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EXTERNALLY EQUITABLE COLORING IN GRAPHS

D. Lakshmanaraj and V. Swaminathan

ABSTRACT. Let G = (V, E) be a simple graph. A partition of V(G) into in-
dependent,externally equitable sets is called externally equitable proper color
partition of G or externally equitable proper coloring of G. The minimum
cardinality of an externally equitable proper coloring of G is called exter-
nally equitable chromatic number of G and is denoted by xee(G). Since
IT = {{u1},{u2}, -+ ., {un}} where V(G) = {u1,u2, -+ ,un} is an externally
equitable proper coloring of GG, externally equitable proper color partition ex-
ists in any graph G . In this paper, this new parameter is introduced and
studied.

1. Introduction

The concept of equitability has been widely studied in coloring. A proper
color partition is said to be equitable if the cardinalities of the color classes differ
by at most one. E. Sampathkumar introduced degree equitability in graphs. A
subset S of the vertex set of a graph is said to be degree equitable if the degrees
of any two vertices of S differ by at most one. Arumugam et. al. [2] studied
degree equitable sets and degree equtable proper coloring of vertices of a graph.
K.M.Dharmalingam defined degree equitability and out degree equitability studied
dominating sets which are (i) degree equitable and (ii) out degree equitable. A
subset S of the vertex set V' of a graph G is said to be externally equitable, if for
any z,y € V=38, ||[N(z)nS|—|N(y)NnS|| <1

2. Main Results

DEFINITION 2.1. A partition of V(G) into independent,externally equitable
sets is called externally equitable proper color partition of G or externally equitable
proper coloring of G. The minimum cardinality of an externally equitable proper
coloring of G is called externally equitable chromatic number of G and is denoted
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174 LAKSHMANARAJ AND SWAMINATHAN

by Xee(G). Since I = {{u1},{us}, -+ ,{un}} where V(G) = {u1,ug, -+ ,u,} is an
externally equitable proper coloring of G, externally equitable proper color partition
exists in any graph G .

ILLUSTRATION 2.1.
Uus Ug

(51 U2

us Uy

uy us

{{us, ug, ur,us}, {ur}, {ua}, {us}, {us}} is an externally equitable independent par-
tition of V(G).

REMARK 2.1. Since any y..— partition of G is a proper color partition of G,
X(G) < Xee(G) for any graph G.

2.1. Yee— proper color partition for standard graphs.

OBSERVATION 2.1. (1) Xee(Kp) =n
(2) Xee(Pn) = X(Pn) = 2.
2 if nis even
3 ee Cn == Cn =
(8) xee(Cn) X(C) 3 ifnisodd

(4) Xee(Kl,n) = X(Kl,n) = 2.

n+1 whenn>7
THEOREM 2.1. Xee(Wpi1) =< 4 whenn =3 or b
3 when n =4 or 6

ProOOF. When n = 3, W, = K4 and hence xe.(W4) = 4.
When n =4, Wj is

(5% U2

U4 us
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It is easily seen that {{uy, us}, {uz,us}, {us} is a xee-partition of Ws. Therefore
Xee(WS) =3.

When n =5, Wy is

It is easily seen that {{uy,us}, {uz,us},{us}, {us}} is a xee-partition of Wes.
Therefore xee(Ws) = 4.

When n =6, W7 is

It is easily seen that {{u1,us,us}, {us, us,us}, {ur}} is a xee-partition of Wy.
Therefore Xee(Ws) = 3. Let n > 7. Consider Wy,11. let {uy,us,...,u,} be the
vertices on the cycle of W, 11 and v be the central vertex. In any x..-partition
of Wpi1 , {v} is an element of the partition. Let V) be any other element of
the partition. Then |N(v) N V1| = |V4|. Since for any z € V(W,41) — V1, = #
v, |N(z) N V1| < 2, we get that |Vi| < 3. If V; contains w1, uits3, uitrs, then
IN(u;y7 N V1| = 0. A similar argument shows that |Vi| # 2. Therefore |V4| = 1.

Therefore Yee(Wpt1) =n+ 1. 0
max{r,s} +2 when |r—s| =2
3 hen |r — s| < land r,s > 3
THEOREM 2.2. Xee(Dys) = when |r — s ana T, s
7 2 whenr =2,5s=1 or?2

orr=1,s=1o0ors=2

PrOOF. Case(i): |r—s| > 2. Let r = max{r, s}. Let u,v be the centers of D, ,
and let w1, us, ..., u, be the pendant vertices at u and vy, vs, ..., vs be the pendant
vertices at v. Let m = {V1, Va, ..., V;} be a xce-partition of D, ;. If V; contains two
pendants at u, then any pendant at v not in V; will have no neighbours in V; and
u ¢ V7 has two neighbours in V;, a contradiction. Therefore V; contains all pendant
vertices at v. Suppose V7 does not contain a pendant at u. Then that pendant at
u will have no neighbour in V3, a contradiction since u has two neighbours in V.
Therefore V; contains all pendants at w. Then |[N(u)NVi| =r and |[N(v)NVi| =s
and |r — s| > 2, a contradiction. Therefore, V; cannot contain two pendants at w.
Similarly, Vi cannot contain two pendant at v. Suppose Vi = {u;,v;} where 1 <
i <r,1<j<s. Then V is externally equitable independent. Thus, V; = {u,v1},
Vo = {ug,va}, V3 = {ug,vs}, -, Vs = {us, vs} are elements of any X..-partition of
D, s. The remaining pendants at « and the two centers must appear as singletons
in m. Therefore xce(Dr,s) = max{r,s} + 2.

Case (ii): |[r—s|<landr,s > 3. Let m = {{u1,u2,...,ur,v1,02,...,0s},
{u},{v}}. Then 7 is an externally equitable independent partition of D, ;. There-
fore Xee(Dr,s) < 3. Suppose m = {V1, Va} be a yee-partition of D, ;. Clearly v € V4
and v € V5. Therefore V5 contains all the pendants at v and V; contains all the
pendants at v. Then |N(u;) NVi| =1 and |[N(v) N V1| = r, a contradiction, since
r > 3. Therefore xce(Drs) = 3. Therefore xee(Drs) = 3.

Case(iii): Suppose r =2 and s =1

u
1 us

us Uaq

Dg,l :

U2
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Here m = {{u,v1}, {v,u1,u2}} is a xee-partition of Ds ;. Therefore Xe.(D21) =

Suppose r =2 and s = 2

u
1 us

us Us

DQ 2.

Ug

Then 7 = {{u, v1,va}, {v,u1,u2}} is & xee-partition of D o.
Therefore xee(D22) =2. When r =1, s =1 then xee(D1,1) = Ps and xee(Py) =
2. O

REMARK 2.2. There exists regular graph G such that x..(G) > x(G).

For: let

m = {{ur,vs}, {ug,va}, {us,v5}, {ug,v1}, {us,v2}} is an externally equitable
independent partition of V(G). x(G) = 3, xee(G) = 5, since
G5°(G) =2
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PROPOSITION 2.1. Given any positive integer k there exists a graph G such
that Xee(G) - X(G) =k.

PROOF. Let k > 6. Let G = Dyy. Then Xee(G) = maz{2,k} +2 = k + 2,
X(G) = 2. Therefore xee(G)—X(G) = k. x(D3.4) = 2 and Xee(Ds3,4) = 3. Therefore
Xee(G) = X(G) = 1. O

X(G) = 47 Xce(G) = 6. Therefore XGG(G) — X(G) = 2.

U7
([
Uy
Uz
Ue
G

us us

Ugq

X(G) =4, Xee(G) = 7. Therefore x..(G) — x(G) = 3.
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Uz
us
U1
U2
Ug
G:
Uus U3
Uy
X(G) =4, xee(G) = 8. Therefore yeo(G) — x(G) = 4.
Uz
ug
(5% Uug
U2
Ug
G:
us U3
Ugq

X(G) =4, Xee(G) = 9. Therefore xe.(G) — x(G) = 5.
THEOREM 2.3. Xeo(G) =1 if and only if G is K,,.

PROOF. Suppose Xce(G) = 1. Then no two vertices of G are adjacent. There-
fore G =K,,. Converse is obvious. O
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THEOREM 2.4. Xeo(G) = 2 if and only if G is bipartite and the degrees of any twol]
elements of the same partition differ by at most one.

PROOF. Suppose Xeo(G) = 2. Then V(G) = X U Y where X and Y are
independent and any two vertices of X have almost equal number of neighbors in
Y and vice versa .(that is, for every u,v € X, [|[N(u)NY|—|N@®)NY| <1 and
for every u,v € Y, |[N(u) N X| — |N(v) N X|| < 1). The converse is obvious. O

EXAMPLE 2.1.
U1

Ug U2

Uu,
Us 3

Ug

G is a bipartite Graph. Therefore x(G) = 2. But x..(G) = 3 and the color classes
are {{uy, uz}, {v1,vs,va,v5}, {va, vt}

W < Xee(G) <n-— SE(G) + 1.

PROOF. Let xee(G) = k. Let m be a partition of V(G) into k externally
equitable independent sets Vi, Va, - -+, V. Then |V;| < 55¢(G) \/ 1,1 <i<k.

n= V1| + |Va| + |V5| + -+ - 4+ |Vi| < kB5¢(G). Therefore 7@ S k- Let S be
a Bg° - set of G. Let m = {S,{v1},{v2},...,{ve}} where
V-8 = {v,va,...,0} and t = n — S§¢(G). Then 7 is an externally equitable
independent partition of G. Therefore x..(G) < n — B§°(G) + 1. O

THEOREM 2.5.

PROPOSITION 2.2. Let S be any externally equitable mdependent set of Cr. Let
V(Cn) = {u1,us,us,...,u,} and V(CF) = {uhug,u;z,,.. gy Uy Uy, Usg,s - Uy }
where u is the pendant vertex of C,% adjacent with u;, 1 < i < n.Then S cannot
contain any pair of vertices of the form w;,u;y2, 1 <i < n (i + 2 taken mod n).

PROOF. Suppose u;, uijt2 € S. Then |N(u;1)NS| = 2. Therefore, |N(z)NS| >
1, for every x € V — S. Therefore S is a dominating set of C;. Since S is

independent, u;+1 ¢ S and as S is a dominating set of C;I we get that u; 41 €S
Therefore |N(u;+1) N S| = 3. Hence |[N(z)NS| > 2, for every x € V — S. Since
V — S contains pendant vertices, this is not possible. O

PROPOSITION 2.3. When n = 1,2 (mod 3), Xee(C)T) = 4.
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PROOF. Suppose n = 1 (mod 3). Let m = {V1, V5, V3} be a xc.- partition of
Cr. Let V(C,) = {Ul,UQ, ..., un}. By Proposition 2.2, |[V; NV (C,,)| < 252,

< 3. Therefore Z [V NV (Ch)| <n—1 a contradiction,
i=1

i=3
since V3 U Vo U V3 = V(C,F). Suppose n = 2(mod 3). Arguing as before > lvin

i=1
V(Cy)| € n — 2 a contradiction. Therefore xc.(C;l) > 4, whenn 2 1,2(mod 3). O

PROPOSITION 2.4. Let n = 0 (mod 3). Let Vi be an externally equitable
independent set of C;F. Let V(Cy) = {u1,us,us,...,u,} . Suppose |Vi NV (Cy)| =

n

7 and suppose u; € Vi for some j such that u; ¢ Vi. Then |Vi| = n.

PROOF. Let n 2 0(mod 3). Let without loss of generality w1, uq,...,up—2 € Vi
and uy € V; . Therefore Then |N (u2) n V1| = 2. Therefore, V; is a domlnatlng set
of C;f. Therefore ug, us, ug . . ., u, _1,u, € V; and hence |Vi| = n. O

PROPOSITION 2.5. Let n 22 0(mod 3). Suppose m = {V1,Va, V3} be
a Xee- partition of C;F. Then |V; N V(C’n)| =%, foralli=1,2 and 3.

PRrROOF. Clearly |V;NV(C,)| < 2, foralli= 1,2 and 3. Suppose [VinV(Cy)| <
5. Therefore for some j # 4,1 < j < 3, [V;NV(C,)| > % (since Z |[V;nV(Cy)| =n)
a contradiction. Therefore, |[V; NV (Cy)| = 5, for all i = 1,2 cmd 3.

PROPOSITION 2.6. Let n = 0(mod 3). Then Xe.(C;F) > 3.

PROOF. Suppose Xee(C;F) = 3. Let m = {V1,V2,V3} be a Yee- partition of
Ct.Then |V; NV (Cy)| = %, for all i = 1,2 and 3.Since V; UV, U V3 = V(C;F) for
any j,1 < j < n, u; € V;, for some 7, 1 < i < 3. Suppose u; € Vi. Then by
Lemma 2.32, |V;| = n. Also, there exists u,, ¢ V;, for some r, 1 < 7 < n. Therefore
u, € Vy or V. Therefore by lemma 2.2.32, |Va| = n or |V3| = n. Since V(C;) = 2n,

one of V,, V3 is empty a contradiction. Therefore y..(C;) > 4. O
PROPOSITION 2.7. x..(C;F) < 4.

PROOF. Case(i): Let n = 3k. Then {{u1, us, uy, Uy, g, Ug, - - - , Ugy },
{uz, us,us, ..., uzk—1}, {us, uz, w10, . . ., usk—2,uy }, {ue, ug, u12, - . . , Uzk, ug }} is an
externally equltable independent partltlon of C;F. Therefore, xee(C’ ) < 4.
Case(ii): Let n = 3k 4+ 1. Then {{uy, us, uy, ug, us, g, . - ugkﬂ}
{ua, ug,uo, . ., usk, g}, {us, g, uro, . .., ki }, {us, us, ua1, .. use—1, u; }} is an
externally equitable independent partition of C,'.
Therefore Y. (C;) < 4.
Case(iii): Let n = 3k + 2. Then {u, uq, u;,u;,u;,ug, . ,u;kﬁ},
{ug, ue, ug, .. uz, ug}, {us,ur,ur0, ..., usks1,ug}, {us,us, 11, ..., Uspt2} is an
externally equitable independent partition of C,'.
Therefore xe.(C;) < 4. O
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THEOREM 2.6. Yee(C)F) = 4.

ProoOF. Follows from proposition 2.3 to 2.7.
O

REMARK 2.3. Let G = (V, E) be a simple graph. Let S be an externally
equitable independent set of G and for any u € V — S, [N(u) NS| > 2. Then S is
a dominating set of G. In particular, if [N(u) NS| =7 > 2 then S'isa (r —1)—
dominating set of G.

REMARK 2.4. If S is an externally equitable independent set of G and for
any u € V — S |[N(u) US| > 3 then S does not contain any pendant vertex.
((ie) degg(v) = 2, for any v € V = 5)

OBSERVATION 2.2. Let G and H be two vertex disjoint graphs. Any externally
equitable independent set S of G + H contains either vertices from V(G) or V(H)
and not from both. Also, if S C V(G), then for any v € V(H), |[N(u) N S| = |95].
Hence, |[N(v) N S| =|S| =1 or |S| for any v € V — S. Therefore S is a (|S] — 1)-
dominating set of G. If for any x € V(G) — S, dege(x) < |S| — 2 then S is not an
externally equitable independent set of G + H.

OBSERVATION 2.3. Let G and H be two vertex disjoint graphs. Let S be
an externally equitable independent set of G. Then G is an externally equitable
independent set of GUH if and only if for every z € V-5, |[N(z)US| < 1. Similar
results holds for H also. Also, if S is an externally equitable independent set of
G U H and S is a dominating set of G, then |[N(z)N S| =1, for every x € V — S.

OBSERVATION 2.4. Let G and H be two vertex disjoint graphs. Let S be an
externally equitable independent set of G + H. Then S is an externally equitable
independent set of G if S C V(@) or an externally equitable independent set of H
if S CV(H).

OBSERVATION 2.5. Let m = {57, 52,...,5,} be a xe partition of G.
S1,52,...,5, are externally equitable independent partition of G + H if and only
ifeveryu € S;, 1 <i<r,n—|S;| >degg(u) =2n—|S;| —(r—1).

OBSERVATION 2.6. Let m = {S1,Ss,...,S:} be externally equitable indepen-
dent partition of G+ H. Let 51,55, ...,S, be an externally equitable independent
sets of G and S,y1,Sr+2,...,5;: be externally equitable independent sets of H.
Then m = {51,S5%,...,5,} is an externally equitable independent partition of G
and w3 = {S;41,Srt2,...,5:} be an externally equitable independent partition of
H . Also for every u € S;, 1 <i < r,n—18;] > dega(u) >n—|S;| —(r—1) and
n—|S;| > degu(u) 2n—|S;|—(t—r—1) foreveryue S;, r+1<j<t.

OBSERVATION 2.7. Let m; = {S1,S52,...,5,} be an externally equitable inde-
pendent partition of G and 7 = {S;41,Sr42,...,S5t} is an externally equitable
independent partition of H . Then 7 U my is an externally equitable indepen-
dent partition of G + H if and only if for every i, 1 < i <7 n —|S;| = dege(u) >
n—|S;|—(r—1) for every u € S; and n—|S5;| > degu (v) > n—|S;|—(t—r—1) for every
we S, r+1<j<t. Let k=maxz{|S;],1 <i<r}andl=min{|S;],1<i<r}.
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n—k—(r—1) < degg(u) < n—I, for every u € V(G). Therefore §(G) > n—k—(r—1)
and A(G) <n—1.

ILLUSTRATION 2.2. Consider G = K5 and H = Cys. Let V(K3) = {u1, u2,us}
and V(Cs) = {v1,v2,...vs}. m1 = {{u1}, {uz},{us}} and my = {{v1,v3, v5,v7},
{vo,v4,v6,v8}} are Xee partitions of G and H respectively. Let S1 = {vy,vs,v5,v7}
and So = {ve,v4,v6,v8}. If m Uy is an externally equitable independent partition
of G + H, then S; and Sy are 3 dominating sets of H which is not possible since
A(H) = 2. A similar argument shows that a x.. partition of H cannot contain
an element of cardinality three since any externally equitable independent set of
cardinality three in Cy is not a independent 2-dominating set of Cy. If mo contains
an element of cardinality two then it is not a dominating set of Cg since v(Cg) = 3.
Therefore, every element of 75 is a singleton and hence y..(K3 + Cg) = 11.

OBSERVATION 2.8. X.(G + H) < |[V(G)| + |V(H)| and the upper bound is
sharp as seen in the above example.

OBSERVATION 2.9. Given any positive integer k, there exist graph G and H
such that Xee(G + H) - (Xee(G) + Xee(H)) =k.

PROOF. Case 1: kiseven. Let G = K3 and H = Cog12. Xee(G+H) = 2k+5.
Xee(G) = 3 and Xec(H) = 2. Hence the observation.

Case 2: kis odd. Consider G = K4, H = Dyyop. Xee(G+H) =2k+4+4=
2k + 8, Xee(G) =4, Xee(H) = k+4. Therefore, Xee(G+ H) — (Xee(G) + Xee(H))
k.

o

OBSERVATION 2.10. Let G and H be two vertex disjoint graphs. Let m =
{V1,Va, ...V} and o = {W3, Wy, ....W,.} be Xee- partitions of G and H respec-

tively. Let r; = i N@)NV;}, 1<i<k. Lets; = i N(y)NW;
ively. Let r xeéﬁgﬁwq{ (x)NVi} i et s; zevggg_wg{ (y)NW;}

1<j<<r. Ifr==%kandr, =s; for every i = 1 to k, then {V; U Wy, Vo U
Wa, ..., Vix UW} is an externally equitable independent partition of GU H. Hence
Xee(GUH) < k.

PROPOSITION 2.8. Let G and H be two vertex disjoint graphs. Then
maw{Xee<G)a Xee (H)} < Xee (G U H)

PRrROOF. Let m = {V1,Va,....Vi} be a xee— partition of GU H. Let m =
W NnV(G),VanV(G),...Vi,nV(G)} and 1o = {Vi N V(H), Vo NV (H),....Vu N
V(H)}. Clearly m; and 72 are independent partitions of G and H respectively. Let
z,y € V(G) — (V;NV(G)), 1 < i < k. Therefore z,y € V(G U H) — V;. Therefore
[(N(z)nV;) — (N(y)NV;)| < 1. Since z and y are not adjacent with any vertex of
H,N@z)nV;=N(@x)Nn(V;NV(G)) and N(y)NV; = N(y)N(V;NV(G)). Therefore
IN(z)N(V;NV(G))— N@y)N(V;NV(G))| < 1 for every i, 1 < i < k. Therefore m
is an externally equitable independent partition of G. Similarly 75 is an externally
equitable independent partition of H. Therefore xee(G) < k and xe.(H) < k.
Therefore max{xee(G), Xee(H)} < Xee(GU H). O

REMARK 2.5. The bound is sharp as seen from the following example: Let G =
K5 and H = Cs. V(G) = {uy,uz,us} and V(H) = {v1,v2,...08}. Xee(G) =3 and
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Xee(H) = 2. {{u1,v1,v3,05, 07}, {uz,v2,v4, v6, s}, {us}} is an externally equitable
independent partition of G U H. Therefore x..(G U H) < 3. But xee(GUH) > 3,
Xee(GUH) =3 = max {Xee(G), Xee(H)}.

THEOREM 2.7. Let G and H be two vertex disjoint graphs. Let m1 and o
be two partitions of G and H respectively satisfying the following. Let my =
W, Vo, ...V}, mo = {Wy,Wa, ... W,.}. Any vertex in V(G) —V; is adjacent
with either a or a + 1 vertices of V; 1 < ¢ < k and any vertex in V(H) — W; is
adjacent with either a or a + 1 vertices of W; 1 < i < r. Then Xee(GUH) <
maz{Xee(G); Xee(H)}-

PROOF. Let with out loss of generality k& > r. Consider 7 = {V; U Wy, Vo U
Wa, ..., V.UW,, ..., Vi}. Clearly 7 is an externally equitable independent partition
of GU H. Therefore xeo(GU H) < k = max{xee(G), Xee(H)}. O

REMARK 2.6. Let G and H be two vertex disjoint graphs. Let m; and o
be two partitions of G and H respectively satisfying the following. Let m; =
{V1,Va, ...V}, mo = {W1, Wa, ... W,.}. Any vertex in V(G) — V; is adjacent with
either a or a + 1 vertices of V; 1 < i < k and any vertex in V(H) — W; is adjacent
with either a or a + 1 vertices of W; 1 <4 < r. Then xe.(GU H) < max{k,r}.
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