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A COMMON FIXED POINT THEOREM
IN NON-ARCHIMEDEAN MENGER PM-SPACES

R. A. Rashwan and Shimaa I. Moustafa

ABSTRACT. In this paper we prove a common fixed point theorem for six
compatible self mappings of type (A) in a complete non-Archimedean Menger
PM-space.

1. Introduction and preliminaries

Non-Archimedean probabilistic metric spaces and some topological prelimi-
naries on them were first studied by Isrdtescu and Crivat [7]. Some fixed point
theorems for mappings on non-Archimedean Menger spaces have been proved by
Isratescu [5, 6] as a result of the generalization of some of the results of Sehgal and
Bharucha-Ried [9] and Sherwood [10]. Recently, Cho [2] introduced the notion
of compatible mappings of type (A) in non-Archimedean Menger PM-spaces and
proved a common fixed point theorem for four compatible mappings of type (A) in
a complete non-Archimedean Menger PM-space.

In this paper we prove a unique common fixed point theorem for six compatible
self mappings of type (A) in a complete non-Archimedean Menger PM-space under
new contraction condition.

DEFINITION 1.1. [5, 7] Let X be any any nonempty set and L be the set
of all left-continuous distribution functions. An order pair (z,F) is called a non-
Archimedean probabilistic metric space (briefly, a N. A. PM-space) if F is a map-
ping from X x X to L satisfying the following conditions for all z,y, z € X:

(PM-1): F, (t) =1 foreveryt>0if andonlyif z =y,
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(PM-2): F,,(0) =0,
(PM-3): Fpy=Fy.,
(PM-4): if F, ,(t1) =1 and Fy .(t2) =1, then F, .(t1 +t2) = 1.

DEFINITION 1.2. [8] A T-norm is a function ¢ : [0,1] x [0,1] — [0,1] which
satisfies:

(T1): t(a,1) = a and t(0,0) =0,

(T2): t(a,b) =t(b,a), (commutativity)

(T3): t(c,d) = t(a,b), c = a,d = b, (nondecreasing in each coordinate)
(T4): t(t(a,d),c) =t(a,t(d,c)). (associativity)

DEFINITION 1.3. [7] A non-Archimedean Menger PM-space is an ordered triplet
(X,F,t), where t is a t-norm and (X, F) is a N. A. PM-space satisfying the following
condition:

Fy.(max{ti,ta}) > t(Fy y(t1), Fy - (t2)) for all z,y,z € X and t1,t2 > 0.

DEFINITION 1.4. [2] A N. A. Menger PM-space (X, F,t) is said to be of type
(C)g if there exists a g € Q such that g(F, .(t)) < g(Fy,y(t)) + g(Fy,-(t)) for all
z,y,z € X, t >0, where

0=
{glg : [0,1] — [0, 00), is continuous, strictly decreasing withg(1) = 0andg(0) < co}.

DEFINITION 1.5. [2] A N. A. Menger PM-space (X, F,t) is said to be of type
(D), if there exists a g € Q such that g(t(t1,t2)) < g(t1)+g(t2) for all ¢4, 5 € [0,1].

REMARK 1.1. [2]
(i): If the N. A. Menger PM-space (X, F,t) is of type (D)4 then it is of type
(C)g»
(ii): If (X, F,t)is N. A. Menger PM-space and t(r, 8) = timaz (1, $) = max{r+
s — 1,1}, for all 7,s € [0,1], then (X, F,t) is of type (D), for g € Q and
glt)y=1—t.
Throughout this paper (X, F,t) is a complete N. A. Menger PM-space with a con-
tinuous strictly increasing t-norm. Let ¢ : [0,00) — [0,00) be a function satisfying
the condition
¢ is upper semi-continuous from the right and ¢(t) < ¢ for ¢ > 0. (D)

DEFINITION 1.6. [2] A sequence {z,} in the N. A. Menger PM-space (X, F,t)
converges to a point x in X if and only if for each € > 0, A > 0 there exists M (e, \)
such that g(F,, (€)) < g(1 — ) for all n > M.

DEFINITION 1.7. [2] A sequence {z,} in the N. A. Menger PM-space is a
Cauchy sequence if and only if for each € > 0, A > 0 there exists M (e, \) such that
9(Fy, 2, (€)) < g(l—A) forallm>n> M.

ExAMPLE 1.1. [11] Let X be any set with at least two elements. If we define
Foo(t)=1forallz € X, ¢ > 0and F, ,(t) = {0ift < landlift > 1}, wherez,y € X,
x # vy, then (X, F,t) is the N. A. Menger PM-space with ¢(a, b) = min{a, b}or (a.b).
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LEMMA 1.1. [1] If a function ¢ : [0,00) — [0,00) satisfies the condition (),
then we get
(1): for all t > 0, lim,_ o ¢™(t) = 0, where ¢"(t) is the n-th iteration of

(1),
(ii): if t, is a non-decreasing sequence of real numbers and t,11 < d(t,),
n=1,2,..., then im, oo t, = 0. In particular, if t < ¢(t), for each

t>0, thent=0.

LEMMA 1.2. [2] Let {y,} be a sequence in X such that lim, o F,, .., (t) =1
for each t > 0. If {yn} is not a Cauchy sequence in X, then there exist g > 0,
to > 0 and two sequences {m;} and {n;} of positive integers such that

(i): m; >n; +1 and n; — 00 as i — oo,

(i): Fy,, g, (to) <l—€ and F,, . (to) 21—e€,i=12,....

DEFINITION 1.8. [3] Let A, S : X — X be mappings. A and S are said to be
compatible if
Jim g(Fasq, 54z, (t) =0
for all t > 0, when {z,} is a sequence in X such that lim, o, Az, = lim, . Sz, =
z for some z € X.

Note that commuting and weakly commuting mappings are compatible but the
converse is not true (see, [4]).

DEFINITION 1.9. [2] Let A,S : X — X be mappings. A and S are said to be
compatible of type (A) if
lim g(Fase,,s52,(t) =0 and  lim g(Fsaz, A4z, (t) =0
n—00 n—00

for all t > 0, when {z,,} is a sequence in X such that lim,,_,~, Az, = lim, . Sz, =
z for some z € X.

Now, we give some relations between compatible mappings and compatible
mappings of type (A) in non-Archimedean Menger PM-spaces which appears in

[2].

ProroSITION 1.1. Let A, S : X — X be continuous mappings. If A and S are
compatible , then they are compatible of type (A).

PROPOSITION 1.2. Let A, S : X — X be compatible mappings of type (A). If
one of A and S is continuous, then they are compatible.

ProrosiTION 1.3. Let A,S : X — X be continuous mappings. A and S are
compatible if and only if they are compatible of type (A).

ProPOSITION 1.4. Let A,S : X — X be mappings. If A and S are compatible
of type (A) and Az = Sz for some z € X, then SAz = AAz = ASz = 55z.

PROPOSITION 1.5. Let A, S : X — X be compatible mappings of type (A) and
let {z,} be a sequence in X such that lim, o Az, = lim, . Sz, = z for some
z € X. Then we have the following:
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(1): lim,, 00 ASx,, = Sz if S is continuous at z,
(2): SAz = ASz and Sz = Az if A and S are continuous at z.

2. Main Results

In this section, we prove a common fixed point theorem for six self mappings
in N. A. Menger PM-space.

Let A, B, S, T, L and M be six self mappings on a N. A. Menger PM-space
(X,F,t) with,

(2.1) L(X)CST(X) and  M(X)C AB(X).

Also, there exists g € £ such that:

9(FZ, ary(t) <é(max{g(Fapz,L2(t)g(Fsry ay(t)), %H(FABz,My(t))g(FSTy,Lm(t)%

oz 29 EAmne)oFane (), o(Fsr e )o(Fsryan (0),
1

9(FaBa,12(t)9(Fsy,12(t)), QQ(FABz,JV[y(t))g(FSTy,My(t))z
g(FiBLLa:(t))’ g(FgTy,My(t))7g(FiBI,STy(t))})a

for every x,y € X and t > 0, where ¢ satisfies the condition ®. Then by (2.1),
since L(X) C ST(X), for any zp € X, there exists a point ;7 € X such that
Lxy = STxy. As M(X) C AB(X), for this point z1, we can find 22 € X such that
Mz, = ABxs and so on. Inductively, we can define a sequence {y,} in X such
that

Yon = Lxon = STw2p41

2.3
(2:3) Yon+1 = Mx2,+1 = ABT2y 42, n=0,1,2,...

Before proving our main theorem, we need to prove the following lemma:

LEMMA 2.1. Let A, B, S, T, L and M : X — X be mappings satisfying the
conditions (2.1) and (2.2), then the sequence {y,}, defined by (2.3), such that

lim g(F,, y,...(t) =0  forallt>0

n—oo

is a Cauchy sequence in X .

PROOF. Since g is continuous and g(1) = 0, then lim, o g(Fy, 4, (1)) = 0
implies
limy, o0 Fy, y,., () = 1 for all £ > 0.
By Lemma 1.2, if {y,} is not Cauchy sequence in X, there exists g > 0, tg > 0
and two sequences {m;}, {n;} of positive integers such that

(A): m; >n; +1 and n; — 00 as i — oo;
(B): g(Fy,.. yn, (to)) > g(1 —eo) and g(Fy,, .y, ) <g(l—€0), i=1,2,....
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If we define g(t) = 1 —t for all t € [0, 1], then (X, F,¢) is a N. A. Menger PM-space
of type (D), for any t > tqey-
9(1 = e0) < g(Fy,., ya, (to))
(2.4) S 9 EFy;ym;—1 () + 9(Fy,,., 1y, (t0))
< Q(Fymi,ymrl(tO» +9(1 =€)
Letting ¢ — oo in (2.4), we have:

(2.5) lim g(F,,, s (to)) = 9(1 — €).

n— oo
On the other hand, we have:
g(1 —eo) < Q(Fymi,yni (to))
< Q(Fyni :yn¢+1(t0)) + Q(Fynﬁhymi (to))-
(to)) in (2.6), without loss of generality, assume that

(2.6)

Now, we consider g(£y, ., y..,

both n; and m; are even.
Using (2.2) at & = @y, and y = xp, 41, gets:

(Fg:rm Ma,, 1, (t0)) < d(max{g(Fape,, Lo, (60)9(Fste, 1M, (o)),
39(FABz,,, May, 1 (00)9(FsTa, 11 Lo, (t0)),

39(FaBe,,, Lay, (10)9(FABz,,, Mz, (t0)),

9(FsTan, 1, L2, (10))9(FsTa, 11, Mz, 11 (t0)),

9(FABz,,, L1y, (t0)9(FsTz, 1 ,La., (t0)),

39(FABa ., Mo, 1 (t0))9(FsTa, 41 Mo i1 (t0))s 9(Fips,,. Lo, (o)),

g(FgTﬁn.Jrth,,,Jrl (to)) (FABz,,,Li ST Tn,;+1 (to))}),

9(F g, yir (o) < dmax{g(Fy,, .., (t0))9(Fy,, y., . (t)),

%Q(Fym 1 009 (Fy g, (00))s 39(Fy, 1 ym, (00))9(Fy, 1,11 (0)),
g(Fyn Y (tO))g(Fyn Yng (o)), Q(Fymrhymi (t0)>9<Fyn Y (to))s

39 Fy, -1 gm1 00 9(Fy,, a2 (t0))

92, (1) 9(F2_, (), 9(F2, . (to)}),

Letting ¢ — 0o, we have:

1
}l}rgog( Y Yn,;+1 (tO)) < ¢(ma’x{07 59(1 - GO)Q(]. - 60)707 Oa 070,07079(1 - 60)2})7

(2.7) < dlg(1 - 0)?),

< g((l - 60)2).
Since g € 0, by (2.7) we have

B F ) > (-l
zgr?o Fym WYn; +1(t0) > 1—eo,

(hm Fy,.. yn, (to) < g(1—eo).
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Thus,
(2.8) lim g(F), Yom U, (o)) < g(1 —€p).

i—o0
Letting ¢ — oo in (2.6), substituting by (2.8) gives:
g(1—e) < hm 9( Yy Yn, (o)) + hm g(F, Yni+1,Ym; (to)),
< O + g(l —€),
which is a contradiction. Therefore {y,} is a Cauchy sequence in X. g
THEOREM 2.1. Let (X, F,t) be a complete non-Archimedean Menger PM-space

and A, B, S, T, L and M be mappings from X into itself satisfying the conditions
(2.1), (2.2) and the following:

(i): AB=BA, ST =TS, LB = BL and MT = TM;

(ii): one of the mappings ST, L, AB and M is continuous;

(iii): the pairs {L, AB} and {M,ST} are compatible of type (A).
Then A, B, S, T, L and M have a unique common fixed point in X .

PROOF. Step 1. We show that lim,_,oc g(F)y,, y,.,,(t)) =0 forall t > 0.
In fact, by (2.2) and (2.3), we have:

9 oy, s ) < S(max{g(FaBas, Lao, (1) 9(FSTas 41 Mz (1),
29(FABwan Masnis (0)9(FSTam 41, Lann (1)),
59(FaBrs, Las, (1) 9(FABrs, My (),
9(FsTasn11,La20 (1) 9(F ST 22011, M2, (1)),
(FAszmezn( )) (FST121L+15L51727L (t))7
39(FABan Mz iy ()G (F5T 0, 1 Mz ir (1)),

(FABI%,LIQTL ))s (FSTx2n+1,Mrgn+1())’g(FABIQR,STm2n+1<t))})'
(

(Fy22my2n+1( )) ¢ max{g( Yan—1,Y2n (t))g(Fy2n7y2n+1 (t)))
I F s yznin (0))9(F s o, (1)),

))g(Fyzn 1,y2n+1(t)>7 ( y2n)y2n(t))g(Fy2'rL)y2n+1(t>)’
Yan—1,y2n (£ ))Q(Fyzmyzn( ) Q(Fyzn 17y2n+1(t))g(Fan;y2n+1(t))7
F e ) 0(Fy e (), 9(F 0 (0)D),

(max{g(Fy,, 1,yon (1) F s yon 1 (1)), 0,

a1 ya0 Oy 120 (1) + g(Fy2n7y2n+1 (t))],0,0,
9(F 120 1) + 9(F o o0 (09 (Fyars 20 (1),
9 ), 9(F o ) 9(FF, L (D))

( Y2n—1,Y2n (t

Wl wl= A [N I\D\H Q
QQ A A b
/\ @

A,—

If g(Fyy_ 1 yon (1) < 9(Fysn yania (t) forall n € N and t > 0. Thus,

I(Fp yonss ) < S0 (Farr 1 (0)s 9(Fuzn gznis (1)), 9(F oy (0)3):
Since g(t) < 1 for all ¢ € [0, 1], then

92 (FyZn;y2n+1 (t)) g g(Fan;y2n+1 (t)) g g(FyZQH,yzn+1 (t))
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Therefore, g(szzn,yan(t)) < (b(g(FyQ%“yznﬂ(t))). If we consider a decreasing se-
quence M, = g(FyQQn,y%H(t)), we have Mo,_1 < Ms,, < ¢(Ma,). Therefore, by
Lemma (2.1),

lim My, = lim g(Fy, . () =0 forall ¢t >0.

On the other hand, if g(Fy,,_, 4o, (1)) > 9(Fyay o,y (1)), we have:

IE g o ) < D(9(Fy, 4, (D)),
< H(9(Fy,, (D)),

< (;52"(g(Fy207y1 (t))) = 0asn — oo.

Thus in all cases, we have:

: 2
nhﬂngo 9(Fy,, yansa (t)) =0 forall > 0.
Similarly,
. 2 -
nll)rrgo 9y, 1 yanss () =0 for all £ > 0.
Therefore,

YnsYnt1

lim g(F? (t)) =0 for all ¢t > 0.
n— oo

By Lemma (2.1), {y,} is Cauchy sequence in X. Since X is complete, the sequence
{yn} converges to a point z € X and so the subsequences Lza,, Mxon 1, ABxay,
and STxa,41 of {y,} also converge to the limit z.

Step 2. We show the existence of the common fized point of the six mappings
under consideration at ST be continuous.

Since M and ST are compatible of type (A), then by proposition (1.5),

MST$2n+1, STSTLL‘Qn+1 — STz.

Using (2.2) at & = x9, and y = STx2,11, yields

g(FIQ,mQ,L,MSTwQ,L+1(t)) < ¢(max{g(FABzy,,Lasy (1) 9(FSTST o011, MSTsm i1 (1)),
39(FAB2y MSTa2 1 ()9 (FSTST 010 1 Lra (1)),
29(FABwsn Lasn (1) 9(FABwsw MSTwsnsy (E))
I(FSTST w41, Laon (1)) I(FSTST w41, MSTan 1 (1)),
9(FABzy, Lasy () 9(FSTSTw00 41, Laay (F)),
29(FABwan MSTaam s (1)) 9(FSTST 22,410, MSTa2n 11 (E)):

—~

92 Basn Loan ) 9(Fr870,, 1 MSTran 1 ) 9 FABas, sT5Tws0,, E)1)-

Letting n — oo, we have:

g(Fz2,STz (t)) < ¢(max{07 %.92 (FZ,STZ (t)), 07 07 07 07 0, 07 g(FZQ,STz (t))})7
< H9(FZ gr-(1)))-
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By Lemma (1.1), we have g(FiSTZ( )) =0 forall ¢ > 0, that is, F? o7 (t) =
1 for all ¢ > 0. Therefore, z = STz.
Again by using (2.2) with & = x5, and y = 2, we have:

9(FFay, ai=(1) < ¢(maX{g(FABz2n,Lmn(t))g(FSTz,Mz(t)%%Q(FABan,Mz(t))

9(Fs72 Las, (1)), §Q(FABan,ngn (t)9(FaBws, M= (1)),
(Fs72 L, (1) 9(Fs72,002(1)), 9 (FABs,., Las, (1))
O(Fsre 0, (1), 50(Faras, ars(0)g(Fsror (1),
9(F 2By Laz, 1)) 9(Fdrz ar-(1)), 9(Fi o, s7-(D))})-
Letting n — oo, we have
9(F2 012 (1) < 3(g(FZ 31, (1)))-

Hence, z = Mz. Since M(X) C AB(X), there exists a point w € X such that
Mz=ABw =z. At x = w and y = z in (2.2), we have:

g

g(FEw,Mz(t)) < ¢(max{g(FABw,Lw(t))g(FSTz,Mz(t))a %g(FABw,Mz(t))g(FSTz,Lw(t))a

g(FABw,Lw(t))g(FABw.Mz(t)) 9(Fs1z,w(t)g(Fsr2 (1)),

| —

Q(FABw-,Lw(t))g(FSTz,Lw(t)) 9(Fapwa=(t)g(Fsrzm=(t)),

g(F.iBw Lu)( )) (FgTz Mz(t)) (FABw STz(t))})7
¢(max{0,0,0,0,¢*(Fs,Lw(t)),0,9(FZ 1, (), 0,0}),

(b(g( sz( )))7

which means that Lw = z. Since L and AB are compatible of type (A) and
Lw = ABw = z, by proposition (1.4), Lz = LABw = ABLw = ABz. Again by
using (2.2), we have Lz = z. Therefore, Lz = ABz = Mz = STz = z, i.e, z is a
common fixed point of the mappings L, AB, M and ST.

Step 3. We show the existence of the common fized point at L be continuous.

As L is continuous and (L, AB) is compatible of type (A), then L2xo,, ABLxz, —
Lz. Putting = Laso, and y = z9,41 in (2.2), we have:

g(Fszn,an_H( )) < ¢(max{g(FABLIQn7LLIZn (t))g(FSTI2n+1’M:E2n+1 (t)),
%g(FABLJJ2W7MJ;2n+1 (0)9(FST20m41,LLasn (1)),
39(FABLway LLws, (£)9(FABLzay Mo (1),
9(EST2 1, LLwan (1)) 9(FST 20041 Mo (1)),
9(FABLzsy, LLas, (1)9(FSTs, 1, LLas, (1)),
))g(FSTI2n+17MI2n+1 (),

QQ(FABLZL’% Mxzop 1 (t
I(FAB e, L1z, () g(Fnggz"H,Maczn+1 (t)), Q(FiBLmn,STmer )}

9(FLy (1) <
<
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Letting n — oo, we get

9(FE..(1) < ¢(max{0,%gQ(FLz,z<t))7o,0,0,0,07079(F227z(t>>}),

< d(g(FL. - (1)))-

That is , Lz = z.
Since L(X) C ST ( ) there exists a point w; € X such that Lz = STw; = z.

At z = x9, and y = n (2.2), we have:

9(F ey atu, () < ¢ aX{g(FABz% Lz, (1) 9(FsTw, ,Muw, (1)),
39(FaBay, M, (£)9(FsTw, Loy, (1)),
29(FABuay Lasn (1) 9(FABas, M, (1)),

9(FsTw,, Las, (8)9(FsTw, Mus (1)),

9(FABzs, Las, (1) 9(FsTw, Ly, (1)),
39(FABaay Muw, (1) 9(FsTw, Muw, (1)),

(FAB:EQn,L:EQn( ), (FgTwl,Mwl(t))7 g(F‘%BIQn,STwl(t))})'
Letting n — oo, we obtain

G20 (0) < Gmax{0,0,0,0,0, 56° (Fonrun (1), 9(F2 a1, (1)), 0,0)),

< DG prw, (1))

which means that Mw; = z. AS M and ST are compatible of type (A) and
Mw, = STw, = z, by proposition 2.4, Mz = MSTw, = STMw,; = STz. As in
step 3 we have Mz = z. Therefore, Lz = Mz = STz = z.

As M(X) C AB(X), there exists a point w € X such that Mz = ABw = z. At
z=w and y = z in (2.2), we have:

~+
A/—\/\

9(Ffupar(t) < ¢(max{9(FABw,Lw(t))g(FSTz,Mz(t))’%Q(FABw,Mz(t))g(FSTz,Lw(t))’

g(FABw,Lw(t))g(FABw Mz(t)) (FSTz,L’w(t))g(FSTz,Mz(t))a

N | =

9(FABw,Lw (t))g(FSTz,Lw(t)) 9(FaBwa=(t)g(Fsrzm=(t)),

g(FiBw,Lw(t))? g(FgTz,Mz(t)) (FABu) STz(t))})7
g(Fl%w,z(t» < ¢(max{0707070792(F2,Lw( )) 0 g(Fz Lw(t))7070})7
< ¢(g(F3,Lw (t)))7

which means that Lw = z. Since L and AB are compatible of type (A) and

= ABw = z, by proposition (14), z = Lz = LABw = ABLw = ABz.
Therefore, Lz = ABz = Mz = STz = z, i.e., z is a common fixed point of the
mappings L, AB, M and ST.
Step 4. At the continuity of AB.
Since L and AB are compatible of type (A), then by proposition (1.5),

LABxs,, ABABx5, — ABz.
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Using (2.2) at x = ABxs, and y = 29,41, we have:
9(1*—%,43@%,Mgggn+1 (1)) < ¢(max{g(FaBABzon,LABzay (1) I(FSTao i1, Mzapii (t))s
29(FABABzay Maansr (1)) 9(FSTa0, 11, LABws, (F)),
2 9(FABABwsn,LABwsn (1) 9(FABABwsw, Masns (1)),

9(ESTws0 1, LABz2, () 9(FST 2 1 Maan iy (1))
9(FABABwsy,LABzsy (1) 9(FSTws0 11, LABzs, (1)),
%Q(FABABzzmeznﬂ (t)) (FSTm27L+17MI2n+1 (t)),
9I(FABABey, LABzs, (1) Q(Fng%H,Mzan (1)), g(FiBABzgn,SsznJrl (t)})-
Letting ¢ — oo, yields

g(Fsz,z(t)) < ¢(max{07 %QQ(FABZ,Z(t))v 07 0’ 07 07 07 07 g(FEle,z(t))})v

< 0(9(Fip... (1))

Then, ABz = z.

Again by using (2.2) with z = z and y = x9,11, we have:
Q(ng,ManH (t)) < ¢(maX{Q(FABz,Lz (t))g(FSTIZnJrhMIQnH (t)),
39(FaBz Mz (1) 9(FsTr,41,02 (1)),
39(FaBzL:(0)9(FABz Masn iy (1)) 9(FSTa 41 12(8)9(FSTi 1 Mann i (1),
9(FaBz,2(t)9(FsTas, . 1,02(1)),
39(FaBz Maan iy (D)9 (F5Tas, 1 Mz 1 (1)),
9IFR B2 p:(), 9(F oy Mawanis ) IF R B2 57004, (D)})-

Letting n — oo, we have

9(FE.. (1) < d(9(FL. . (1))).
Hence, Lz = z.
Since L(X) C ST(X), there exists a point wy € X such that Lz = STw; = z.

At 2 =z and y = w; in (2.2), we have:
9FL. v, () < d(max{g(Fapz L= (t)9(Fsrw, amw, (1)),

(t)g(FsTuw,,L=(t)),
NIFaBzMw, (1), 9(FsTw,,L2(t)

%Q(FABZ,MUJI
19(Fap:1-(t V9(FsTw, , Mw; (T)),
g(FABZ,LZ( ))Q(FSTwl,Lz( ))7 %Q(FABZ,MM (t))g(FSTwl Mwq (t))
g(FEXBz,Lz( ))79(F8Tw1 Mwl( ))ag(FiBz,STwl (t)})-
G(F2 110, (1)) < G(max{0,0,0,0,0, 6(Fz v, (6),0, 9(F2 41, (1)), 01),

< B9(FZ pp, (1))-

which means that Mw; = z. Since M and ST are compatible of type (A) and
Mw, = STwy = z, by proposition 2.4, Mz = MSTw, = STMw; = STz. Again
by using (2.2), we have Mz = z. Therefore, Lz = ABz = Mz = STz = z, i.e., z
is a common fixed point of the mappings L, AB, M and ST. By a similar way we
can prove the theorem at M continuous.
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Step 5. Putting 2 = Bz, y = Za,41 in (2.2), we get:
Q(Fng,sznH(t)) <

p(max{g(Fappz18:(t)9(FsTa2, 11, Mazn:1 (1)),
39(FaABB2 Masn 1 (1)9(FsTas, 1 LB2(1)),
39(FaBBz1B:()9(FABBz Mas, . (1)),
9(F5Tw241,0B2(1)9(FSTaa, 1 M, (1)),
9(FaBB=1B-(1)9(FST2s,41,0B2(1)),

29(FaABBz Masn iy (1) 9(FSTan i1 Maznir (1)),
g(FiBBz,LBz(t))7g(Fgngn+1,M:r2n+1(t))vg(FiBBz,STan+1(t))})'

As BL = LB and AB = BA, so L(Bz) = B(Lz) = Bz and ABBz =
B(ABz) = Bz. Letting n — co , we have:

1
g(Féz,z(t)) g ¢(max{0’ igz(FBZ,Z(t)%O’OvOa0307079(F%z,z(t))})3
< ¢(g(Fp. . (1))
Since ABz = z and Bz = z, then Az = z. Thus,
(2.9) z=DLz= Az = Bz.
Step 6. Putting x = x5, and y = Tz in (2.2), we get:
9(F7 oy = (1) < d(max{g(FaBay,, Las, (1) 9(FsTr2,m72 (1)),
39(FABuay M=) 9(FSTT2 Las, (),
29(FABsn Lasn (1) 9(FABwsn,m1= (1)), 9(FSTT2 Lo, (£)9(Fstr2 0072 (1)),
9(FABz,, Las, (1) 9(FsTT2, Las,, (1)),
39(FABws, mr=(t)g(Fsrr p72(1)),
9I(FZBan, Low, ) 9(Férr. arr-(t), 9(Fipa,, srr-(t)})-

As MT = TM and ST = TS, so M(Tz) = T(Mz) = Tz and STTz =
T(STz) = Tz. Letting n — oo, we have:
9(F2 7. (t) < ¢(g(FZ21.(t)). Since STz = z and Tz = z, then Sz = z . Thus,

(2.10) z=Mz=8z="Tx.

Combining (2.9) and (2.10), we have, Az = Bz = Lz = Mz =Tz = Sz = z.
Hence, the six mappings have a common fixed point in X.

Step 7.(Uniqueness)

Let z; be another common fixed point of the mappings. Putting x = z and y = 2;
in (2.2), yields:

9(F2. ars, (1) < d(max{g(Fapz,rz(1)g(Fsrzy, 02 (1),

39(FaBz Mz (1) 9(Fs72,,02(1)),

%g(FABZ,LZ (t))g(FABz,le (t))a g(FSTzl,Lz (t))g(FSTzl,le (t))v

Q(FABz,Lz (t))g(FSTZ1,LZ (), %g(FABZ’le (t))g(FSTm,Mm (t))s
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g(FiBz,Lz(t))7 g(FS%Tzl,le () g(FiBz,STzl t)})-

9(FZ ., (1) < d(max{g(F...(1)g(Fzy 2, (1)), 39(Fe 2y (1) g(Fy 2(1)),
39(F=z(0)9(Fe ey (1), 9(Fry 2 (D) g(F 2, (1)),
9(F = (1))g( zl,z(t))72 (Fz 21 (£)9(F, 2, (1))
g(F2.(1),9(FZ, ., (1), g(FZ.,()})-

2,z

)

9(FZ., (1) < p(max{0, g°(F. -, (1)),0,0,0,0,0,0,9(FZ ., (t))}),
< dg(F2.,(1)).

Thus z = 21 and z is the unique common fixed point of the mappings. O
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