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APPROXIMATING COMMON FIXED POINTS OF
FINITE FAMILY OF ASYMPTOTICALLY
NONEXPANSIVE NON-SELF MAPPINGS

A. S. Saluja, R. A. Rashwan, and Pankaj Kumar Jhade

ABSTRACT. The aim of this paper is to study the strong convergence of an
implicit iteration process to a common fixed point for a finite family of asymp-
totically nonexpansive nonself mappings in a uniformly convex Banach spaces.

1. Introduction and Preliminaries

Let K be a nonempty closed convex subset of a Banach space E. A self mapping
T : K — K is called asymptotically nonexpansive if there exists a sequence {u,} C
[0,00); wu, — 0 asn — oo such that for all z,y € K, the following inequality holds:

(1.1) [T"z =Tyl < (1 +un)llz—yl Yn=1

T is called uniformly L—Lipschitzian if there exists a constant L > 0 such that for
all z,y € K,

(1.2) [Tz —T"y|| < Lfz =yl Vn=>1

The class of asymptotically nonexpansive maps was introduced by Goebel and Kirk
([9]), as an important generalization of the class of nonexpansive maps, who proved
that if K is a nonempty closed convex subset of a real uniformly convex Banach
space and T is an asymptotically nonexpansive self mapping of K, then T has
a fixed point. Iterative techniques for approximating fixed points of nonexpansive
mappings and asymptotically nonexpansive mappings have been studied by various
authors (See [19, 2, 3, 4, 17, 13, 5, 18, 1]) using the Mann iteration method
(See e.g.[19]) or the Ishikawa iteration method (See e.g. [15]).

In 1978, Bose ([15]) proved that if K is a bounded closed convex nonempty subset of
a uniformly convex Banach space FE satisfying Opial’s ([22]) condition and T": K —
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K is an asymptotically nonexpansive mapping, then the sequence {T"x} converges
weakly to a fixed point of T provided T is asymptotically regular at x € K |
ie. lim, o [|[T"2x — T 12| = 0. Passty ([5]) and also Xu ([7]) proved that the
requirement that 7' satisfies Opial’s condition can be replaced by the condition
that F has a Frechet differentiable norm. Furthermore, Tan and Xu ([10, 11])
later proved that the asymptotic regularity of T' can be weakend to the weakly
asymptotic regularity of T at x i.e. w — lim, (T2 — T"z) = 0.

In all the above results, the operator T remains a self mapping of a nonempty closed
convex subset K of a uniformly convex Banach space E. If, however, the domain
of T, D(T) is a proper subset of E, and T maps D(T) into F, then the iteration
process of Mann and Ishikawa studied by these authors.

The purpose of this paper is to construct a multistep iterative scheme with errors for
approximating common fixed point of a finite family of asymptotically nonexpansive
nonself mappings and to prove strong convergence theorems for such maps.

Let K be a nonempty closed convex subset of a real uniformly convex Banach space
E. Then for arbitrary 1 € K , we define the sequence {z,} iteratively as follows:

Ty, = Plopan + By T w0 + vy ty)
28 = Plodz, + B0k + )
Torr =af) = Plada, + BV TRal 7 +yNu)) V>l
where {O"}z}a {O[%}, """ ) {O"rly}a{/grlL}7 {ﬁ%}: T, {55}7{75}7 {77%}7 """
N} are sequences in [0, 1] with of, + 8% ++% =1foralli =1,2,3,------ N and
{uly {u2}, - ,{ulN} are bounded sequences in K.

DEFINITION 1.1. Let E be a real Banach space. A subset K of E is said to be
a retract of F if there exists a continuous map P : E — FE such that Px = z for
all z € K. A map P: E — FE is said to be a retraction if P? = P. It follows that
if a map P is a retraction, then Py = y for all y in the range of P.

Recall that the following:

(1) A mapping T : K — K with F(T) # ¢ is said to satisfy condition (A)
[6] on K if there exists a non decreasing function f : [0,00) — [0, 00)
with f(0) = 0 and f(r) > 0 for all » € (0,00) such that for all z € K,
le —Tx| > f(d(z, F)), where d(z, F(T)) = inf{||z — p|| : p € F(T)}.

(2) A family {T1,T%,------ T, } of N self-mappings on K with F' = ﬂfvzl F(T;)
# ¢ is said to satisfy condition (B) on K if there exists f and d as in (i)
such that

maz iy {llz = T} = f(d(z, F)),

for all z € K.
When 7; = T for all 4 = 1,2,------ N, then condition (B) reduces to
condition (A).
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LEMMA 1.1. ([12]) Let {an}, {Bn} and {r,} be non-negative sequences satisfy-
ing an41 < (L4+rp)an+ 8, , YR eEN. If Y00 1y <00, Yoo Bn < 00, then
lim, o0 an} exist. Moreover, if liminf,, ., a, = 0 then lim,_, a, = 0.

LEMMA 1.2. ([14])

Let p>1 and R > 1 be two fixed numbers and E be a Banach space. Then E
is uniformly convex if and only if there exists a continuous, strictly increasing and
convez function g : [0,00) — [0,00) with g(0) =0 such that

Az + (1= Ny|[” < Mlz]|” + (1 = N][yll” = wp(Ng(llz = yl))

for all z,y € BRr(0) ={z € E: |jz|| < R}, and X € [0, 1], where w,(A) = A(1 — \)”
+AP(1—=N).

2. Main Results

Before proving our main result we shall prove the following crucial lemmas.

LEMMA 2.1. Let E be a real uniformly convexr Banach space and K be a
nonempty closed conver subset which is also a nonexpansive retract of E. Let
T,15,------ ,In : K — K be N asymptotically nonexpansive nonself mappings
with sequences {r’,} such that > - ri < oo, foralll <i < N and F = ﬂf\[:l F(T;)
# ¢. Let {ab}, {BL}, {7} are sequences in [0,1] with of, + B% + 7% = 1 for
alli =1,2,3,-+---- N. From arbitrary x1 € K define the sequence {x,} itera-
tively by (1.3), where {ul} are bounded sequences in K with > >~ ul < oo and

> v < oo. Then

[Zns1 = 2| = llan — 2| < (L 40y Ylln — ™| +d3 7,
for allm > 1, z* € F and for some sequence {d%} for all i = 1,2,3,------ N of
numbers such that Y o di, < oo.

PROOF. Let z* € F, then from (1.3) we get

lzn, — "l = | P(agzn + BpTT @0 + uy) — Pa*||

n—

< apllan — 27| + BollTT @0 — || + plluy — 27
< apllen —a*[ + Ba (L +rp)llwn — 27| + vp lun, — 27|
< oLt rp)llen — o™ + B+ ry)llwn — 2| + v lup — 27|
< (1= Bp) @+ rp)llwn — 2| + B (1 + 1) 2n — ]
+ g — 27|
< (Lt rp)llon — 27|+ ypllun — 27|
< (Lt rp) o — 2% +dy
where d% = 7} ||u), — 2*||. Since Y07 | v} < oo, then > 7 | dY < oo.
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Next we note that,

a2 — 2*|| = | P(adan + BRT5 xy, + vaus) — Pa||
< o |lzn — 2| + B2 T3 ), — || + v |luf — =]
< ajllen — 2|+ BE (L +72) ley, — 2| + 2 [ui — 2|
< ajllen — 2|+ B2+ 1)1+ ) lzn — 2| + dp)]
+ yalluz, — x|
<ol + B2+ r2) A+ rp)lllan — 2| + B2 (1 +72)d),
+ yllug, — x|
<(ah + B2) A+ r2) A+ rp)|wn — 2% + Ba(1 +ri)d,
+ yallug, — x|
(Ut + 1+ rra)llen — 2| + B2 (1 +r2)dy + 5 |lul, — 2

<
< (40 en — 2" +dy

where, d}, = G2(1-+ 12)d3, 1 12 [u2 — o || and BL, = (1} + 2 + r1r2)
Slncezn1n<oo Yoo 2 <00, Yool rh < oo, fori=1,2

n=1"n
and so Y o~ dl < oo, and Y oo, bl < oc.

n=1"n
Izl —2*| < 1+ b5 Y|ap — 2| +d Yu>1, Vi=1,2--N

Thus , [|[2ne1 — 2] = |2 — 2*|| < (1 +bY Y|z, — 2% + dY 1 for all n > 1.
This completes the proof of the lemma. O

REMARK 2.1. If we put P = I (Identity mapping) in Lemma (2.1), then it
generalizes the corresponding lemma of Schu [8] for one mapping. Further, if F' =
N F(Ty) # ¢ and limy, o0 [|27 — Tf@,|| = 0 for all i = 1,2,--- N, then we have

limy, o0 ||Znt1 — Znll = 0.

LEMMA 2.2. Let E be a real uniformly conver Banach space and K be a
nonempty closed convexr subset which is also a nonexpansive retract of E. Let
Ty, T, - ,In : K — K be N uniformly continuous asymptotically nonex-
panswe nonself mappmgs with sequences {rl} such that Y > ri < oo, for all

<N and F = ﬂz L F(T;) # ¢. Let {x,,} be a sequence defined by (1.3) with
Zn:l Vi < oo and {8} C le,1 —¢] for alli = 1,2,---N & for some ¢ € (0,1).
Then ||z, — Tyxn|| =0, for alli=1,2,---N.

PROOF. Let z* € F = ﬂfil F(T;). Then by Lemma (2.1) and Lemma (1.1)

limy, o0 ||&n — @*|| exists. Let lim, oo [|[2n — || = a. If @ = 0, then by the
continuity of each T; the conclusion follows. Now suppose that a > 0. First, we
will show that lim,, o [|[T2n — sl = 0. Since {z,} and {ul} bounded for all

i=1,2,--- N, there exist R > 0 such that z,, — 2* + 7% (v, — x,,), Trai-!—az*+
vi(ul, — ) € Br(0) for all n > 1 and for all i = 1,2,--- N.
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Now using lemma (1.3), we have
Znsr = 2*|* = [lag — 2|2
= ||P (o @n + By Ty ™+ uy) — Pa*||?
= g @n + By Tieary = + v uy — ||
= 18 (T = =™+ (ug = @) + (1= BY)(n — 2"+
T (U *mn))HQ
< B NTRay ™" = 2™+ () — ) |?
+(1- ﬁfbv)llxn — a4y (up — )2
—w2(By)g(|I TRy " — xall)
< By (ITRan ™ 1—1‘ [+ = zal])?
+01- ﬂN)(lll’n — || 4 luy = @)
—wa (B9 (| TRy ™t = xal)
< B (lzn — ™| + div 2l — zall)?
+ (1= B2 ([|ln — fﬂ*ll i 7 [y — @)

—wa (B )g(| TR ™" = wnll)
< (lan — ™| +dy~ 2+7n lun = @all)?
—wa(B)g(I TRz ™" = aal)

(2.1) < (lon =27 ||+Afl’_2) wa(B)g(| TRy ™" = 2al)

where AN =2 = dN=2 4 AN ||ulN — 2, ||
Observe that &2 < ws (BN) Now (2.1) implies that
g(ITRay ™" = wal) < llon — 27| = llonsr — 2™ + 3 >
where pN =2 = 2\N=2 4 ()\N 2)

Since > 07 dN 72 < oo and Y07 N2 < oo, we get Yoo, pN 72 < oo, which im-
plies that
Jim g(|| TRy ™" — @) =0

Since g is strictly increasmg and continuous at 0, it follows that
lim | TRzt -z, =0
n—oo
Since for all N, T is asymptotically nonexpansive, note that
lzn = 2| < llon — TRap ™ + I THay ™ —x*ll

= |lon — TRy~ 1||+(1+T May =t = 27|

foralln > 1
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Thus
a= hm |2n —2*|| < liminf |z ~! — 2*| < limsup ||z ' — 2*|| < a,

and therefore
lim ||z~ —
n— oo

Using the same argument in the proof above, we have

z*|| = a.

e =" = 2| < B THITR a2 = 2™ 4 T = @)
+ (1= B N lwn — 2™+ uy T = )|
—wa (BN g(ITR 123 ™% = wal))
BT lam — 2"l +dy =2+ g ™ = a)?
+ (1= B (lwn = 2™+ d >+ Hug ™t = wa)?
—wa(By (I TRy = — wnll)
< (o — 2™+ dy =2 + 0 Hlup ™t = aa)?
—wa (BN g(ITR 123 ™% = wal))
(2.2) < (lzn =2+ A7) = w2 (B DI TR 12 ™% = wnll)

where AY ™% = d/ = + T u T — |
This implies that

Eg(ITx 123 ™% = zall) <l — 2| = llznss — 2™ + 932,

where plY =3 = 2AN=3 4 (ANV=3)2,
Therefore
N-2

nll)m TN 1z,

— x|l = 0.

Thus we have

2n = Tl < llzn — Thay "l + | They ! = T
<l — Ty~ 1||+(1+7“ My = = |
< lwn = TRy |
+ (L)l ™ e, + By T TRy T T ey T = |
<l — Tiyay |
+ (B TR 12y 2 = @l + 0 g ™t = @]
Since hmn_)oo |TRaN-1 — an = 0 and lim, oo |[TR 122 — 2| = 0 ,also

Yoo Nl <ooand 307 rl < oo, it follows that lim,, o |2, — Tha,|| = 0.
Similarly

lim ||z, — TH_ QxN 3 = hm lxn — Th_ 3xN 4|| =
n— oo n—
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......... = nli—>120 2, — Tz"l"iH =0
This implies that
nh_{go Hxn - T]\lf—lmn” = nh_{go Hxn - TJ%—an” == nh_{go Hxn - T:?ﬂ?nH =0
It remains to show that
lim ||z, — T{'x,|| = 0, lim ||z, — T5z,|| =0
n—oo n— oo

Note that
lzn, = 2*[1* < B (117 wn — 2| + pllun — 2al))®

+ (1= Bo)lzn — 2| + 75 llug, — za)?
—w2(B,)g(|I 17wy — @)

< Brlllzn — 2| + v llug — 2nl])?
+ (1= Ba)llen — 2| + v llup — al)?
— w2 (B)g (|17 20 — wnll)

< (e = 2"+ llug = 2atl)? = w2 (B)g (117 20 — 0]

Thus we have
Eg(ITwn — all) < (lon — 2| + A llug — znl))® — [l2), — 2"

and therefore lim,,_, o ||z, — T{" @, || = 0.
Since

|20 — T3, || + | T3, — T3z, ||

|20 — T3 wy || + (1 +72) |2, — 0|

|20 — Tz || + (1 + ) |lapzn + BAT w0 + yhtty, — |
T

|20 = T3y || + (L4 ) (Bl T1 0 — @l + Yalluy, — za]l],

|20 — 15" x|

<
<
<
<

Which implies that

lim |z, — T3'z,| = 0.
n—oo

Therefore
lim ||z, — T]'x,| =0,
n— oo

for all i =1,2,--- N. On the other hand, by Remark (2.1), it is clear that
nlggo [Znt1 — @n| = 0.

Therefore by Lemma (2.1), we conclude that lim,, o ||, — Ti2,] = 0. O
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THEOREM 2.1. Let E be a real uniformly conver Banach space and K be a
nonempty closed conver subset which is also a nonexrpansive retract of E. Let

T, ,ITn : K = K be N uniformly continuous asymptotically nonexpansive
nonself mappings with sequences {ri} such that y .. ri < oo, for all1 <i < N
and F = ﬂfil F(T;) # ¢. Suppose {T1,Ta,---+-- ,Tn} satisfies condition (B). Let

{z,} be a sequence defined by (1.3) with Y~ | v, < 0o and {85} C [e,1—¢] for all
1=1,2,--- N and for some ¢ € (0,1). Then {x,} converges strongly to a common
fized point of the mappings {T1,To, - - J TN}

PrROOF. From Lemma (2.1) and (1.1), we see that lim,,_, ||z, — =¥ exist for
all z* € F = ﬂf\il F(T;). Let limy, o ||z, — 2*|| = a for all a > 0. Without loss of
generality, if a = 0, then there is nothing to prove. So that we assume that a > 0,
as proved in Lemma (2.1), we have

fewer = 27l = 22 ="l < (14 B llen — 2] + i,
forallm > 1,
where {d!}°, , for all i = 1,2,--- N, is non-negative real sequences such that
S di <ooforalli=1,2,---N.
This gives that

d(xpy1, F) < (1+ 0V "Nd(x,, F) +dY~1 forall
ne N .

Applying Lemma (1.1) to the above inequality, we obtained that lim,,_, o d(x,, F)
exist.

Also by Lemma (2.2) limy, o0 || — T7'2p|| = 0 for all ¢ = 1,2,---N. Since
{T1,To, - , T } satisfies condition (B), we conclude that lim,, o, d(z,, F) = 0.
Next we show that {z,} is a Cauchy sequence.

Since lim,, oo d(zy, F') = 0, then given any € > 0 there exist a natural number ng
such that d(x,, F') < § for all n > no.

So we can find p* € F such that ||z,, —p*[| < §

For all n > ng and m > 1, we have

|Zntm — Znll < | Tnem — 7| + [P — 24|
< [[#ng = 2| + llzne — 27|

<fiio
2 2

This shows that {z,, } is a Cauchy sequence and so is convergent ,since F is complete.
Let limz,, = ¢*. Then ¢* € K.

It remains to show that ¢* € F. Let €1 > 0 be given, then there exists a natural
number n; such that |z, —2*|| < & for all n > n;y. Since lim, o d(2y, F) = 0,
there exists a natural number ny > nq such that , for all n > ngy, we have d(x,,, F') <
< and in particular, we have d(z,,, F') < %-.

Therefore, there exists w* € K such that |z, —w*| <
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For any ¢ € I and n > nsy, we have

ITig" = ¢"[| < ITiq" = w™|| + [lw” — ¢

<
< 2[lg" — w|

< 2(llg" = @, || + lln, —w])
< 2(%1 + %1) <&

This implies that T;q* = ¢*. Hence ¢* € F(T;) for all i € I and so ¢* € F =

ﬂfil F(T;). Thus {z,} converges strongly to a common fixed point of the mappings
{Ty, Ty, T} 0

REMARK 2.2. Theorem (2.1) extend the corresponding result of Su and Qin
[21] to the case of multistep iterative sequences with errors for a finite family of
asymptotically nonexpansive nonself mappings.

REMARK 2.3. Our result also extend the corresponding result of Shahzad [14]
to the case of multistep iterative sequences with errors for a finite family of more
general class of nonexpansive mappings.
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