theorem 4.6] and [39, Theorem
3.1]; notice only that the assertions related to the study of unbounded per-
turbations of generators of integrated C-semigroups (cf. [35, Theorem 3.1,
Theorem 3.2] and [23, Theorem 3.1]) and cosine functions can be proved
similarly. It seems possible to prove the assertions of Theorem 2.7 and Theo-
rem 2.8 in the case of (local) fractionally integrated C-semigroups and cosine
functions.
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Theorem 2.8. Suppose n € N, A is a subgenerator, resp. the inte-
gral generator, of a (local, global exponentially bounded) n-times integrated
C-cosine function (C(t))cpr), B € L(E), R(B) C C(D(ALHTHJ)) and
BCx = CBz, v € D(A). Then A+ B is a subgenerator, resp. the inte-
gral generator, of a (local, global exponentially bounded) n-times integrated
C-cosine function (Cp(t))ic(o,7)-

The following theorem mimics an interesting perturbation result of C. Kaiser
and L. Weis ([12]-[13]) which can be additionally refined if the Fourier type
of the space E ([1], [12]) is also taken into consideration.

Theorem 2.9. Suppose K satisfies (P1), (P2) and there ezists 5 € (abs(K), o0)
such that for every e > 0 there exists Cc > 0 with
1

— < .M AeC, Rex> 3. (14)
KO~ °

(i) Suppose A generates an exponentially bounded K -convoluted semigroup
(Sk(t))e>0 such that ||Sk(t)|| < Mie*t, t > 0 for some My > 0 and
w > 0. Let B be a linear operator such that D(A) C D(B) and that
there exist M € (0,1) and \g € (max(f,w),00) satisfying ||BR(A :
A)|| < M, A € C, Re\ = \g. Then, for every a > 1, the operator A+ B
generates an exponentially bounded, (K xq %)—convoluted semigroup.

(ii) Suppose A generates an exponentially bounded K -convoluted semigroup
(Sk(t))e>0 such that ||Sk(t)|] < Mye*t, t > 0 for some My > 0 and
w > 0. Let B be a densely defined linear operator such that there
exist M € (0,1) and A\ € (max(B,w),o0) satisfying ||[R(\ : A)Bz|| <
Mllz||, = € D(B), A\ € C,ReX = Xo. Then there exists a closed
extension D of the operator A + B such that, for every a > 1, the
operator D generates an exponentially bounded, (K xq %)—convoluted
semigroup. Furthermore, if A and A* are densely defined, then D is
the part of the operator (A* + B*)* in E.

(iii) Suppose A generates an exponentially bounded K -convoluted cosine
function (Ck(t))i>0 such that ||Ck(t)|| < Mie¥t, t > 0 for some
M; > 0 and w > 0. Let B be a linear operator such that D(A) C
D(B) and that there exist M > 0 and Ao € (max(8,w),o0) satisfying
|I[BR(N? : A)|| < X X € C,Reh = ). Then, for every a > 1,

[A]?
the operator A + B generates an exponentially bounded, (K xq %)-

convoluted cosine function.
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(iv) Suppose A generates an exponentially bounded K -convoluted cosine
function (Ck(t))i>0 such that ||Ck(t)|] < Mie¥t, t > 0 for some
M; > 0 and w > 0. Let B be a densely defined linear operator such
that there exist M > 0 and \g € (max(B,w),o0) satisfying ||R(N\? :
A)Bz|| < %Hx”, x € D(B), XA € C,Re\ = \o. Then there ezists a
closed extension D of the operator A+ B such that, for every a > 1, the
operator D generates an exponentially bounded, (K %ot ey ) convoluted
cosine function. Furthermore, if A and A* are densely defined, then
D is the part of the operator (A* + B*)* in E.

P roof We wil prove only (iii) and (iv). By [17, Theorem 3.1}, we
have that {\? : A € C, Rel > max(8,w)} C p(A) and that [|[R(A\? : A)|| <

—_— Ml
N (Rerw)” A € C, Re\ > max(f,w). Suppose z € C and Rez > Ag.

Put A = A\g + iIlmz and notice that
|BR(22 : A)H = HBR(A? LAY (14 (A2 = 22)R(22 A))H
< |[BRO >H(1+|A—z||A+z\||R<z2:Am)
< M

S (1+’)‘ Z‘|/\+z’| HK \(Rez w))

< B+ M 2l
ENEY:
< M (g5 + O+ B i)

< M M)
M(5; tRIEG >\+A0\K<z)|> (15)

Consider now the function h : {z € C : Rez > 0} — L(E) defined by
h(z) := zBR((z + X\o)? : A), z € C, Rez > 0. Then ||h(it)|]| < M, t € R
and, owing to (14) and (15), we have that, for every e > 0, there exists C; > 0
such that ||h(z)|| < C.ecl*l for all z € C with Rez > 0. An application of
the Phragmén-Lindeldf type theorems (cf. for instance [1, Theorem 3.9.8,
p. 179]) gives that ||h(2)|| < M for all z € C with Rez > 0. This, in turn,
implies that there exists a > Ao such that || BR(A\? : A)|| < 3, A € p(A+ B)
and that, for every A € C with ReX > a:

AR(N?: A+ B)|| = [|AR(\*: A)(I — BR(V? : A) 7| < ——.
| || |
The proof of (iii) follows by making use of [17, Theorem 3.1] and [36,

Theorem 1.12] while the proof of (iv) is a consequence of [12, Lemma 3.2]
and a similar reasoning.
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By the proof of Theorem 2.9, we immediately obtain the following corollary.

Corollary 2.10.

(i)

Suppose A generates a cosine function (C(t))>0 satifying ||C(t)|] <
Me*t, t > 0 for appropriate M > 0 and w > 0. If B is a linear
operator such that D(A) C D(B) and that there exist M' > 0 and
Ao € (w,0) satisfying ||BR(A\? = A)|| < |—]K[|, A € C, ReX = X, then,
for every o > 1, the operator A+ B generates an exponentially bounded,
a-times integrated cosine function.

Suppose A generates a cosine function (C(t))i>o0 satifying ||C(t)|] <
Me*t, t > 0 for appropriate M > 0 and w > 0. Let B be a densely
defined linear operator such that there exist M' > 0 and Ay € (w,00)
satisfying ||R(\? : A)Bz|| < %Hx“, x € D(B), A € C,Re\ = ).
Then there exists a closed extension D of the operator A+ B such that,
for every a > 1, the operator D generates an exponentially bounded, a-
times integrated cosine function. Furthermore, if A and A* are densely
defined, then D is the part of the operator (A* + B*)* in E.

We close the paper with the following illustrative example.

Example 2.11.

(i)

([22]) Let F := CO(R)@CO(R)@CO(R)’ C(fvg7h) = (fag781n()h())’
f, 9, h € Co(R) and A(f,g,h) = (f' + 99", (X[0,00) = X(—00,0))1);
(f,g,h) € D(A) = {(f,9,h) € E: f' € Co(R), ¢ € Co(R), h(0) =
0}. Arguing as in [22, Example 8.1, Example 8.2], one gets that
A is the integral generator of an exponentially bounded once inte-
grated C-semigroup and that A is not a subgenerator of any local
C-semigroup. Suppose now m; € CY(R), i = 1,2, the mappings
t— [t|mi(t), t € R and t — [t|m](t), t € R are bounded for i = 1, 2;
C(R) > mga is bounded and satisfies m3(0) = 0. Put B(f,g,h) =

(ma (") Of £(s)ds, ma(-) Ofg<s>ds,sin<->m3<->h<->>, f, 9, h € Co(R). Then

one can simply verify B € L(E), R(B) C C(D(A)) and BC(f,g,h) =
CB(f,g,h), (f,g,h) € E. By Theorem 2.7, one obtains that A + B
is the integral generator of an exponentially bounded once integrated
C-semigroup.

Let F := L'(R) and let D := d/dr with maximal distributional do-
main. Then it is well known (cf. also [12, Corollary 3.4, Example
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(iii)

(iv)
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7.1]) that E has the Fourier type 1, and in particular, that E is not a
B—convex Banach space. Furthermore, A := D? = d?/dxz? generates
a bounded cosine function (C(t)):>0 given by

(Cwf) @) = %(f(:c+t)+f(:c—t)), £>0 zcR, feI'(R)

and Sobolev imbedding theorem implies D(A4) = W12(R) C C(R) N
L>®(R). Suppose g € L}*(R) \ L®(R) and define a linear operator B :
LYR)NL®(R) — LY(R) by Bf(z) := f(x)g(z), f € LYR)NL>®(R).
In general, B cannot be extended to a bounded linear operator from
LY(R) into L'(R) and R(B) ¢ D(A). Clearly,

IBRAR(N? - A)f)]| = f lg(x )||Zoe‘”(f(wrt)+f(x—t))dt|d:v

Sf]o’o lg(2)| Of(!f(fv+t)!+|f(x—t)|)dtdiv
< 2llglllIfll, A € C, ReA >0, f € L'(R),

and this implies that all assumptions quoted in the formulation of
Corollary 2.10(i) holds with A\g = 1. Hence, A + B generates an expo-
nentially bounded a-times integrated cosine function for every a > 1;
let us also point out that it is not clear whether there exists 8 € [0,1)
such that A+ B generates a (local) S-times integrated cosine function
although one can simply prove that there exist a > 0 and M > 0 such
that [|]AR(A2: A+ B)|| < R X A e C, Rel > a.

Suppose A generates a (local) a-times integrated cosine function for
some o > 0, B € L(E) and BA C AB. Then the proof of [15, Theorem
4.3] and the analysis given in [17, Example 7.3] imply that, for every
s € (1,2), i A generate global K; /s-semigroups and that +iA generate
local K jo-semigroups, where K, (t) = L7 (e™")(t), t > 0, o € (0,1).
By Theorem 2.3 and Remark 2.4(iii), we have that +i(A+ B) generate
global K ,-semigroups for every s € (1,2) and that +i(A+B) generate
local K| jo-semigroups. Therefore, a large class of differential operators
(cf. [2], [11] and [42]) generating integrated cosine functions can be
used to provide applications of Theorem 2.3.

([19], [16]) Let s > 1,

{f60°°[0 111 += sup ”fp e <oo},



Perturbation theorems for convoluted C-semigroups and cosine functions 45

[1]
2]

3]
(4]

[5]
[6]
[7]

(8]

[9]

and
A:=—d/dz, D(A):={feE:f €E, f(0)=0}.

It is well known that there exist positive real numbers m and M such
1

that { € C: Red > 0} C p(A) and ||R(>\ cA)|| < Me™AF | Red >0

([19]). Since |e‘§>‘s| < e‘gwsc"s , £€>0, A€ C, Red > 0, we

have that A generates a global exponentlally bounded K a,l -convoluted

1
=, where K ( ) = L7 (em o)1), t >

semigroup for every a > 05(2

0. Let n € N and let Bf(z) := f((n 1), f(s)ds, x € [0,1], f €
=10

E. Then it is checked at once that B € L(E) and that BA C AB.
Owing to Theorem 2.3 and Remark 2.4(iii), we easily infer that A+ B
generates a global exponentially bounded K al -convoluted semigroup.
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