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A new Extension of Gegenbauer Matrix Polynomials
and Their Properties

A. Shehata

ABSTRACT. The aim of this paper is to define and study of the Gegenbauer
matrix polynomials of two variables. An explicit representation, a three-term
matrix recurrence relations, differential recurrence relations and hypergeomet-
ric matrix representation for the Gegenbauer matrix polynomials of two vari-
ables are given. The Gegenbauer matrix polynomials are solutions of the
matrix differential equations and expansion of the Gegenbauer matrix polyno-
mials as series of Hermite and Laguerre matrix polynomials of two variables
are established.

1. Introduction

An extension to the matrix framework of the classical families of Hermite,
Jacobi, Gegenbauer, Laguerre and Chebyshev matrix polynomials was introduced
and studied in a number of previous papers [1, 2, 3, 4, 5, 8, 10, 15, 17] for
matrix in CV*¥. Moreover, some properties of the Hermite matrix polynomials
are given [12, 18] and a generalized form of the Hermite matrix polynomials has
been introduced and studied in [12, 13, 14, 19]. Jédar and Cortés introduced
and studied the hypergeometric matrix function and the hypergeometric matrix
differential equation in [6] and the explicit closed form general solution of it has
been given in [7]. Sayyed et al. introduced and studied the Gegenbauer matrix
polynomials and second order matrix differential equation in [9, 11, 19].

The main goal of this paper is to consider a new system of matrix polyno-
mials, namely the Gegenbauer matrix polynomials of two variables. The paper is
organized as follows: In Section 2 a definition of Gegenbauer matrix polynomi-
als of two variables are given. Some differential recurrence relations, in particular
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30 A. SHEHATA

Gegenbauer’s matrix differential equation are established in Section 3. Moreover,
hypergeometric matrix representations of these polynomials are given in Section
4. Finally, in Section 5 an expansion of the Gegenbauer’s as series of Hermite and
Laguerre matrix polynomials are obtained.

Throughout this paper Dy denotes the complex plane cut along the negative
real axis and its spectrum o(A) denotes the set of all the eigenvalues of A. If A is
a matrix in CV*¥ its two-norm denoted by ||A||2 is defined by

A
||A|\2:sup|| 1‘||2
a0 |]]2

where for a vector y in CV, [|y||> denotes the Euclidean norm of y, |jy|]2 = (y7y)?2.
The set of all the eigenvalues of A is denoted by o(A). If f(z) and g(z) are holo-
morphic functions of the complex variable z, which are defined in an open set € of
the complex plane, and if A is a matrix in CV*¥ such that o(A) C €2, then from
the properties of the matrix functional calculus [2, 8], it follows that

f(A)g(A) = g(A)f(A).

If A is a matrix in CV*Y with 0(A) C Dy, then Az = /A = exp(4 log(A)) denotes
the image by 22 = Vz= exp(% log(z)) of the matrix functional calculus acting on
the matrix A. Let A is a matrix in CV*¥ such that

(1.1) Re(z) >0, forall z € o(A).

The reciprocal gamma function denoted by I'"1(2) = F(lz) is an entire function of

the complex variable z. Then for any matrix A in CV*¥ the image of I'"1(z)
acting on A denoted by I'"1(A) is a well-defined matrix. Then I'(A) is invertible,
its inverse coincides with I'"1(A) and one gets the formula [16]
(1.2) (A =AA+D)...(A+ (n— 1) =T(A+n)T L (A);

’ n>=1; (Ag=1I.

From (1.2), it is easy to find that

(1.3) (A = (DA [I —A—nD)]™ s 0<k<n
From the relation (1.3) of [9, 19, 15], one obtains
—1)k — —
(1.4) S A o) S G L0 S
(n—k)! n! n!

The hypergeometric function F(A, B; C; z) has been given in the form [16]

(1.5) JFL(A, B C; 2) = i (A)k(B)TIZ![(C)k]_l p

k=0

for matrices A4, B and C in CV*¥ gsuch that C + nl is invertible for all integer

n > 0. We will exploit the following relation due to [6]
1

n!

o0

(1.6) 1—2) = 1F(4—2) =)

n=0

(A)nz";  |2| < 1L
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It has been seen by Defez and Jédar [2] that, for matrices A(k,n) and B(k,n) are
matrices in CV*N for n >0, k > 0, the following relations are satisfied

oo 00 e} [%"]
(1.7) SN T A(kn) =Y A(k,n — 2k)
n=0 k=0 n=0 k=0
and
(1.8) > > Blkn)=> > Blkn—k
n=0 k=0 n=0 k=0
Similarly, we can write
(1.9) SN T Alkn) =0 Ak, + 2k),
n=0 k=0 n=0 k=0
oo n o) [%"L]
(1.10) SN A(kn) =" A(k,n—k)
n=0 k=0 n=0 k=0
and
(1.11) S>> Blkn)=>_> Blkn+k).
n=0 k= n=0 k=0

2. Gegenbauer matrix polynomials of two variables

Let A be a positive stable matrix in CN*N

polynomials of two variables by the relation

. We define the Gegenbauer matrix

F(z,y,t, A) = (1 — 2t 4+ yt?)~ CAz
21 (z,y,t,A) = ( y Z )t

|z| < 1, |y\ <10t < 1.
By using (1.6) and (1.10), we have

oo

2y-a _ N (A)n (22 —yt)"t"
(1 — 2at 4 yt?) _ZO =
x© n k k<2I>n k ik
(2.2) —ZZ ku CE T
n=0 k=0

k k(z,r)n 2k(A)n—k "
N Z Z (n — 2k)! -

n=0 k=0
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By equating the coefficients of t™ in (2.1) and (2.2), we obtain an explicit represen-
tation of the Gegenbauer matrix polynomials in the form

[37] (_1)kyk (2.7;)”_%

(2.3) Cil(x,y) = ;) kl(n — 2k)!

(A)n—k-

It is clear that
Cfl(myy) = 0’ Oé(xay) = Ia OlA(x7y) = QZ’A,

—~

2x)"

CiMx,y) =222 A(A+ 1) — yA and C;?(I’,O) =

(A)n.

It has already been shown that most of the properties of the CZ'(x,%) matrix
polynomials, linked to the ordinary case by

Aoy = y2OAE),
(2.4) Cy (z,y) nd(\/g)

Clearly, C#(z,vy) is a matrix polynomial of degree n in x. Replacing by —x and
t by —t in (2.1), the left side remains unchanged, we obtain

(2.5) Cal(—,y) = (-1)"C;l(z, ).

For x =1 and y = 1, we have

(1—t)24 = "CAL, 1))t < 1.

n=0

By (1.6) to obtain
1
(2.6) A1) = 5 (24),.
For x = 0, it follows
(L+yt®)~" =D " C(0.y).
n=0
Also, by (1.6) one gets

- = - ni2n
1y = 3 Sy ) < 1

n=0

Therefore, we have

2.7 et 0.9 = Ty e =0
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3. Matrix Differential recurrence relations

By differentiating (2.1) with respect to z, y and ¢ yields respectively
t

(3.1) (,%F(m, y,t, A) = mQA F(x,y,t, A),

(3.2) ﬁF(m y,t, A) = ;RA F(x,y,t, A)
oy T 1 — 2zt + yt2 v

and

(3.3) 9 eyt A) = — 2 o4 eyt A).
ot” T 1 — 2zt + yt2 v

So that the matrix function F satisfies the partial matrix differential equation

tgF(x, y,t, A) = 0.

0

Therefore, by (2.1), we get

S ey znc et zya Gyt
n=0

Since %C’g‘(aj, y) = 0, we obtain the matrix differential recurrence relation

0 3
(3-4) 5 -Cillwy) = nCil(w,y) = y5-Cily (v, y)in > 1.
From (3.1) and (3.3) with the aid of (2.1), we get respectively the following
24
2 2 A n—1
(3.5) T ot 1 082 th( xt + yt*) Z pe C’ (z,y)t
and
2(x —yt)A 2 1

. ————(1 -2zt <) )’

(3.6) rrnev b ch z,y)

Note that 1 —yt? — 2t(z — yt) = 1 — 2zt +yt2. Thus by multiplying (3.5) by 1 — yt2
and (3.6) by 2¢ and subtracting (3.6) from (3.4), we obtain

o) 0
(3.7) 2A+nD)Cl(w,y) = 5-Cria(#,9) = Y- Cra (2,y).
From (3.4) and (3.7), one gets

0 0
(38 ay CAwy) = 5 Clhalry) - QA+ AICAy).
Substituting n — 1 for n in (3.8) and putting the resulting expression for
0
ox Cn 1(33‘ y)
into (3.4), gives

(3.9) (2 - y) L CAw.y) = naCil(e,y) — A+ (n — DVIyCL (x,y).

)833
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Now, by multiplying (3.4) by (2? — y) and substituting for (22 — y)%C;:‘(x,y)
and (22 — y)ZC{ (z,y) from (3.9) to obtain the three terms matrix recurrence
relation in the form

nCi(z,y) =

(3.10) 26(A+ (n — DDCA | (2,y) — y(2A + (n — 2))CA ,(z,y).

By the same way, we get

0 0
(n—1)C7 (x,y) = 2%@07?(% y) — 2yafy0£‘71(w7y),

0 0
(3.11) 2(A+nl)CN(z,y) =vg, CiH(x,y) — 8y02‘+2(w,y),

0 0
(44 -+5(n = DICiL1(e.y) = 205 Cilloy) =25 Cils (@),
Formulas (3.4), (3.7), (3.8), (3.9) (3.10) and (3.11) are called the matrix recurrence
formulas for Gegenbauer matrix polynomials.
In the following theorem, we obtain the properties Gegenbauer matrix polyno-
mials as follows.

THEOREM 3.1. The Gegenbauer matriz polynomials satisfying the following
relations

" A r—lor o

(3.12) B

C;?—Q—r(x y) =0.

Proof. Differentiating the identity (2.1) with respect to = and y, we get

=0
1— 2\—(A+I) _ U a4 n
(3.13) 2tA(1 — 2xt + yt©) Z e Cy(z,y)t
and
(3.14) —t2A(1 — 22t + yt?)~AHD = Z CA (z,y)t

Tteration (3.13) and (3.14), for 0 < r < n, implies (3.12) and the proof of Theorem
3.1 is completed. O

We can write (3.13) and (3.14) in the form

2A(1 — 2t + yt?) A+ Za CHz, )t Za e ()"
(3.15)
—A(1 — 22t + yt?)~AHD = Z %Cf(xa Yt = Z a—yC,‘:‘Jrz(x,y)t".
n=2 n=0
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By applying (2.1), it follows

2A(1 — 2zt + yt?) =D = 3" 24 O ()t
n=0

(3.16) 0
— A1 = 2t + yt?)~AFD = _ Z A CAH ()t

n=0

Identification of the coefficients of ¢" in (3.15) and (3.16) yields

0
%Cr‘ﬁ»l (x7y) = 2A C;;Hl(x’y))

0
a*ycfw(l‘a y) = —ACiH (a,y).

which gives

0
%Cﬁ‘(x,y) =24 M (2,y),

7]
@Cf(x,y) = —ACH (z,y).

Tteration (3.17) yields, for 0 < r < n;

I

(3.17)

Ci(z,y) =2"(A), CLE (2, y),

(3.18) o O -
2O = (V7 (A) G )

Now, we can state and prove the following theorem.

THEOREM 3.2. The Gegenbauer’s matriz polynomials are solutions of the ma-
triz partial differential equations in the form

2

0 0
_ 22 A _ Y A
(v = 2%) 55 Cib(w,) — 224+ 1) 5 CA(w,y)+

n(24 + nI)C(z,y) = 0.

(3.19)

Proof. In (3.8), replace n by n — 1 and differentiate with respect to = to find

) 9 9 D
(3.20) xﬁcn—l(%y) = @Cn (z,y) — (24 + nl)%cn—l(x?y)'

Also, by differentiating (3.4) with respect to x, we have

(3.21) xﬁCA(J; ) — (n— 1)ﬁcA(x ) = P oa (z,y)

o2 " Y ox ™ Y yaxg n—1\T,Y)-
From (3.4) and (3.21) by putting %C’f_l(x,y) and BS—;C;?(x,y) into (3.20) and
rearrangement of terms in the above equation gives us Gegenbauer’s matrix differ-
ential equation for Gegenbauer’s matrix polynomials in the form (3.19) and hence
the proof of Theorem. O
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4. Hypergeometric matrix representations of C:'(z,v)

From the relation (1.4) of [9, 19], one obtains

1 (—n)gk (—n[)gk
. = = . < <
(41) (n — 2k)! n L a0 0s2Rsn
By using (1.3) and taking into account that
1 1
(4.2) (—nd)2 = 2%(—5”[%(—5(” = DI

the explicit representation (2.3) becomes

2

1
2

(—1)*(A)p—ry* (22) 2
E!(n — 2k)!

CiHz,y) =

(]

>
Il
o

o
2

(=D)*(A)n—k(=nl)opy" (2z)" 2
kIn!

(]

b
Il
o

Gl
=S

(Al = A = nD)i] "t (=nd)ory" (22)" 2

]

In!
(43) =0 k.n.
RN 2PH A (D=4 = DDLU = A= nD) ]ty )
B k!n!
k=0
in
o N2 (A= = DD = A= 0Dty (2e)
ol (A)n Z k!
k=0
(2" 1 1 . Ly
= T(A)" 2F1(—§nl, —5(1 —n)[; I — A —nl, $2)
which gives another hypergeometric matrix representation in the form:
(2z)™ 1 1 y
(4.4) C’f}(:z:,y) = (4), 2F1(—§nl, —5(1 —n)I; I — A—nl,; ﬁ)
where the hypergeometric matrix function oF(...,...;...;...) is given as

1 1 Y
gFl(finI, —5(1 —n)I; I — A—nl; ﬁ) =
in
2 CLnD)(— L — DI — A — nl)] " yFa2k
il

k=0

such that I — A — nl + kI is invertible for all n — k < 1.
Note that, we can write

—A
(4'5) (1 — 2xt + yt2)_A :<1 — m> (1 _ {,Ct)_QA,
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Therefore, by using (1.6) and (1.7) we have that

i C,?(.T,y)tn — f: (A)k(IQ — y)ktZk (1 _ xt)72A72k1
n=0

k!
k=0

2 ktn+2k

Yn A Lgn(x? —
_ ZZ or[(2 )2kk!]n! ( Y)

n=0 k=0
2A 7L+2k A+ ) ] 133”(332 _y)ktn+2k

- Z Z kinl22

n=0 k=0

= G @A)[(A + 3D e — e
kl(n — 2k)!122k '

37

By identification of the coefficients of ¢, another form for the Gegenbauer matrix

polynomials follows

[%n] (QA)n[(A+ %I)k]flmnfﬂc(IZ o y)k -

4.7 A _
(4.7) Cy (w,y) 2 T
Equation (4.7) yields

[e%s) [e%e) [%TL] 1 1 . m—2k/.2 bam
—-1~A n o __ [(A+§I)k'] €T (I _y) ¢
s ;[(2A)n] o (z,y)t" = RZ:O > N
B N [(A+ L))t (@ — gkt
N Z Z klnl22k

By identification of the coefficients of ", we obtain a generating relation for the

Gegenbauer matrix polynomials in the form:

oo B . oo o o] [(A+lj)k]—1(x2_y)kt2k
YA @y =) py > e
(4.9) n=0 n=0 k=0 ’
1 2002
=exp(at) oFi (= A+ 5 1; w)
where ¢Fi(—;...;...) is given as
1 tZ(QL‘ _y e} A+ I ] ( 2 y)ktZk
OFI(_7A+ 51 Z L1922k

and A + 1[ + kI is invertible for all k£ > l The expansion of ™I indeed easy in

a series of Gegenbauer matrix polynomials of two variables as follows

[37]

(4.10)  (22)"T = n! Z (A+(n— Qk)ll;!)[(A)n—kH] 1 SO @),

Finally, we will expand the Gegenbauer matrix polynomials of two variables in

series of Hermite and Laguerre matrix polynomials of two variables.
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5. Expanding of Gegenbauer matrix polynomials in series of Hermite
and Laguerre matrix polynomials of two variables

If A is a positive stable matrix in CNV*¥ | then the n'” Hermite matrix polyno-
mials of two variables was defined by [1, 12]

[z”]

(5.1) H,(z,y,A) =nl Z e x\ﬁ)n 2k

and the expansion of ™1 in a series of Hermite matrix polynomials of two variables
has been given in [1, 12]

[2”] k

(52) (;17\/7 =nl Z ]C' — 2]€) Hn72k('r7 Y, A)

Now, the Gegenbauer matrix polynomials of two variables are expanded in series
of Hermite matrix polynomials of two variables. Employing (2.1) and (1.9) with
the aid of (5.2) and taking into account that each matrix commutes with itself, one
gets

) oo [37]
2 A n 20 n—2k N
;Cf(x,y)t” => (1" (k')(n = Zk() 7,

(DA sy 20)" o
kin!

(=12 (A)n i (VZA) ~yb

klsl(n — 2s)! Hy_os(w,y, A) 72",

0o o oo [37] kon —n, k+s
A n_ (=1)"2"(A)n+k(V2A) "y n+2k
ZCn (x,y)t - ZZ k's'(n— 28)' Hn—QS(xayvA)t .
n=0 n=0 k=0 s=0
Thus
pOCSIVER I
(5.4)

(=D)*(A)nsry™*
Elsl(n — 2s)!

s
Hn—?s (.’ﬂ, Y, A)tn+2k'

By using (1.9) the expression (5.4) becomes

(e olNe S lNe o)

i 27"(V24)"C => > Z klzmﬂsykﬂ Hy(x,y, A)tn2htss
n=0

n=0 k=0 s=0
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and using (1.9), yields,

© oo ko \k—s
Zz— V2A) CA(z, y)t™ ZZZ( 1)(k_(f)),ZT:f5y H,(z,y, A)t" T2k,

Smce
(A)pthys = (A+ (n+E))s(A) s
then by using (1.5) and (1.8), we get

22 "(V2A)rCl (z, )t

oo oo k X
Z Z Z (=DF(=k)s(A+ (n + k) D)o (A)nin Y H (g, A2

7—=0 k=0 s=0 k!sIn!
oo 00 (_1)k i -
=33 AR A (R =5 1) (A (2, At
n=0 k=0 n!
n] k
=30 U SRR A (0 B =) (Aot Ho a0, AN

n=0 k=0

Therefore, by identification of coefficient of ¢, we obtain an expansion of Gegen-
bauer matrix polynomials as a series of Hermite matrix polynomials in the form

CiMx,y) =
& 1)k (A),

5.5 = S Fy(—kI, A —k);—;1
( ) — k‘(n—?k) 2 0( ) —|—(TL ) s T )
ZTI( v QA)_nkan—WC (1‘7 Y, A)
Furthermore, the n* Laguerre matrix polynomials L%A’A) (z,y) of two variables is
defined by
n 1)k Nk gk n—k
66 L0y =3 TV a1

P kEl(n —k)!

where A is a matrix in CNY*" such that —k is not an eigenvalue of A, for every
integer k > 0 and A is a complex number such that Re(\) > 0.
In (5.6), putting A = 1 gives

(4) n (_1)kmkyn7k: .
k=0 ’ ’

The expansion of " in a series of Laguerre matrix polynomials of two variables
has been given in [4] in the form

n _ 1)k
(58) 2"l =nl kzzo k:!Enl—)k)!(A + )a[(A+ D) 7y P LY (2, ).
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We use (5.8) to expand the Gegenbauer matrix polynomials of two variables in
series of Laguerre matrix polynomials of two variables. We consider the series

5 A) yk(zr)n 2s
A _ n—s n
ZC (@, y)t _ngos:o sl(n — 2s)! t
o —1)*(A), syk(2$)n
59 ( + n+2s
( )nz:%; sln! t
St k+ 2 . k
I Tl A DA+ D L e
n=0 s=0 k=0 ’

which, by using (1.11), becomes
foio Col(z,y)t" =

k+ 2n+k

S e Yoy E (A nsks (A + Do
[(A+ I)k}*ly”Jr’“L,(gA)(x, y)rtkt2s

From (1.7), we have
o0
> G
n=0

(510) [%n] (_1)k+52n+k—25
sl(n — 2s)!

1yn+k 29L(A)(

Form (1.2), it is easy to find that

(A)on = 27 (G (A + D)5 ()

(A)n-i-k—s(A + I)n+k—2s

y)t" k.

and
(A)par = (A)p(A+nl)y.
In accordance with (1.3), one gets
(Dis = (1 (A k[(1 = 11— BT = A),]!
and
(At Dngr-ns = 27(A+ I)M[(%((l —n—k)I - A))s]*[(f%((n + )+ A))] ™

Therefore
ZZO:O Cr? (1’, y)tn =

n]( 1)k+52n+k 2s

o e S L (1) (A) k(L= R) T A)] 1272 (A D)y

[(A((L—n—k)T—A))s] "M (= ((ntk) T+A)) ] T [(A+D)) "y 2 LY (2, y)tnth =
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S S, S L (g (~L(n - L)),
(1= = B)T — A)J (A ((1 = n— k)T — A))J (=3 ((n + k)T + A)),] !

_1\kon+k
(1) = (kA + Do [(A + D) Ty =2 L ()=

4 n!

S o> 2 Fs(—Ainl, —3(n— DI, —n—k)I - A L((1—n—k)I-A4)

2n+k

=R I+ A); 222) S (A) k(A Dk [(A+ D] Ty LYY (2, )+ =
Yoo Yheo 2Fs(—5(n— B)I,—5((n — k) = DI; (1= n)] — A, 5((1 = n)I — A)
=S (A nl); ) EEL(A), (A + Dn[(A+ Di) LYY (@, )t
where (1 —n)l — A+ sI, 1((1—n)I — A+ sI and —%(A+ nl)+ sI are invertible.

Equation the coefficients of ¢ gives an expansion of as a series of Gegenbauer
matrix polynomials in the form

- 1 1 1 1
C(x,y) :Z 2F3(*§(n — k)1, 75((71 —k)— 5)1; (1—=n)I - A, 5((1 —n)l —A)

0
_1\kon
3105 1) (A DA+ DL )

which can be written in a convenient form as follows
Cia,y) = Z(A)(A+ 1)y Yy 2Fs(—2(n— k), —L((n— k) — })I;

— nl

(1—-n)I—-A, %((1 —n)I — A), —%(A +nl); %)
(=nDel(A+ Dy LY (,)-
The results of this paper are variant, significant and so it is interesting and capable
to develop its study in the future.
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