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Construction solutions differential operator type
Sturm-Liouvulle border task with linear delay

Ismet Kalco

ABsTRACT. In this paper we construct the solution and the characteristic
function of the boundary task generated a linear differential equation with
delay, then establishes an important relation between the potential q on the
segment [£1, 7| and the so-called transitional function § on the segment [-,
7]. The obtained result opens the possibility of a solution of the inverse task.

1. Introduction

This work is dedicated to establishing a relation between the potential and the
so-called transitional function ¢ spectral assignment of the following type

"

(L.1) -y (@) +q(@)y(@—7(2) =y (2)
(1.2) y(@x—7(x) =0z <7(z)
(1.3) y' (0) = hy(0)=0

(1.4) y () +Hy(r)=0 h,H<ER

Suppose that ¢ € L2[0, 7] and ¢ satisfies Dirihleove conditions. Moreover, let 7 () =
azx+B,a,8 € RT and a < 1. Function v (z) = 2 — 7 (z) = (1 — ) x — 3 is strictly
increasing, because 7' () = 1 — o > 0. Its inverse function is

1 B
71 = 1 71 = =
7 W) =gyt o toapplie v (0) &1
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The condition (1.2) is met at intervals [0, &) . Limit ourselves to the case h = H =
oo. Then from (1.1) and (1.3) we obtain an integral equation

1 T
(L.5) y(x,2) =sin za + ;/ q(t1)sin z(z—t))y (ty — 7 (t1), 2) dty, 2% = A
0

Solution task (1.1 - 1.3) is dedicated to the monograph [3].

2. Solution task (1.1, 1.2, 1.3)
For x € [0,&;] from (1.5) we obtain
y(x,2) = sin zx

At intervals (&1, 7] equation (1.5) becomes
1 xr

(2.1) y(z,2) =sin zz + f/ q(t1)sin z(z—t1)y (t1 — 7 (1), 2) dt1, 2> = X
z 1

LEMMA 2.1. There kg € Ng such that valid
fkn <Ts fko+1a gl ( )

ProoF. If == > 7 then kg = 0 so there is nothing to prove. Suppose that
<

&=7"1(0) = &
=~710) =~ (v (0)) ,1 =2,3,... For | = 2 we obtain

ol B \Y_ B B
&= (51)—v1(1_a>—(1_a)2+1_a

Following the procedure of construction members a number zi; we get

1
1+ +“'+Ll—1
-« (1-a)

L
L . Construct a series of

i (1
Because of 0 < o < 1 is valid ﬁ > 1 and geometric series

o0

1
E ﬁ diverges toward + oo.
l-«a
k=0

Therefore there is the slightest kg € Ny such that valid &g,+1 > 7 while &, < 7. O

Result of 1:

ko
() (&, = (&1, &) U (ko 7]
=2

On the basis of (*) is the solution of integral equation (2.1) is constructed using
variable step at a distance (§_1, &
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Let us introduce the following functions

a2 (z,2) = / q (t1)sin z(x—t1) sin 2y (1) dty

x
Agl+1 (LL’,Z) = / q(tl)Sin Z(w_tl)asl ('7 (tl) 7Z) dtlal = 17k0
&

LEMMA 2.2, Solution y,(z,z) at o distance (§-1, &) 1 =1,ko—1 is given with
1

1
(2.2) y; (x, 2) = sin za + E — skt (T, 2)
z
k=1

The proof is carried out using mathematical induction. For illustration writ
solution for | = 2.

1 x
Yo (z,2) = sin zz + 7/ q (t1) sin z(xz—t1)sin 27y (t1) dt1+
3!

1 x ’Y(tl)
Jr; / q (t1)sin z(x—ty) / q (t2)sin z(7y (t1) — t2) sin z7y (t2) dtadty
2

1

At the final interval (§ky, 7] C (Eky, Ero+1] solution has the form
ko

. 1
(2.3) Yo (T, 2) = sin zz + ~ a2 (x,2) + ;_2 R skt (2, 2)

Note 1: In [13] has observed the case of a linear delay with a view to construc-
tion of asymptotic eigenvalues.
3. Characteristic functions

Putting © = 7 and using the boundary condition y(w,z) = 0 we obtain the
characteristic function F'(z) = y(m, 2), z € C, the operator L.

Thus,
1 o
(3.1) F(z) =sinmz + ~ s (m,2) + ];2 ok Qs (m,2)

The function F' is the entire function of exponential type with apparent singularity
at zero.
In fact sheet, lim,_,q F'(z) = 0.

sin z(m — 1) sin z(t, — 7(t1)) = %[cos z(m— 2ty + 7(t1) — cos z(m — 7(t1))],

we have,

s s

ag2(m z) = %/q(tl)cos z(m— 2ty + 7(t1))dtr — %/q(tl)cos 2(m —7(t1))dt; =
&1 &1
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T ™

1 1
§/q(t1) cos z(m + (o — 2)t; + B)dt; — §/q(t1) cos z(m — aty — B)dty
&1 &1
We put
do
01 :7T+26+(Oé—2)t1, dt; = ——
a—2
Respectively 07 = 7 — aty — Bdt, = —%th € [&1,7]
Then apply
T 8—0 B B—0
T+ 0 — =0 —
ag(m, z) = 3 / 5 QQ( 5 ) cos z0df — 3 / aq(T)COb z0do
—(m) y(m)

Defines the so-called transitional function ¢ as follows
90, 0 € [—m,—y(m)) U (7 — &, 7
3.2) §= ) ﬁq(“ﬁ;g), 0 € [—y(m), (7]
22 q(F50) - 29(FE=0), b€ (y(m), 7 — &

From (3.2) we see that the known potential ¢ on the segment [§1, 7] and the known
delay 7(z) = ax + 8, & = % unambiguously defines the transition function ¢
the segment [—m, 7).

In fact, given the delay means knowing the function (z), and are known and
numbers —y(7) i (7).

Ask the reverse question: whether a given transition function ¢ well-defined
potential g ?

Parameters 1, =7(7), a1 8 we believe to be famous. For the purpose of answer-
ing this question, we perform a partition segments &1, 7] i [—y(7), m — &1] in accor-
dance with the nature of the mapping exercise that function 6, = 7+ 8 — (2 — a)t;
odnosno t; = % .

Function 0y : [§1, 7] = [—y(7), ™ — & ] is strictly decreasing. At the same time
function 07 =7 — 8 — aty : [&1, 7] = [y(7), 7 — &] is also strictly decreasing. We
put 6 = 2B+an

2—«a

Then we have 0, ([61,7]) = [—y(7), (7))

2
9?([(51,71'}) = [7(7)3771]7 m = 0{(61) =m—p- W

Let do =, no = (). Next 01(32) = n1, 07( d2) = n2

In the general case
01(6k) = nk—1, 07(0k) = mek € No

Provide value first few members of the series dy :
46 + o7 85 — 4af + o’ + 2a%w
0= -5, 03= 3
(2—-a) (2—a)

3
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165 — 1608 + a*m + 2027 5o 326 — 48aB — 8a’m 4 32a%7 + 2ot T + o1
2 —a) e 2-a)
By induction we prove the relation

5y =

o —& = aik’Y(W)
(2— ’1(}%0

o)

T—& — Nk = WV(W), ke N

On the basis of (3.3) we can write
(3-4) &, m) = (J 6k, 6e-1], br(m),m = &) = [ -1, me]
k=1 k=1

From (3.2) follows
(3-4) q(t) = 2= )q (01) = 2= )q (7 + B = (2= a)tr), t1 € [01, 0]

Thus, the segment [01, 7]= [01,do] potential ¢ is uniquely determined by the tran-
sitional function ¢ on the segment [y(7), no]. For t; € [d2,d1) we have 61 € (no, m]

and the equality
~ 2—a .. .. —26+(2—-a)t
(BAY ()= (2 a)q () + 2=Cqty), ¢ = —22ECZI s s

The value of ¢ at a distance 01, dg) known from (3.4’), and ¢ (1) is given in advance,
so by using the function ¢ (3.4") and the well defined [d2, d1)

Completely analogous to continue the process of construction of the potential ¢
on each interval [0x11, %),k € N on the basis of the known potential at a distance
[5k7 5;(_1), ke N.

This result means that the task of solving the inverse observed equation boils
down to determining the transitional function operator.

(67

Note 2: In [11] and [12] used the transition functions for solving inverse tasks
in homogeneous delay that is the corrected argument ax, 0 < a < 1.
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