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Abstract Let WP be the Fourier modulation space FMP4 and let
x5 be the twisted convolution. If a € D' such that (a *, ¢, ) > 0 for every
w € C3°, and x € S such that x(0) # 0, then we prove that xa € WP>
iff a € WP, We also present some extensions to the case when weighted
Fourier modulation spaces are used.
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0. Introduction

The aim of the paper is to discuss positivity in the twisted convolution
algebra (the *,-algebra) in background of Fourier modulation spaces. At
the same time we give a new proof of Bochner-Schwartz theorem in the case
of twisted convolutions. (See also Proposition 2.8 in [To3].)

!This paper was presented at the Conference GENERALIZED FUNCTIONS 2004,
Topics in PDE, Harmonic Analysis and Mathematical Physics, Novi Sad, September 22—
28, 2004
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A motivation for studying positivity and algebraic properties in the .-
algebra is the close relation for such properties between the *,-algebra, op-
erator theory and pseudo-differential calculus. Such questions were briefly
investigated in [Tol], [To2] and [To3]. In the present paper we continue the
analysis in [To3] in terms of Fourier modulation spaces. The modulation
spaces were introduced in time-frequency analysis by Feichtinger in [Fe].
Later on they have been used in certain problems in pseudo-differential cal-
culus as well. (See [G], [L], [Ta], [Te] and [To5] and the references therein.) A
reason for this is that informations concerning regularity as well as growing
and decay properties can be easily obtained when using such spaces.

In order to be more specific, we give some necessary definitions. Let
W be a symplectic vector space of dimension 2n < oo with the symplectic
form o. (The reader who is not familar with symplectic vector spaces may
consider W as R?® and o(X,Y) = (y,£) — (z,n) when X = (z,£) € R
and Y = (y,n) € R?™)

Then the twisted convolution %, is defined by the formula
(a %0 b)(X) = (2/m)"/? / a(X — V(Y gy | (0.1)

when a,b € L'(W). Here and in what follows we use the standard notation
for the usual functions and distribution spaces, see e. g., [H]. The definition
of %, extends in different ways. It extends for example to a continuous and
bilinear mapping from D'(W) x C§°(W) to D'(W).

We are concerned with the set S’ (W) of positive elements in the *,-
algebra, i.e., the set of all a € D'(W) such that (a *, ¢, ) > 0 for every
v € C§°(W). Here (a, ) = (a,®), where (-, -) denotes the duality between
elements in appropriate function and distribution spaces, and their duals.
(A motivation for using S’, instead of D', is given by Corollary 2.4 below.)

It might seem hard to find common structures for positivity results in
the x,-algebra, but there are indeed such ones. In fact, in many situations
the following principle holds. (See [To3].)

Assume that a € S'.. If a satisfies a certain regularity or boundedness
property at the origin, then a and its Fourier transform a satisfy the same
regularity or boundedness property everywhere.

In the present paper we prove that this principle holds when certain
types of Fourier modulation spaces are involved.
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1. Preliminaries

In this section we make some necessary preparations. First we discuss
some algebraic and continuous properties for the twisted convolution. From
the definitions it follows that any LP-estimate which are valid when usual
convolutions are involved, also holds if these convolutions are replaced by
twisted convolutions. For example, Young’s inequality holds for twisted
convolution. Moreover, many algebraic properties which are true for the
usual convolution also hold for the twisted convolution. For example, if
a,b,c € S(W), then

a*g (bxyc) = (a*sb) %, ¢, (ax,b,¢)=(a,c*q0),

where b(X) = b(—X).

In contrast to the usual convolution there is a canonical one to one cor-
respondence between the twisted convolution algebra and operator algebras
on L?(V), leading to that further properties are available for the twisted
convolution algebra. For example, if p € [1,2], then any LP(W) is an alge-
bra under twisted convolution. (See Corollary 1.4.3 in [Tol] or Proposition
1.4 in [To2].)

Proposition 1.1 below is a restatement of certain results in [To2] and
[To3]. (See also [Tol].) The proof is therefore omitted. Here F,a denotes
the symplectic Fourier transform which is defined by the formula

(Fya)(X) = 7" / a(Y)2oXY) gy, a e LNW).

Then F, is a homeomorphism on S(W) which in a usual way extends to a
homeomorphism on S’(W), and to a unitary operator on L?(W).

Proposition 1.1. The following are true:

1. the map (p,a,) — @*,ax,1) is sequentially continuous from S(W') x
S' (W) x S(W) to S(W), and from C5(W) x D'(W) x C§°(W) to
C=(W);

2. ifaeS' (W) and b € S(W), then Fy(a*;b) = (Fypa) %, b;

3. if p€[1,2], then x, on S(W) extends uniquely to a continuous multi-
plication on LP(W).
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Remark 1.2. As remarked in the introduction, there are close rela-
tions between positivity in pseudo-differential calculus and positivity in the
twisted convolution algebra. In fact, let a € S(R?™). Then the Weyl oper-
ator for a is defined by the formula

@ (. D)f () = @m) " [[ al(@+9)/2, (e dyae,

where f € S(R™). Then a"(z, D) is continuous on S, and the definition of
a¥(z, D) extends to any a € S’(R?®) at which a¥(z, D) is continuous from
S to S'.

If a € S’(R?®), then a¥(z, D) is positive semi-definite as an operator on
S, if and only if Fra € S’.. (See [Tol]-[To3].)

Next we discuss modulation spaces and start to consider appropriate
conditions for the involved weight functions. Let w and v be positive and
measureable functions on the vector space V of finite dimension. Then w
is called v-moderate if there is a constant C' > 0 such that w(z + y) <
Cw(z)v(y) for every z,y € V. We say that w is a moderate function if
w(z +vy) < Cw(z)w(y). The set of all positive functions w on V' such that
w is v-moderate for some polynomial v on V' is denoted by P(V'). Also let
Py(V') be the set of all wg € P(V') such that for every multi-index «, there is
a constant Cy, such that [0%yg| < Cowp. If w € P(V) and ¢ € C3°\ 0 is non-
negative, then it follows that wy = w*p € Py(V) and that C~'w < wy < Cw
for some constant C' > 0. (See [To5] or [To6].)

Next we give examples on weight functions which are of particular inter-
est. For any s,t € R and z € R™, let 74(z) = ()%, where (z) = (14 |z|?)"/2.
Also let 754 = 7 ® 7s. Then

To(@y) = (L+ [P+ [y*)*? and  7o4(x,y) = (1L+ |21+ [y[*)*/>.
It follows that 75 € Fo, and that 75 is 75-moderate.
Assume that x € S(W)\0, p,q € [1,00], w € P(W xW) and a € S'(W),
and let (7xx)(Y) = x(Y — X). Then we set
q/p
lalaps = / /yF arx )X, V)P dx)"" ay)",

1
lalwpal = ([ ([1Fa@moomecs vipar)™ ax)™

(with obvious interpretation when p = oo and/or ¢ = o0). Note here
that HaHWf% and ||aHM(pc§ may attain the value +oo.

(1.1)
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Definition 1.3. Assume that x € S(W)\ 0, p,q € [1,00], and w €
P(W x W). Then the modulation space M(pw%(W) consists of all a € S"(W)

such that ||a||M(pc§ < 00. In the same way, WZ:S (W) consists of alla € S"(W)

such that ||all < oo
(@)

If w = 1, then the notation WP is used instead of Wa’g. Moreover,

if p = ¢, then the notations Wg?w) and WP are used instead of Wf’u’g and

WPP | respectively. If in addition W = R?®, then we set WP = W&q) when
w(X,Y) = 74(X,Y), and Wi = Wfi’g when w(X,Y) = 754(X,Y). Such
spaces are common in many situations. (See [G] and the references therein.)

If w(X,Y) is a weight function on W x W which is constant with respect
to X or Y, then we set w(X,Y) =w(Y) and w(X,Y) = w(X), respectively.
In this situation, w is sometimes considered as a function on W instead of
a function on W x W.

The convention using parenthesis, when weight functions are involved
in the definition of function spaces, are also used in other situations. For
example, if w € P(W), then L%'w)(W) consists of all measurable functions a
such that aw € LP(W).

The space Wpu’)q is a Fourier modulation space. In fact, by Parseval’s
formula it follows that

Fy(@ry (Fox))(X) = 7N F, (amxx)(Y), (1.2)
where x(X) = x(X). This in turn implies that

Wp’q — Fo_Mp‘.:)Z When WO(Yy X) = (U(X, Y) (13)

(@) (wo)

Here it is essential that the definitions of M 5’3 and ij‘:}% are independent of
the choice of x € S\ 0. This is a consequence of the following proposition,
where some important properties for modulation spaces are recalled. Here
and in what follows, p’ denotes the conjugate exponent for p, i.e., 1/p +

1/p =1.

Proposition 1.4. Assume that w,wi,ws € P(W xW) and p,q € [1,00].
Then the following are true:

1. M(pw%(W) and Wﬁﬁ (W) are Banach spaces which are independent of

the choices of x € S(W)\ 0 in (1.1). Moreover, different choices of x
give rise to equivalent norms;
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2. if p1,p2,q1,q2 € [1,00] such that p1 < pa, 1 < g2 and wy < Cwy for
some constant C, then

S(W) — ngl%l(W) s ijﬁ (W) = S (W) .

Moreover, WP C C(W) N L>;

3. assume that 1 < ¢1 < min(p,p’) and max(p,p’) < g2 < oo, and that in
addition w(X,Y) =w(Y). Then

WP»Ql N FU(LP

) W) < WP gnd WPiNE = F, (LY

/o
@) @) @) NE
4. let wo(X,Y) = w(Y, X), and assume in addition that q < p. Then
FJW&% — W&Z). In particular, F, is a homeomorphism on WP.
P r o o f The assertions (1), (2) and (4) follow from [G] and (1.3)
(see also [Fe], or [To5] and the references therein). The assertion (3) is an

immediate consequence of Proposition 4.3 and Theorem 5.5 in [To6], and
(1.3). O

~_ Remark 1.5. Assume that x € C§° and that w € P(W x W), and let
W(ZZ’)‘)] be the set of all a € D'(W) such that ”aHWf”; < 0o. Then it follows
that )7\7&% C §’. Consequently, W&% = Wg’u’g in view of Proposition 1.4.
We finish the section with the following proposition which concerns mul-
tiplications and differentiations of elements in Fourier modulation spaces.
We refer to [To6] for the proof. Here and in what follows, if w € Py(W),
then w(D) is the linear and continuous operator on S’(W) which means a
multiplication by w on the symplectic Fourier transform side.

Proposition 1.6. Assume that p,q € [1,00], w € P(W x W), wg €
Py(W), and set

wi(X,)Y) =w(X,Y)wy(X) and we(X,Y)=w(X,Y)wy(Y).

Then a — awgy is a homeomorphism from Wﬁﬁ) to Wp’%, and a — wo(D)a

s a homemorphism from W&‘é) to W(pt;%. (w
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2. Positive elements in the *,-algebra

In this section we prove that if w € P is appropriate, a € S, and

xa € waﬁo for some x € C§° such that x(0) # 0, then a € Wfiso We use
these results to prove that S’ C S’

In the following proposition we recall some facts for elements in C (W) =
S (W)NC (W), the set of positive elements in *,-algebra which at the same
time are continuous functions. The proof is omitted since the result is a

consequence of Proposition 1.10, Theorem 3.3 and Corollary 3.7 in [To3].

Proposition 2.1. Assume that a € S\ (W). Then the following are
true:

1. if p € CGP(W), then @ x5 a s p € CL NC™. Moreover, if in addition
JodX = (x/2)"? and . = e72"p(- [e), then @. %4 a ;= — a in
D' ase— 0;

2. if a is a continuous function near the origin, then a € Cy;

3. ifa € Cy, then a € L? vanishes at infinity, and |a(X)| < a(0);

4. a € Cy if and only if a = J*U Y for some ¢ € L?;

5. ifbe C° N Cy, then (a,b) > 0.

As a consequence of Proposition 1.1 (4) and Proposition 2.1, it follows
that if @ € C, then (p,9)s = (a *, @,v) is a semi-scalar product on L2,
Hence Cauchy-Schwartz inequality holds, i.e.,

(@ ¥)al* < (0, 0)a(®,9)a-

The investigations in Section 4 in [To3] as well as in the present section
depend on the following result. (Cf. Proposition 4.6 in [To3].) Here a
slightly different proof is given.

Proposition 2.2. Assume that a € S’ (W) and that x € CL(W)nN
C(W). Then F,(aX) is a non-negative function. If u = (Fy(a X))l/2 and
X, Y ¢ W, then

| Fp(atyx)(X)| <u(X +Y)u(X -Y) (2.1)
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P r o o f. By Proposition 2.1 and a simple argument of approximation,
it suffices to prove the result in the case a € C; N C™.

By straight-forward computations it follows that ¥ € C., and that S/,
is invariant under multiplication by exponentials. Hence Proposition 2.1 (5)
gives that F,(ax)(X) = (¢**X:')q, %) is non-negative for every X € W.
This proves the first part of the proposition.

Next we prove (2.1). By Proposition 2.1, there is a function ¢ € L?
such that ¥ = @Z %o 1. Then Yy = Jy *y ¢y, where 1y = ¥(- +Y) and
oy = e 27, ). From the fact that e27(X:)q ¢ S' for every X € W, an
application of Cauchy-Schwartz inequality gives

(29X, Py %y dy)[?

|Fo(amyx)(X)[? = (e - : gy
(e2w(X,-)a,wY . wy)(ezw(x,-)a, Oy *o (25Y)

(2.2)

IA

By simple calculations it follows that

wY *o ¢Y = eZiU(K A )Y7

and ¢~5y %o Py = e‘gi"(y")y.

This implies that
(27X ) g Jy %y thy) = (€27XY )0 x) = Fy(ax)(X —Y),

and similarly (e27X:)a, ¢y *, ¢y) = Fy(ax)(X +Y). This proves (2.2),
and the result follows. The proof is complete. |
The following result is now an immediate consequence of Proposition

1.4 (3), Proposition 2.2 and Holder’s inequality.

Theorem 2.3. Assume that wg € P(W x W) such that wy(X,Y) =
wo(Y), and set

wi(X,Y) = (wo(X — Ywo(X + V)2

Also assume that a,x € S (W) such that x € C§°\ 0 and ax € W(pw?; for

p?m

some p € [1,00]. Then a € Wiy

As a consequence of Theorem 2.3 we obtain Bochner-Schwartz theorem
in the case when the usual convolutions are replaced by twisted convolutions.

Corollary 2.4. The set S’ (W) is contained in S'(W).
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P roof. Assume that a,x € S’ such that x € C§°\ 0. Then ax € E'.
Hence Fy(ax) € Lﬁuo) for some wy € P which in turn implies that a € Wgﬁo
for some w € P by Proposition 1.4 (3) and Theorem 2.3. Since ng;o c s,
the result follows. O

By Corollary 2.4, it follows that Proposition 2.2 also holds under the
weaker assumption for x that x € S, N.S. Moreover, by (1.2) it follows that

(2.1) is equivalent to
|Fo(@ry (Fox))(X)] < u(X +Y)u(Y — X). (2.1)
Theorem 2.3 may now be improved in the following way.

Theorem 2.3’ Assume that wg and wi are the same as in Theorem 2.3,
and let wa(X,Y) = wi(Y,X). Also assume that a,x € S\ (W) such that
x €S and x(0) #0 and ax € ng; for some p € [1,00|. Then a € Wi’)ﬁ
and Fya € WP

(w2)°
P roof Let Q bean open neighbourhood of the origin such that
X(X) #0as X € Q, and let xo = ¢ %, ¢, where ¥p € C§°(W) \ 0. Then
0 # xo0 € CL NCG°, and the support of x¢ is contained in 2, provided 1 is
chosen with sufficiently small support. This gives
axo = (xo/x)(ax) € 5 - WIS C WP, (2.3)

(wo

Here the last step is a consequence of Theorem 5.5 in [To6], and the fact
that multiplications are replaced by convolutions on the Fourier transform.
Hence Theorem 2.3 and (2.1)" show that a € W&T)) and Fpa € Wg;:o) The
proof is complete. O

Theorem 2.5. Assume that vg € P(W x W) such that vo(X,Y) =
vo(Y') is an even and moderate function, v(X,Y) = vo(X)vo(Y), p € [1, 0],
ac S (W), and x € S(W) such that x(0) # 0. Then the following condi-
tions are equivalent:

1. Fo(ax) € Li) 1) (W);
p7m .

2. ax € W(l/vo)(W),

3. ax¢€ Wg’l’%)(W);

4 a € Wi, (W);
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5. a,Fya € W7 (W).
Before the proof we observe that if vy is even and moderate, then
(00(X — Y)oo(X +Y)!/2 < Cug(X)uo(Y), (2.4)

for some constant C'.

P roof Let xo be the same as in the proof of Theorem 2.3'. Then
F,(axo) € L](Dl/vo) (cf. (2.3)). This in turn implies that ayxo € Wf’l’ﬁo) by
Proposition 1.4 (3). Hence Theorem 2.3" and (2.4) show that (5) holds. By
similar arguments it follows that (2) implies (5).

The implication (5) = (4) is obvious, and the implications (4) = (2) and
(4) = (1) follow immediately from Theorem 5.5 in [To6] and the inequality

Fy(a < Ca|lyypee
1@y, < Cllalhwgz:
respectively.

When proving the equivalence (2) < (3) we may assume that vy € Pp.
Then the assertion follows immediately from Proposition 1.6 and the fact
that the map ¢ +— vy ¢ is a homeomorphism on S. The proof is complete.
O

Corollary 2.6 Assume that s € R, p € [1,00], a € S (R?®), and
X € S(R?™) such that x(0) # 0. Then the following are true:
1. if s <0, then ax € WEG° if and only if a € WP,

S 8,8 7

2. if s >0 and aerﬁ’go, thenaGWﬁ){(/)fysl/él.

Proof. The assertion (1) follows by letting vg = 75 in Theorem 2.5. The
assertion (2) follows from Theorem 2.3" and the fact that for some constant
C we have (X)(Y) < C(X —Y)?(X +Y)2. The proof is complete. 0

Remark 2.7 Assume that a € S, x € S such that x(0) # 0, and that
F,(ax) € L'. Then Theorem 2.5 shows that a € W, This is also a
consequence of Theorem 1.5 in [To4].

In fact, from the assumptions it follows that a x is a continuous function
near the origin. Hence Proposition 2.1 shows that a belongs to the set of
all symbols such that their corresponding Weyl operators are trace-class
operators on L?. The result now follows since the latter set is contained in
WH* in view of Theorem 1.5 in [Tod].
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Finally we have the following result, parallel to Theorem 2.3’

Proposition 2.8 Assume that p,q € [1,00] and py € [27%,00] satisfy
p<qandl/p+1/qg=1/py. Assume also that vy, x and a are the same as
in Theorem 2.5, and set v(X,Y) = (vg(X — Y)vo(X + Y)V/2. If F,(ax) €
L’gf/vo)(W), then a, Foa € Wi, (W).

P r oo f. It is no restriction to assume that x € Cy N C§°. We use the

same notations as in Proposition 2.2. Let h = (u/vé/2)p and r = ¢/p > 1.
Then for some constant C, Young’s inequality gives

lallwes

Wy (/ (/‘FU(GTXX)(Y)/U(X Y)!de)q/de)l/q

< C(llh* hllr)'"” < Ol pznon) P = | Fola ) po,

The result is now a consequence of Proposition 1.4. O

Corollary 2.9 Let vg, v, a and x be the same as in Proposition 2.8,

and assume that Fy(ax) € Lzl//QUO) Then a, Fya € W(ll/v)'
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