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On I, 3--closed sets in ideal topological spaces

10. Ravi, 2G. Selvi, 3S. Murugesan and *P. Santhi

ABSTRACT. In this paper, a new class of sets called I,4g+-closed sets is in-
troduced and its properties are studied in ideal topological space. Moreover
I+ gp+-continuity and the notion of quasi-3*-I-normal spaces are introduced.

1. Introduction and preliminaries

An ideal topological space is a topological space (X, 7) with an ideal I on X,
and is denoted by (X, 7, I). A*(I) = {x € X | UN A ¢ I for each open neighborhood
U of x} is called the local function of A with respect to I and 7 [11]. When there is
no chance for confusion A*(7I) is denoted by A*. For every ideal topological space
(X, 7, I), there exists a topology 7* finer than 7, generated by the base 5(I, 7) =
{U\I | Ue 7 and I € I}. In general 5(I, 7) is not always a topology [10]. Observe
additionally that C1*(A) = A* U A [17] defines a Kuratowski closure operator for
7*. Int*(A) will denote the interior of A in (X, 7*).

In this paper, we define and study a new notion I,4g--closed set by using
the notion of B7-open set. Some new notions depending on I,43+-closed sets such
as I gp+-open sets, Irq5~-continuity and I gg«-irresoluteness are also introduced
and a decomposition of 8*-I-continuity is given. Also by using I,gs+-closed sets
characterizations of quasi-5*-I-normal spaces are obtained. Several preservation
theorems for quasi-5*-I-normal spaces are given.

Throughout this paper, space (X, 7) (or simply X ) always means topological
space on which no separation axioms are assumed unless explicitly stated. Let A
be a subset of a space X. The closure of A and the interior of A are denoted by
Cl(A) and Int(A), respectively.

A subset A of a topological space (X, 7) is said to be regular open [15](resp.
regular closed [15]) if A = Int(CI(A)) (resp. A = Cl(Int(A))).
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The finite union of regular open sets is said to be m-open [18] in (X, 7). The
complement of a m-open set is m-closed [18].

A subset A of a topological space (X, 7) is said to be B-open [1] if A C
Cl(Int(CI(A))) and the complement of a S-open set is called S-closed [1].

The intersection of all 8-closed sets containing A is called the S-closure [2] of
A and is denoted by SCI(A).

Note that SCI(A) = A U Int(Cl(Int(A))) [3].

A subset A of a space (X, 7) is said to be wg-closed [4] (resp. mgS-closed [16])
if CI(A) C U (resp. SCI(A) C U) whenever A C U and U is m-open in X.

A function f: (X, 7) — (Y, o) is said to be m-w-closed [7] if £(V) is 7-closed
in (Y, o) for every m-closed in (X, 7).

A function f: (X, 7) — (Y, o) is said to be mg-continuous [4] ( resp. wg[-
continuous [16]) if f=1(V ) is wg-closed (resp. mgS-closed) in (X, 7) for every closed
set V of (Y, o).

A space (X, 7) is said to be quasi-S-normal [13] if for every pair of disjoint
m-closed subsets A, B of X, there exist disjoint S-open sets U, V of X such that A
CUand BC V.

A space (X, 7) is said to be quasi-normal [18] if for every pair of disjoint -
closed subsets A, B of X, there exist disjoint open sets U, V of X such that A C U
and B C V.

An ideal [ is said to be codense [5] if 7 N T = (.

A subset A of an ideal topological space X is said to be x-dense-in-itself [9](resp.
B%-open [6], a*-I-open (8], f-I-open [8]) if A C A* (resp. A C Cl(Int*(Cl(A))),
Int(C1*(Int(A))) = Int(A), A C Cl(Int(CI*(A)))).

The complement of 57-open set is 87-closed [6].

A subset A of an ideal topological space X is said to be I.4-closed [12] if A*C
U whenever A C U and U is 7-open in X.

A function f: (X, 7, I) — (Y, o) is said to be I,-continuous [12] if {~*(V )
is Irq4-closed in (X, 7, I) for every closed set V of (Y, o).

LEMMA 1.1. [14] Let (X, 7, I) be an ideal topological space and A C X. If A
C A*, then A* = Cl(A*) = Cl(A) = CI*(A).
THEOREM 1.2. [12] Every mg-closed set is Ir4-closed but not conversely.

THEOREM 1.3. [12] For a function f: (X, 7, I) = (Y, o), the following holds:
Every mg-continuous function is I.q-continuous but not conversely.

PROPOSITION 1.4. [8] Every 3-I-open set is B-open but not conversely.

2. I.,3--closed sets

DEFINITION 2.1. Let (X, 7, I) be an ideal topological space and let A be a subset

of X. The union of all BT-open sets contained in A is called the S7-interior of A
and is denoted by 7 Int(A).

DEFINITION 2.2. Let (X, 7, I) be an ideal topological space and let A be a subset
of X. The intersection of all 57-closed sets containing A is called the B7-closure of
A and is denoted by B3 CI(A).
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LEMMA 2.3. Let (X, 7, I) be an ideal topological space. For a subset A of X,
the followings hold:
(1) B3ClI(A) = AU Int(Cl*(Int(A))),
(2) BrInt(A) = An Cl(Int* (CI(A))).
DEFINITION 2.4. A subset A of an ideal topological space (X, 7, I) is called
I gp+-closed if B3 Cl(A) C U whenever A C U and U is m-open in X.
The complement of I4p+-closed set is said to be I.4p+-open.

PROPOSITION 2.5. Every B-open set is B7-open but not conversely.

PRrROOF. Let A be f-open set. Then A C Cl(Int(Cl(A))) which implies A C
Cl(Int*(CIl(A))). Hence A is 87-open set.

EXAMPLE 2.6. Let X = {a, b, ¢, d}, 7 ={X, 0, {a}} and I = {0, {a}, {0},
{a, b}}. Then {b} is BF-open set but not B-open.

THEOREM 2.7. Every %-dense-in-itself and Ir4p+-closed set is a mg[3-closed set.
PRrROOF. Let AC U, and U is 7-open in X. Since A is I4s+-closed, 57CI(A) C

U. By Lemmas 1.1 and 2.3, 87Cl(A) = A U Int(Cl*(Int(A))) = A U Int(Cl(Int(A)))
= BCIL(A). Then, SCI(A) C U. So A is wgS-closed.

THEOREM 2.8. Let A be I;4p+-closed in (X, T, I). Then B3 CI(A) \ A does not
contain any non-empty w-closed set.

PROOF. Let F be a m-closed set such that F C 57CI(A) \ A. Then F C X \ A
implies A C X \ F. Therefore 87CI(A) C X \ F. That is F C X \ 87CI(A). Hence
F C B3CL(A) N (X \ B7CI(A))= 0. This shows F = 0.

PROPOSITION 2.9. Let (X, 7, I) be an ideal topological space and A C X. Then
the following properties hold:

(1) If A is mgB-closed, then A is I.qp+-closed,
(2) If A is Ig-closed, then A is Iy« -closed.

PROOF. The proof is obvious.

REMARK 2.10. From Theorem 1.2, Theorem 1.4 and Proposition 2.9, we have
the following diagram.

ng-closed — wgfB-closed

+ +

I.4-closed — I.43+-closed

where none of these implications is reversible as shown in the following exam-
ples.

ExXAMPLE 2.11. (1) Let X = {a, b, ¢, d}, 7 = {X, 0, {b}, {d}, {b, d}, {b,
¢, d}} and I = {0, {c}, {d}, {c, d}}. Then A = {b} is wgB-closed set but not
mg-closed set. Also C = {b} is Ir4p+-closed set but not I4-closed.

(2) Let X ={a, b, ¢, d, e}, 7 = {X, 0, {a}, {e}, {a, e}, {a, b, e}, {a, b, d, e}}
and I = {0, {a}, {e}, {a, e}}. Then B= {a, €} is Iyp~-closed set but it is not
wgB-closed.
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THEOREM 2.12. Every m-open and Ir4s~-closed set is o*-I-open.

Proor. S7CI(A) C A, since A is m-open and I ;4g+-closed. We have Int(Cl*(Int(A)))]
C A and Int(Cl*(Int(A))) C Int(A). Always Int(A) C Int(Cl*(Int(A))). Therefore
Int(A) = Int(Cl*(Int(A))), which shows that A is o*-I-open.

REMARK 2.13. The union of two Irqs~-closed sets need not be I.4p+-closed.

EXAMPLE 2.14. Let X = {a, b, ¢, d}, 7 = {X, 0, {a}, {b}, {a, b}, {a, b, c},
{a, b, d}} and I = {0, {a}}. Then A = {a} and B = {b} are L 43+ -closed sets but
their union {a, b} is not I qp+-closed.

REMARK 2.15. The intersection of two Irgs~-closed sets need not be Irgpx-
closed.

EXAMPLE 2.16. Consider the Example 2.14. Let A = {a, b, ¢} and B = {a, b,
d} are L4+ -closed sets but their intersection {a, b} is not I45~-closed.

THEOREM 2.17. If A is I 45+-closed and A C B C 7 Cl(A), then B is L;qp+-
closed.

PRrOOF. Let A be I gp+-closed and B C U, where U is m-open. Then A C B
implies A C U. Since A is I ;4g+-closed, 87Cl(A) C U. B C g7CI(A) implies 87 C1(B)
C B7CI(A). Therefore f7CI(B) € U and hence B is I,43+-closed.

THEOREM 2.18. Let (X, 7, I) be an ideal topological space. Then every subset
of X is Irgp~-closed if and only if every m-open set is a*-I-open.

PROOF. Necessity: It is obvious from Theorem 2.12.
Sufficiency: Suppose that every m-open set is a*-I-open. Let A be a subset of X and
U be m-open such that A C U. By hypothesis Int(Cl*(Int(A))) C Int(Cl* (Int(U)))
= Int(U) C U. Then B7CI(A)C U. So A is I4p«-closed.

THEOREM 2.19. Let (X, 7, I) be an ideal topological space. A C X is Ig5+-open
if and only if F' C B7Int(A) whenever F is m-closed and F C A.

PRroOF. Necessity: Let A be Ir4s+-open and F be m-closed such that F C A.
Then X\A C X\F where X\F is m-open. I,4s-closedness of X\ A implies 57CI(X\A)
C X\F. Then F C g7Int(A).

Sufficiency: Suppose F is m-closed and F C A implies F C 57Int(A). Let X\A C U
where U is m-open. Then X\U C A where X\U is m-closed. By hypothesis X\U C
B1Int(A). That is S7CH(X\A) C U. So, A is Irg4p+-open.

DEFINITION 2.20. A subset A of an ideal topological space (X, T, I) is called
Mi-set if A = UU V where U is w-closed and V is B}-open.

PROPOSITION 2.21. Every w-closed set is M-set but not conversely.

EXAMPLE 2.22. Consider the Example 2.14. Let A = {a, b}. Then A is Mj-set
but not mw-closed.

PROPOSITION 2.23. Ewvery 7-open set is Mj-set but not conversely.
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EXAMPLE 2.24. Consider the Example 2.14. Let A= {c, d}. Then A is Mj-set
but not Bj-open.

PROPOSITION 2.25. Ewvery B7-open set is Iryg+-open but not conversely.

PRrROOF. Let A be B7-open set. Then A C Cl(Int*(CIl(A))). Assume that F is -
closed and F C A. Then F C Cl(Int*(CI(A))) which implies F C A N Cl(Int*(CI(A)))
= [7Int(A) by Lemma 2.3. Hence, by Theorem 2.19, A is [.4p+-open.

EXAMPLE 2.26. Consider the Ezample 2.14. Let A = {c}. Then A is I;gp~-
open set but not B-open.

THEOREM 2.27. For a subset A of (X, T, I) the following conditions are equiv-
alent:
(1) A is Br-open,
(2) A is I;gp--open and a M;-set.
PRrROOF. (1) = (2) It is obvious.
(2) = (1) Let A be I g45+-open and a Mj-set. Then there exist a 7-closed set U
and f7-open set V such that A = U U V. Since U C A and A is I,4s+-open, by

Theorem 2.19, U C S5Int(A) and U C Cl(Int*(C1(A))). Also, V C Cl(Int*(C1(V)))
C Cl(Int*(C1(A))). Then A C Cl(Int*(CL(A))). So A is SF-open.

The following examples show that concepts of [,45+-open set and Mj-set are
independent.

EXAMPLE 2.28. Let (X, 7, I) be the same ideal topological space as in Example
2.14. Then {c, d} is a M-set but not I3+ -open.

EXAMPLE 2.29. Let (X, 7, I) be the same ideal topological space as in Example
2.14. Then {d} is I+ -open set but not a Mj-set.
3. I,4p+-continuity and I,4g--irresoluteness

DEFINITION 3.1. A function f: (X, 7, I) = (Y, o) is said to be L gp~-
continuous (resp. [B*-I-continuous) if {1 (V) is Ligp«-closed (resp. Bf-closed) in X
for every closed set V of Y.

DEFINITION 3.2. A function f : (X, 7, I) = (Y, o, J) is said to be I gp~-
irresolute if f~1(V) is I;,p+-closed in X for every Jr,5--closed set V of Y.

DEFINITION 3.3. A function f : (X, 7, I) = (Y, 0 ) is said to be M-continuous
if f1(V) is My-set in (X, T, I) for every closed set V of Y.

THEOREM 3.4. A function f: (X, 7, I) = (Y, o) is B*-I-continuous if and
only if it is Mr-continuous and I g~ -continuous.

PRrROOF. This is an immediate consequence of Theorem 2.27.

REMARK 3.5. The following Examples show that:

(1) every Irgp~-continuous function is not wg[3-continuous,
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(2) every Irgp~-continuous function is not I,-continuous.

EXAMPLE 3.6. Let (X, 7, I) be the same ideal topological space as in Example
2.11(2). Let Y ={xz, y, 2} and o = {Y, 0, {y, 2}}. Define a function f: (X, 7, I)
— (Y, o) as follows: f(a) = f(e) =z, f(c) = f(d) =y and f(b) = 2. Then f is a

I g8~ -continuous function but it is not wgB3-continuous.

EXAMPLE 3.7. Let (X, 7, I) be the same ideal topological space as in Example
2.11(1). Let Y = {x, y, 2} and o = {Y, 0, {z, y}}. Define a function f : (X, T,
I) = (Y, o) as follows: f(a) = f(d) = f(e)=z, f(b) = z and f(c) = y. Then fis a

I g+ -continuous function but it is not Irq-continuous.

THEOREM 3.8. For a function f: (X, 7, I) = (Y, o), the following properties
hold:

mg-continuous — wgB-continuous

1 +

I, 4,-continuous — I.43--continuous
PrOOF. The proof is obvious by Remark 2.10.

The composition of two I 4g+-continuous functions need not be I 4g+-continuous.|j
Consider the following Example:

EXAMPLE 3.9. Let X = {a, b, ¢, d}, 7 = {X, 0, {c}, {d}, {¢, d}, {a, ¢, d},
{b7 = d}}7 I= {®7 {a}}’ Y = {I’ y, 2}, 0 = 1Y, 0, {ya z}}? J = {®7 {I}}, Z = {17
%) andn = (2,0, {1}}. Define f+ (X, 7, 1) > (Y. 0, J) by f(a)= f(b)= 1, f(c)=y
and f(d)=zand g : (Y, 0, J) = (Z, n) by g(x)= 1 and g(y)= g(z)= 2. Then f and
g are Lygp«-continuous. {2} is closed in (Z, ), (9o )1 {2}) = (g ({2}))
=y, z}) = {c, d} which is not Lyyp«-closed in (X, T, ). Hence g o f is not
143~ -continuous.

THEOREM 3.10. Let f: (X, 7, I) = (Y, 0, J) and g : (Y, 0, J) = (Z, 1, K)
be any two functions. Then

(1) g o fis Lygp--continuous, if g is continuous and f is Iqp+ -continuous,
(2) go fis Igpx-continuous, if g is Jpqp -continuous and fis Irqp+ -irresolute,
(3) g o fis Iygp«-irresolute, if g is Jrqp«-irresolute and fis L4« -irresolute.

PRrOOF. (1) Let V be closed in Z. Then g=1(V) is closed in Y, since g is con-

tinuous. I,gg+-continuity of f implies that {~*(g7!(V)) is Ir45+-closed in X. Hence
g o fis Ir4p+-continuous.
(2) Let V be closed in Z. Since g is Jrg5--continuous, g=*(V) is J,4g+-closed in
Y. As fis Igg«-irresolute, £ (g7(V)) is Igp-closed in X. Hence g o fis I 45+~
continuous. (3) Let V be K yp+-closed in Z. Then g='(V) is Jgp+-closed in Y,
since g is J g+ -irresolute. Because f is I qg«-irresolute, {1 (g1 (V)) is I 45+ -closed
in X. Hence g o fis I,4g«-irresolute.
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4. Quasi-g*-I-normal spaces

DEFINITION 4.1. An ideal topological space (X, T, 1) is said to be quasi-5*-I-
normal if for every pair of disjoint w-closed subsets A, B of X, there exist disjoint
B7-open sets U, V of X such that A C Uand BC V.

PROPOSITION 4.2. If X is a quasi-B-normal space, then X is quasi-5*-I-normal.
PROOF. It is obtained from Proposition 2.5.

THEOREM 4.3. The following properties are equivalent for a space X:

(1) X is quasi-B*-I-normal,

(2) for any disjoint m-closed sets A and B, there exist disjoint I45+-open sets
U, Vof X such that A C Uand BC V,

(3) for any w-closed set A and any m-open set B containing A, there exists an
I gp+-open set U such that A C U C B7CIl(U) C B.

PROOF. (1) = (2) The proof is obvious.

(2) = (3) Let A be any m-closed set of X and B any m-open set of X such that A
C B. Then A and X\B are disjoint m-closed subsets of X. Therefore, there exist
disjoint Igg+«-open sets U and V such that A C U and X\B C V. By the definition
of I -43+-open set, We have that X\B C S7Int(V) and U N f7Int(V) = 0. Therefore,
we obtain S7Cl(U) C g7Cl(X\V) and hence A C U C p7CI(U) C B.

(3) = (1) Let A and B be any disjoint m-closed sets of X. Then A C X\B and
X\B is m-open and hence there exists an I43+-open set G of X such that A C G C
B1Cl(G) C X\B. Put U = 7Int(G) and V = X\ 87C1(G). Then U and V are disjoint
B7-open sets of X such that A C U and B C V. Therefore, X is quasi-g*-/-normal.

THEOREM 4.4. Let f: X — Y be an Ir4p+-continuous m-w-closed injection. If
Y is quasi-normal, then X is quasi-B*-I-normal.

PROOF. Let A and B be disjoint w-closed sets of Y. Since f is m-m-closed
injection, f(A) and f(B) are disjoint m-closed sets of Y. By the quasi-normality of
X, there exist disjoint open sets U and V such that f(A) C U and f(B) C V. Since f
is I ;g5+-continuous, then f~1(U) and £~*(V) are disjoint I, 44+-open sets such that
A C f7}(U) and B C f~1(V). Therefore X is quasi-3*-I-normal by Theorem 4.3.

THEOREM 4.5. Let f : X — Y be an I 48«-irresolute m-m-closed injection. If
Y is quasi-B*-I-normal, then X is quasi-B*-I-normal.

ProOOF. Let A and B be disjoint m-closed sets of Y. Since f is m-m-closed
injection, f(A) and f(B) are disjoint 7-closed sets of Y. By quasi-8*-I-normality of
Y, there exist disjoint I4g+-open sets U and V such that f(A) C U and f(B) C
V. Since f is I;4p+-irresolute, then f~}(U) and (V) are disjoint I,45+-open sets
such that A C f71(U) and B C f~}(V). Therefore X is quasi-3*-I-normal.

THEOREM 4.6. Let (X, 7, I) be an ideal topological space where I is codense.
Then X is quasi-B8*-I-normal if and only if it is quasi-B-normal.
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