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ABSTRACT. Let G = (V, E) be a graph, D C V and u be any vertex in D.
Then the out degree of u with respect to D denoted by od, (u), is defined as
ody (u) = |[N(u) N (V — D)|. A subset D C V(QG) is called a near equitable
dominating set of G if for every v € V — D there exists a vertex u € D
such that v is adjacent to v and |od, (u) — ody, _, (v)| < 1. A near equitable
dominating set D is said to be a connected near equitable dominating set if
the subgraph (D) induced by D is connected. The minimum of the cardinality
of a connected near equitable dominating set of G is called the connected
near equitable domination number and is denoted by 7ene(G). In this paper
results involving this parameter are found, bounds for vcne(G) are obtained.
Connected near equitable domatic partition in a graph G is studied.

1. Introduction

By a graph G = (V, E) we mean a finite, undirected graph with neither loops
nor multiple edges. The order and size of G are denoted by n and m, respectively.
For graph theoretic terminology we refer to Chartrand and Lesnaik [3].

Let G = (V,E) be a graph and let v € V. The open neighborhood and the
closed neighborhood of v are denoted by N(v) = {u € V : wv € E} and N[v] =
N(v) U {v}, respectively. If S CV then N(S) = UyesN(v) and N[S] = N(S)U S.

A subset S of V' is called a dominating set if N[S] = V. The minimum (maxi-
mum) cardinality of a minimal dominating set of G is called the domination number
(upper domination number) of G and is denoted by v(G) (I'(G)). An excellent treat-
ment of the fundamentals of domination is given in the book by Haynes et al. [5].
A survey of several advanced topics in domination is given in the book edited by
Haynes et al. [6]. Various types of domination have been defined and studied by
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several authors and more than 75 models of domination are listed in the appendix
of Haynes et al. [5]. Sampathkumar and Walikar [8] introduced the concept of
connected domination in graphs. A dominating set D of a connected graph G is
called a connected dominating set if the induced subgraph (D) is connected. The
minimum cardinality of a connected dominating set of G is called the connected
domination number of G and is denoted by ~.(G).

A double star is the tree obtained from two disjoint stars K, , and K., by
connecting their centers.

A subset D of V(G) is called an equitable dominating set if for every v € V—D
there exists a vertex u € D such that wv € E(G) and |d(u) — d(v)] < 1. The
minimum cardinality of such an equitable dominating set is denoted by v, and is
called the equitable domination number of G. A vertex u € V is said to be degree
equitable with a vertex v € V if |d(u) — d(v)| < 1. If D is an equitable dominating
set then any super set of D is an equitable dominating set [9].

Equitable domination has interesting application in the context of social net-
works. In a network, nodes with nearly equal capacity may interact with each other
in a better way. In the society persons with nearly equal status, tend to be friendly.

Let D C V(G) and u be any vertex in D. The out degree of u with respect to
D denoted by od,, (u), is defined as od, (u) = |[N(u) N (V — D)|. D is called a near
equitable dominating set of G if for every v € V' — D there exists a vertex u € D such
that u is adjacent to v and |od, (u) — od,,_, (v)| < 1. The minimum cardinality of
such a dominating set is denoted by v,. and is called the near equitable domination
number of G. A partition P = {V1, V5, ..., Vi} of a vertex set V(G) of a graph is
called near equitable domatic partition of G if V; is near equitable dominating set
for every 1 < ¢ < [. The near equitable domatic number of GG is the maximum
cardinality of near equitable domatic partition of G and denoted by dp.(G)[1].

For a near equitable dominating set D of G it is natural to look at how
connected D behaves. For example, for the cycle Cs = (v, v2,v3,v4, V5, Vg, V1),
S1 = {v1,v4} and Sz = {v1, v2,v3,v4} are near equitable dominating sets, S; is not
connected and Sy is connected.

In this paper, we introduce the concept of a connected near equitable domi-
nation to initiate a study of a connected near equitable domination number and a
connected near equitable domatic number.

We need the following to prove main results.

LEMMA 1.1. ([7]) For any connected graph G of order n with maximum degree
A

7

i
A+1-7

where | x| denotes the greatest integer not exceeding x.

’702'_

DEFINITION 1.1. ([1]) Let G = (V, E) be a graph and D be a near equitable
dominating set of G. Then u € D is a near equitable pendant vertex if od, (u) = 1.
A set D is called a near equitable pendant set if every vertex in D is an equitable
pendant vertex.
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THEOREM 1.1. ([1]) Let T be a wounded spider obtained from the star Ki ,—1,
n = 5 by subdividing m edges exactly once. Then

n, ifm=n—1;
Yne(T) =< n—1, ifm=n—2;
n—2, ifm<n—3.

2. Connected Near Equitable Domination In Graphs

DEFINITION 2.1. A near equitable dominating set D of a graph G is said to
be a connected near equitable dominating set if the subgraph (D) induced by D
is connected. The minimum of the cardinalities of a connected near equitable
dominating sets of G is called the connected near equitable domination number
and is denoted by Yene(G).

OBSERVATION 2.1. For any connected graph G, ¥(G) < Yne(G) < Yene(G).
OBSERVATION 2.2. For any connected graph G, v.(G) < Yene(G).

OBSERVATION 2.3. For any connected graph G, vene(G) = 1 if and only if
Yne(G) = 1.

PROPOSITION 2.1. A connected near equitable dominating set exists for a graph
G if and only if G is connected.

OBSERVATION 2.4. There exist graphs for which the four parameters v(G),
Ye(G), Yne(G) and Yene(G) are distinct. For graph G given in Fig.1, we have
Y(G) =4, 7.(G) =8, Tne(G) =12 and Yene(G) = 14.

3 2

19

18

17

Fig 1

We now proceed to compute Yene(G) for some standard graphs. It can be easily
verified that

(1) For any path P, n 2 3, Yene(Pn) = Ye(P,) = n — 2.

(2) For any cycle Cp, Yene(Cn) = 7(Cr) =n — 2.
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(3) For any complete graph K, Yene(Kn) = Yne(Kn) = | 5], where |z] is a
greatest integer not exceeding .

(4) For any star Ki 5, Yene(K1,n) = Yne(HK1,n) =n — 1.

(5) For the double star Sy, n,

2, ifn,m<2;
n+m-—2, ifnm>2andnorm=>3.

’YCne(Sn,m) = ’Vne(Sn,m) = {

(6) For the complete bipartite graph K, ,, with 1 < m < n, we have

m—1, ifn=mandm>3;
’Vcne(Kn,m) = ’Yne(Kn,m) = m, ifn—-m=1 ;
n—1, ifn-m2>=>2.
(7) For the wheel W,, on n vertices,
n—1
3

’che(Wn) = ’Vne(Wn) = ’V 1 +1

THEOREM 2.1. Let T be a wounded spider obtained from the star Ki 1, n > 5
by subdividing m edges exactly once. Then

n, ifm=n—1;
7cne(T) :fYne(T) = nf]-a me:n72;
n—2, ifm<n—3.

PROOF. Proof follows from Theorem 1.3 O

A vertex of a graph is said to be pendant if its neighborhood contains exactly
one vertex. The vertex which is adjacent to the pendant vertex is called support
vertex.

THEOREM 2.2. Let T be a tree in which every non-pendant vertex is either a
support or adjacent to a support and every non- pendant vertexr which is support is
adjacent to two pendant vertices. Then Yene(T) = Yne(T) = ve(T).

PROOF. Let D denote set of all non-pendant vertices of T. Clearly, D is a
~e-set. Since the out degree of any vertex of D is at most two, it follows that D
is a Ype-set. Since the induced subgraph (D) is connected, D a connected near
equitable dominating set. Therefore Yene(T) < Yne(T). But by Observation 2.1,
Yne(T) € Yene(T). Hence Vene(T) = Yne(T). Since D is a v.-set, it follows that
Yene(T) < 7.(T). But by Observation 2.2, v.(T) < Yene(T). Hence Yene(T) =
Ye(T). Thus Yene(T) = Yne(T) = 7.(T). O

THEOREM 2.3. Let G be a connected graph such that G = P,, or G = C),. Then
’)/cne(G) = ’)/ne(G) Zf and only ZfTL < 4.

COROLLARY 2.1. For any connected graph G of order n, n < 4, Yene(G) =
Yne(G).
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THEOREM 2.4. For any tree T with each support verter adjacent to at least
two pendant vertices, Vene(T) = Yne(T) if and only if every non-pendant vertex is
either a support or adjacent to a support.

PROOF. Let T be a tree, and let D be a ype-set. Suppose Yene(T) = Yne(T),
then D contains no isolated vertex. Since Yene(T) = Yne(T) and each support
vertex is adjacent to at least two pendant vertices, it follows that D contains all
non-pendant vertices. Therefore every non-pendant vertex is either a support or
adjacent to a support.

Conversely, the converse follows by Theorem 2.2. O

We now proceed to obtain a characterization of trees for which vene(T) =
Yne(T)-

THEOREM 2.5. For any tree T, Yene(T) = Yne(T) if and only if T = P,, n < 4
or every non-pendant vertex of T is either a support or adjacent to a support and
each support vertex is adjacent to at least two pendant vertices.

A graph is said to be complete if the path length between any two distinct
vertices is 1. Analogous to this definition we can define the near equitably complete
graph as follows.

DEFINITION 2.2. A graph G is called a near equitably complete graph if for
any near equitable dominating set D of G, |od, (u) — od,,_, (v)| < 1, for all u € D,
and v € V — D. Further, if the subgraph (D) induced by D is connected, then G
is called a connected near equitably complete graph.

ExXAMPLE 2.1. The standard graphs P,, C,, K,, and K,, ,, are near equitably
complete and connected near equitably complete. But in the graph in view of Fig
2, D = {v1,v4,v6} is a near equitable dominating set and Dy = {veo,vs3,v6} is a
connected near equitable dominating set. with respect to D and D1, this graph is
neither near equitably complete nor connected near equitably complete.

U1 (%rd

V2 Vg

V4 V3 Vs

Fig 2
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A vertex in a graph G having no edge incident on it is called an isolated vertex
and the set of all isolated vertices of G is denoted by I;. Analogously, we can define
the isolated near equitable vertex as follows.

DEFINITION 2.3. Let G be a graph and let D be a near equitable dominating
set. u € D is called an isolated near equitable vertex if |od, (u) — od,,_, (v)| = 2,
for every vertex v € V — D. I,.(D) be the set of all isolated near equitable vertices
of D.

EXAMPLE 2.2. The center of wheel W,,, n > 8 is an isolated near equitable
vertex, with respect to any near equitable dominating set of W,,.

PROPOSITION 2.2. Let G be a graph, and let D be a near equitable dominating
set. Then Is C I,e C D if and only if for every vertexv € V. — D, od,,_,(v) = 2.

PrOOF. Let D be a near equitable dominating set. Suppose for every vertex
veV—=D,od, ,(v)>2,then any isolated vertex of G is an isolated near equitable
vertex. Therefor I, C I,. C D.

The converse is obvious. O

PROPOSITION 2.3. A near equitably complete graph G contains no isolated near
equitable vertex.

REMARK 2.1. The converse of above Proposition is not true. The graph in
view of Fig 2 is neither near equitably complete nor contains isolated near equitable
vertex.

PROPOSITION 2.4. Let G be a connected graph such that the connected near
equitable dominating set is a connected near equitable pendant dominating set. Then
G is a connected near equitably complete.

THEOREM 2.6. A tree is connected near equitably complete.

PROOF. Let T be a tree and let D be a connected near equitable dominating
set of T', then every vertex u € D and v € V — D, od,(u) < 2 and od,, ,(v) =
1. Therefore |od,(u) — od,_,(v)] < 1. Hence T is a near connected equitably
complete. O

COROLLARY 2.2. A tree need not be near equitably complete, in view of Fig 3.



CONNECTED NEAR EQUITABLE DOMINATION IN GRAPHS 145

U1 V2

Vg
U3

vr Vg6 Us Vg Vg

Fig 3

D = {vg,v3,v6,vs} is a near equitable dominating set and Dy = {vq, v3, U5, Vs, Vs }
is a connected near equitable dominating set. The graph in Fig 3 is a connected
near equitably complete but is not near equitably complete.

DEFINITION 2.4. Let G be a graph. Then the near equitable dominating set D
of G is called a 1- near equitable dominating set if for any v € V — D there exists
exactly one vertex u € D such that u is adjacent to v and |od, (u) —od,,_,, (v)] < 1.

EXAMPLE 2.3. A near equitable dominating set D of [K5, [ > 1 is a 1- near
equitable dominating set.

PROPOSITION 2.5. A connected near equitable dominating set of a tree is a 1-
near equitable dominating set.

PROPOSITION 2.6. A near equitable dominating set of a near equitably complete
graph G is not a 1- near equitable dominating set.

3. Bounds
In this section, we present sharp bounds for vepe(G).

THEOREM 3.1. Let G be a connected graph of order n, n = 3. Then vene(G) <
n—2.

ProOOF. It is enough to show that for any minimum connected near equitable
dominating set D of G, |V — D| > 2. Since G is a connected graph, it follows that
d(G) = 1. Suppose v € V — D and is adjacent to u € D. Since od,, _,,(v) > 1, then
od, (u) > 2. Hence the Theorem. O

The bound is sharp for Kj ,,.

THEOREM 3.2. For any connected graph G of order n with mazimum degree

A,
n
— | < <n-—2.
|_A+1J\70ne(G)\n 2
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PROOF. Proof follows from Observation 2.2, Lemma 1.2 and Theorem 3.1. [J

The bound is sharp for Ps.
THEOREM 3.3. For any graph G, Yene(G) < 2m — n.

PROOF. Let G be any (n,m) graph. Then by Theorem 3.1, Vene(G) <n—2 =
2(n—1) —n < 2m —n. O

THEOREM 3.4. For any tree T, vene(T) = n — e, where e is the number of
pendant verter.

PROOF. Let D be a vene-set of T, then D contains all a non-pendant vertices
of T and all a pendant vertices except two for each support vertex. Therefore
Yene(T) 2 n —e. O

COROLLARY 3.1. For any tree T, Yene(T) = n — e if and only if any support
vertex is adjacent to at most two pendant vertices.

4. Connected Near Equitable Domatic Number

The maximum order of a partition of the vertex set V of a graph G into
dominating sets is called the domatic number of G and is denoted by d(G). For a
survey of results on domatic number and their variants we refer to Zelinka [10]. In
this section we present a few basic results on the connected near equitable domatic
number of a graph.

DEFINITION 4.1. Let G be a connected. A connected near equitable domatic
partition of G is a partition {V1, V4, ..., Vi } of V(G) in which each V; is a connected
near equitable dominating set of G. The maximum order of a connected near
equitable domatic partition of G is called the connected near equitable domatic
number of G and is denoted by depe(G).

ExaMmpLE 4.1. {{1,2}, {3,4}} is a connected near equitable domatic partition

of G.
1 P

Fig 4
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We now proceed to compute dep,.(G) for some standard graphs. It can be easily
verified that

(1) For any complete graph K, n > 4, depe(Ky) = dpe(Kp) = 2.
(2) For any cycle Cy,, n > 5, path P, and star K3 ,, we have

dcne(Cn) = dcne(Pn) = dcne(KI,n) =1

(3) For the complete bipartite graph K, ,,, we have

2, ifjn—m|<2;

dene(Kn,m) = dne(Knm) = { L, if [n—m| =3, n,m > 2.

)

It is obvious that any partition of V' into connected near equitable dominating
sets is also a partition of V' into connected dominating set, and thus we obtain the
obvious bound dene(G) < do(G). Furthermore, the difference d.(G) — dene(G) can
be arbitrarily large in a graph G as for the complete graph K,, n > 4. It can be
easily checked that dep.(K,) = 2, while d.(K,) = n.

THEOREM 4.1. For any graph G, depe(G) < dne(G) < d(G).

PRrROOF. Let G = (V, E) be a graph. Since any partition of V into connected
near equitable dominating sets is also a partition of V' into near equitable dominat-
ing set and any partition of V' into near equitable dominating sets is also a partition
of V into dominating sets, it follows that, dene(G) < dne(G) < d(G). O

REMARK 4.1. Let v € V(G) and deg(v) = 0. Since any connected near
equitable dominating set of G must contain either v or a neighbour of v and

dene(G) < do(G), it follows that de,.(G) < §(G).

REMARK 4.2. Since every member of any connected near equitable domatic
partition of a graph G on n vertices has at least y.n.(G) vertices, it follows that
dene(G) < %(G) This inequality can be strict for Cjy.

THEOREM 4.2. For any connected graph G of order n, den.(G) < §

PROOF. Let G be a connected graph of order n, n > 2. If depe(G) = 1, then
dene(G) < 5. If Yene(G) > 2, by Remark 4.2, depe(G) < 5. O

THEOREM 4.3. For any connected graph G of order n, n > 3,
"che(G) + dcne(G) < n—+ 5(G) —2

PROOF. Since dene(G) < do(G) < 0(G), then by Theorem 3.1,
"che(G) + dcne(G) < n—+ 5(G) —2

The bound is sharp for Kj .



148 SAHAL AND MATHAD

References

[1] Ali Sahal and Veena Mathad, On near equitable domination in graphs, Opuscula Mathematica,
communicated.

[2] A. Anitha, S. Arumugam and Mustapha Chellali, Equitable domination in graphs, Discrete
Math. Algorithm. Appl., 3(3)(2011), 311-321.

[3] G. Chartrand and L. Lesnaik, Graphs and Digraphs, Chapman and Hall. CRC, 4th edition,
2005.

[4] F. Harary and T.W Haynes, Double domination in graphs, Ars Combin, 55(2000), 201-213.

[5] T.W. Haynes, S.T. Hedetniemi and P.J. Slater, Fundamentals of domination in graphs, Taylor
and Francis, New York, 1998.

[6] T.W. Haynes, S.T. Hedetniemi and P.J. Slater, Domination in graphs, Advanced Topics,
Marcel Dekker, New York, 1998.

[7] S.T. Hedetniemi and R. Laskar, Connected domination in graphs, In B. Bollobas (ed.) Graph
Theory and Combinatorics. Academic Press, London, 1984. (pp. 209-217).

[8] E. Sampathkumar and H.B. Walikar, The connected domination number of a graph, J. Math.
Phys. Sci, 13(1979), 607-613.

[9] Venkatasubramanian Swaminathan and Kuppusamy Markandan Dharmalingam, Degree equi-
table domination on graphs, Kragujevac J. Math, 35(1)(2011), 191-197.

[10] B. Zelinka, Domatic number of graphs and their variants, A survey In: T.W. Haynes, S.T.
Hedetniemi and P.J. Slater (eds.) Domination in graphs, Advanced topics, Marcel Dekker,
1998. (pp.351-378)

Received by editors September 04, 2013; revision version October 19, 2013;
available online October 21, 2013.

DEPARTMENT OF STUDIES IN MATHEMATICS, UNIVERSITY OF MYSORE, MANASAGANGOTRI
MYSORE - 570 006, INDTA
E-mail address: alisah11980@gmail.com, mathad@rediffmail.com



