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1. Introduction

The phenomenon of time-delay is very common in practical engineering systems,
such as chemical systems, biological systems, mechanical systems, and networked
control systems. Frequently, the time-delay is not constant but time-varying. The
existence of time-delay might result to the performance deterioration or even
instability of system. A large number of researchers were involved in the study of
time-delay systems (see [1-8] and references therein).

In practice, due to environmental noise, uncertain or slowly varying parameters
and time-delay, the most real problems can be modelled by systems with interval time-
varying delay, nonlinear perturbations and parameter uncertainties. The nonlinearities
and/or parameter uncertainties also can cause instability and poor performance of
practical systems. Many nonlinearities can be approximated by a function that satisfy
the growth Lipschitzian condition, while the most uncertainties can be characterized
by norm-bounded time-varying structured perturbations. Consequently, the stability
problem of time-delay systems with nonlinear perturbations and parameter
uncertainties has received increasing attention (see [9-19] and reference therein).

The most of the existing literature related to system stability focus upon
Lyapunov asymptotic stability, which is defined over an infinite-time interval.
However, in many practical applications, this concept is often insufficient to study the
transient performances of a system. A system can be Lyapunov stable but completely
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useless because it possesses undesirable transient performances. For example, the
temperature, pressure or some other parameters in industrial processes should be
kept within specified bounds in a prescribed time interval. In order to study these
problems, the concept of finite-time stability (FTS) was introduced in [20] and [21].
In that sense, a system is said to be FTS during a fixed time interval if its state do
not exceed some prescribed bound for bounded initial states. Initially, the concept
of FTS had only academic significance. With the development of the theory of linear
matrix inequalities (LMIs), this stability concept has attracted remarkable attention
of researchers, see for instance [22], [23] for continuous and [24-26] for discrete-
time regular systems. Recently, the method of FTS is applied to various systems, such
as nonlinear systems, neural network systems, fuzzy systems, switched systems and
uncertain systems. Also, FTS and finite-time H_ control problems have attracted
great attention from both academic and industrial community (see [27] and [28]).

The concept of finite-time stability can be also applied to time-delay systems.
Some early results of FTS for constant time-delay systems can be found in [29]. The
results of these investigations are conservative since they are based on restrictive
algebraic inequalities. Recently, using LMIs, less conservative results are obtained
for FTS of time-delay systems [30-39]. In many practical systems, time delay is not
constant but time-varying. In particular, many researchers pay attention to the
systems with interval time-varying delay, which means the lower bound of time
delay is not restricted to zero (see [13-18] for Lyapunov stability and [19], [35-39]
for FTS).

The FTS for continuous-time systems with time-varying delay and the nonlinear
perturbations and/or parameter uncertainties are discussed in [19, 31, 38] and [40-49].
However, to the best of our knowledge, a few works, which refer to the FTS of discrete-
time systems with interval time-varying delay, nonlinear perturbations and parameter
uncertainties, have been published up to date. These articles study the following systems
and their properties: neural networks with Markovian jumps [50], uncertain discrete
jump systems [51], and discrete-time switched nonlinear systems [52].

The goal of this paper is to present the main authors’ results in the FTS analysis
of continuous [44] and discrete-time [47] systems with interval time-varying delay,
nonlinear perturbations and parameter uncertainties. The new integral inequality
(II) for continuous quadratic function with exponential weights and new finite sum
inequality (FSI) for discrete quadratic function with the power weights are derived.
It has shown that the II and FSI are less conservative then the corresponding
continuous and discrete Jensen’s inequality. Further, the new continuous Lyapunov-
Krasovskii like functional (CLKLF) with exponential weights ¢~ (for continuous-
time systems) and discrete Lyapunov-Krasovskii like functional (DLKLF) with
power weights »*/' (for discrete-time systems) are proposed. By using II (FSI),
the inequality ¥ (x(¢)) <V (x(0)) (¥ (k)< y*¥(0)) is obtained and more precisely
estimations of upper bound of ¥(x(0)) (V(0)) and lower bound of V' (x(¢)) (V(k))
are estimated. As special cases, the problems of FTS for nominal systems with
constant or time-varying delay are considered. Finally, the numerical examples
are presented to illustrate the effectiveness of the developed results and their
improvement over the existing literature.
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The rest of the paper is organized as follows. In Section 2, the problem formulation is
given and new integral inequality and new finite sum inequality are derived. Sections 3 and
4 present FTS for continuous and discrete-time delay systems with nonlinear perturbations
and parameter uncertainties, respectively. Finally, some numerical examples with system
simulations is presented in Section 5 to show the effectiveness of the proposed criteria.

Notations. Z* denotes the set of all real non-negative numbers. The matrix
transposition was denoted by a superscript ‘T% " and R™" are the n-dimensional
Euclidean spaces and the set of all real matrices having dimension n x m, respectively.
X >0 (X =0) denotes a real positive definite (semi-definite) matrix, while X > Y
(X 27Y) implies that the matrix X —Y is a positive definite (semi-definite) matrix.
Ao (X)) (4,,, (X)) denotes the maximum (minimum) of eigenvalues of a real
symmetric matrix X. The symbol * within a matrix represents the symmetric term
of the matrix. NF is short for “it is not feasible”.

2. Problem formulation and preliminaries

2.1. Continuous-time systems. Consider the following continuous-time system
with time-varying delay and nonlinear perturbations:

x(t) = Ax(0) + A, x(1 =d () + [ (x(0),0) + g(x(1 = d (1)), 1),

_ (1)
x(0)=¢(), 0el-d,,0]

where x(z) e R"is the state vector, 4R and 4, e R are known constant
matrices. The time-varying delay function d(¢) satisfies

d, <d(t)<d,, di)<p<l (2)

The initial condition, ¢(#), is a continuous and differentiable vector-valued
function of 6 €[-d,,,0] whose the first derivative satisfies

sup ¢ (O)(0) <& (3)

Oe[-d,, 0]

f(x(@®),t) and g(x(t—d(t)),t) are unknown functions, which represent nonlinear
perturbations with respect to the current state x(¢) and delay state x(k—d(t)),
respectively. In this paper, we assume the following restrictions on the perturbations

ST x(@0,0) f (x(0),0) < ex" () F" Fx' (1)
g (x(t—=d(®)),0)g(x(t—d(1)),1) < g,x" (t—d()F F,x" (1 —d(t))
where F and F, are known real constant matrices, and ¢, &, are known positive
scalars [13-16].

In case when the perturbations f(x(¢),#) and g(x(¢—d(t)),t) can be described as
linear vector functions,

S (0,0 = AOx(0), g (x(t=d(0)),t) = A4, (1)x(t—d (1)) (5)

where AA(¢f) and AA,(¢#) are parametric structured uncertainties, the system (1)
becomes [16-18]:

(4)
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x() = (A + AA(t))x(t) + (Ad +AA, (t))x(t —-d@), x(0)=¢©), 0e[-d,,0] (6)

In practice, AA(¢) and A4, (¢) are assumed to be norm-bounded as
[Ad4(r) A4, (0]=GAW[H H,] (7)
where G, H and H, are known real constant matrices, and A(¢) is an uncertain
matrix function which satisfies
ATOA@) ST (8)
By introducing a new variable z(r) = A(¢t)(Hx(¢)+ H,x(t —d(t))), the system (6)
can be expressed as follows:
X(t) = Ax(t)+ A, x(t —d (1)) + Gz(1),  z(t) = A1) (Hx(t) + H x(t — d (1)),
x(0)=¢(0), 0<[-d,,0] (9)
In the case where the system (1) does not contain the perturbations, i.e.
f(x(@),t)=0, g(x(t—d(t)),t) =0, then the following nominal system is obtained:
X(1) = Ax(t) + A, x(t —d (1)), x(0)=¢(0), Oe[-d, 0] (10)

To study the finite-time stability of the systems (1), (6) and (10), we introduce
the following definition.

Definition 1. [44] The systems (1), (6) and (10) are said to be finite-time stable
(FTS) with respect to (&, 3,T), where0<a < 3, if
sup " (p()<a = x ()x(t)< p,Vte[0,T] (1D

te[~dy, 0]
The following lemma will be used for the derivation of the main results.

LEMMA 1. [44] For any appropriately dimensioned matrices Z=Z" >0, Z e R™" ,
M e R™" and positive scalars d,, d, >d, and y, the following inequality holds
t—d,
— [ &R () Zi(s)ds < £ (eMZ M E@)+ 28" (OM (x(t—d,) ~x(t—dy))  (12)

t—d,

where x(t) =dx(t)/dt and
gz(e’yd‘ —e”dz)/;/ (13)
E(t) e R™" is the vector function which contains suitably selected variables and/or

functions.

PROOF. Using the following inequality:
t—d,

[ (M@ +eZi(s)) (eZ) (MT &)+ Zi(s))ds 2 0 (14)
t—d,

we obtain: , y
ETOMZ M) j | eV ds + 28T (OMZ7'Z j x(s)ds

(—d,
[ & () Zk(s)ds 2 0 (15)

(~d,
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which implies
t-d,
- j &I () Zi(s)ds < ET()eMZ T MTEW) + 28T (OM (x(t —d,) - x(1—d,)) (16)
i~d,
This completes the proof. ]
REMARK 1. In this lemma, dimension and structure of the vector &(¢) can be
adopted according to considered stability problem. Lemma 1 represents a new
result that has been utilized for the estimation of the upper bound of the integral
term with exponential function, which appears in derivative of LKLF.

2.2. Discrete-time systems. Consider a discrete-time uncertain system with
interval time-varying delay and nonlinear perturbations:

x(k +1) = (A+ AA(K) ) x(k) + (4, + A4, (k) x(k —d(k))
+f(x(k), k) +g (x(k —d(k)), k)
x(N=¢()), jel-dy.,—d, +1,~10} (17)
where ke Z", x(k) eR" is the state vector, 4, A, e R”" are known real constant
matrices and d(k) is time-varying delay satisfying
0<d, <d(ky<d,, d,6<d, (18)

where d, and d,, are known positive constants. The ¢(j) denotes a vector-valued
initial function which satisfies

swp (B FD=4()) (9 +D—9()) < (19)

jé{fdM =y =

S (x(k),k) and g(x(k—d(k)),k) are unknown nonlinear perturbations with respect
to the current state x(k) and discrete delay state x(k — &), respectively, which satisfy
the following conditions [40-42]

1 (x(h), k) f(x(k), k) < x" (k)F" Fx(k)
g" (x(k—d(k)),k)g(x(k—d(k)), k)< x" (k—d(k))F, F,x(k—d(k)) (20)
where and F, are known real constant matrices.

The parameter structured uncertainties A4(k) and A4,(k) are assumed to be
the form [19, 31, 38, 43]:

[AA(k) AA,(k)]=GAK)[H H,] (21)
where G, H and H, are known real constant matrices, and A(k) is unknown real
time-varying matrix satisfying

AT (HAk) < T (22)

By introducing a new variable z(k), the system (17) can be expressed as follows:

x(k +1) = Ax(k) + A, x(k — d (k) + Gz(k) + f (x(k), k) + g (x(k —d (k)), k)

z2(k) = AGk) (Hx(k) + H x(k —d(k))),
x())=4()), je{-d,,—d, +1,-,-1,0} (23)
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If the system (17) does not contain the perturbations and uncertainties, then the
following nominal system is obtained:

x(k+1) = Ax(k)+ A, x(k = d(k)), x(j)=¢()), je{—dM,—dM+1,~--,—1,O} (24)

To study the finite-time stability of the discrete-time systems with time-varying
delay, we introduce the following definition and lemma.

DEFINITION 2. [47] The discrete-time systems (17) with time varying delay are
said to be finite-time stable (FTS) with respect to (@, 5,N),where 0<a < g , if

{ sup " (Np(H<a = x'(kx(k)y<p, Vke{l,2,--,N} (25)
Je{=dy —dy +1,--,0
LEMMA 2. [47] For any appropriately dimensioned matrices Z >0, Z € R"",
M e R™", positive integers d,, d, > d, and positive scalar y, the following inequality
holds
k—d,—1 .
=YY DZy())

Jj=k—d,

<& (kK)pMZ M E(k)+ 28" ()M (x(k —d,) —x(k —d,)) (26)

where y(k)=x(k+1)—x(k), £(k) e R™" is suitably selected vector function of the
state vector and p is positive constant which is defined by

d,—d, =1
_ { = / (27)
o =r™)y=D, r=l
PROOFE. The proof is similar to the proof given in [53]. i

REMARK 2. Lemma 2 represents an extension of Lemma 1 from [53].

In this paper, we extend the existing results of FTS problems to a class of
continuous and discrete-time systems with interval time-varying delay, nonlinear
perturbations and parameter uncertainties.

3. FTS for continuous-time systems

3.1. FTS for nominal time-delay systems. Theorem 1. [44] Nominal system
(10) is finite-time stable with respect to (@, f,T), a < f3, if there exist positive
scalars y, A,i =1,g,---,7, positive criefine matrices P, 0, ’rQZ’ 0,, R, R,, matrices
M=[MM] MIM{ |, L=[1] I} I} ;] and §=[s7 §! ST 5! | ,suchthatthe following

conditions hold
[Qij] (el 2ed oM c,L S
* —R 0 0 |_g
* * —,R, 0
* * * —c, R2 (28)

Q,=A"P+PA-yP+Q,+0,+Q,+d A'RA+d,, A" R A+ M, + M| +8, +5,
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Q,=PA,+d A RA,+d, A RA +M] +L —S +S],
Q,=-M+M]+S;, Q, =M, —-L +S,,
Q, =-"(1-p)0, +d, AR A, +d, AR, A, + L, + L, - S, - S,
Q,=-M,+L-S], Q,, =-L,+L,-S,,
Q,=-"0-M,-M], Q,=-M] -L, Q,=-“0,-L,-L,,
AM<P<ALI, QO <Al O,<Ad, O,<Al, R<AI, R, <AI
ae’ (A, +e A+, + 6,4 )+ 6 (&4 +,4,)— A, <0
where

g :(ey""' —1)/7, &, = ( 7 —1)/;/, &, :(e”’"’ -yd, —1)/;/2,

£, :(eyd‘” —yd,, —1)/72, G :(l—e’yd'")/;/,

¢, =(e’7d”' —e 7 )/7/ ¢ =(1—e”d” )/7/

PROOEF. Let us consider the following LKLF

V(x(t)) =V (x(t)) +7, (x(t)) +V; (x(t)) +V, (x(t)) +V (x(t)) +V (x(t))
v (x(t)) =x" (O)Px(¢), V x(t) ‘[ & "x" (5)0,x(s)ds

t-d,

Vx©)= [ e 000, Vy(x0)= | & (5)0ux(s)ds
t—dy, t=d(1)

z(qg):j ja““x%gR@@yhda
n(wo):.[j &3 (5)R,x(s)dsd 6

The derivative of V' (x(¢)) along solution of gives
V(x(t)) < 7V (x(0) +x" (1) A" P+ PA—yP]x(t)+2x" (1) PA,x(t - d (1))

+x" ()0 x(0) =" x" (1 =d, )0 x(t = d,,) + X (1) 0,x(1)
—e" M X" (t—d,)Ox(t—-d, )+ x' (HO:x(1)
—e™ (1= ) (t—d(0)Qx(t — (1)) +d, & (DR i(0)

+d,, X" (t)RX(t) - j &R ()R x(s)ds — j 75T (s)R,x(s)ds

i=d, i=dy

By using Lemma 1, we have

- j & (s)Rx(s)ds < ET (t)[c MR™'M" +% Jf(t)

t=d,,

(29)
(30)

(31)

(32)

(33)

(34)
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t

_ J‘ &I (5)Ryx(s)ds < ET (1) [CZLRZ']LT +¢,SR, ST +%, + 3, } 40) (35)

t=dy,
where
O =[x0) ' (@-d@) x(-d,) x(-d,)]
(M, +MT MT M, +M]  MT o L 0 -
s _ * 0 -M, 0 s - * L+L L L +L
‘ * M -MT M |T TR ek o -L, [
* * * 0 * * * —L4—L§
(S, +ST -8, +87 ST T
s * S-S o-si s
3 * * 0 0o
* * * 0
o :l(efrd(t)_efrdy) F :l(l_efrd(r))
2 > 3 )
Y Y

Further, we have

V(x(O) <y (x(6) +E (O] Q+ ¢ MRM” +¢,LR, 'L +¢,SR,™S" [£(t)  (36)
If

Q+cMR'M" +¢,LR,'L" +¢,SR,'S" <0 (37)
then
V(x(0)) < 7V (x(1)) (38)

By using Schur complement, from (37) (28) follows. Integrating (38) from 0 to ¢,
with 7 e€[0,7], we get
V(x(1)) < eV (x(0)) (39)
The initial value of LKLF can be written as
V(%(0)) < 0 [ (P) + 8, Ay (O + 32, (03) + 6,2, (O))]
+6[ &3 A (R) + &, 4 (R,)]
For LKL functional (32), the following inequality holds
V(x(2)) > x" (1)Px(¢) (41)
Combining (39), (40) and (41) leads to
Ain (PYX" (0)x(8) < €70 [ A0 (P) + 8 21 (O) + 6,20 (Do) + 8,21, (0))]
+€"' [ &, A (R) + £, (R)]

(40)

If the following condition is satisfying
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"0 A (P) + 6,240 (O) + £, 2000 (O)) + £, 2, (O3]
+€"' 5[ &, A (R ) + €4 A (R)] < By (P) (43)

‘max

then the system (1) is finite-time stable with respect to («, 8,T), i.e. x" (t)x(¢) < 3,
forall ¢ €[0,T7].
Let

/11 < lmin (P)ﬁ A’max (P) < A’Z’ A’max (Ql) < 13’ /Imax (QZ) < /14a
ﬂ’max (Q}) < ﬂ’5 ’ ﬂ’max (Rl) < A&’ ﬂ’max (R2) < 27

Then the conditions (29) and (30) hold. The proof is completed. i
If the time delay is constant (d(¢) = d ), we can obtain the following corollary.

(44)

COROLLARY 1. [44] Nominal system (10) with constant time-delay, d(t)=d , is
finite-time stable with respectto («, 3,T), « < 3, if there exist positive sc,;llars v, A
i=12,---,4, positive define matrices P, O, R and matrix N =[N1T NZT] , such that
the following conditions hold

Q. | cN
{[ ”]“*"2 }0, Q, =A"P+PA-yP+Q+dA"RA+ N, + N/,

* —cR
Q,=PA,+dA"RA, - N, +N), Q, =—e'Q+dA/RA,—N,-NJ (45)
A<P<AI, O<Al, R<AI (46)
ae’ (A4 +ed)+6e" e,A,— A, <0 (47)
where
&, :(e’d —1)/;/, &, :(e’d —yd—l)/yz, c:(l—e’yd)/y (48)

3.2. FTS for time-delay systems with nonlinear perturbations. Theorem 2. [44]
The system (1) with nonlinear perturbations (4) is robust finite-time stable with respect

to (a,B.7), a < B3, if there exist positive scalars y, n, 17,, 4,, i=1,2,---,7, positive define
matrices P, 0, 0,, ;. R, R, matrices M =[ M/ m? MMl m? M|, L=[0] I 15 I} % 1 |
and S =[S/ sI ST 5] s S'1",such that the following conditions hold

[Qv} oz GM o 6L oS

k —

Y= ok 0 0 <o (49)
* *  —,R, 0
sk * * _C3R2

Q,=A"P+PA-yP+Q0, +0,+0,+d A RA+d, AR,A
+M, + M +8,+S] +neF"F,
Q,=PA,+d, A RA, +d, A R,A, + M] +L S, +5,
Q. =-M,+M]+SI, Q,=M]-L+S5],
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Q. =P+d AR +d AR, +MI +SI, Q,=P+d AR +d,AR,+M]+S],
Q,, = —e 1-p)0, + dmA;RlAd + dMA;RZAd +L, + Lg -5, —SZT + nddedTFd,
Q,=-M,+L.-S], Q,=-L+L,-S.,
Q, =d AR +d,AR+L-SI, Q,=d AR +d,AR, +L -S!,
Q. =-"Q -M,-M!, Q,=-M!-L, Q.,=-M!,
Q= —M(,T, Q= —e’Vd“Q2 -L, —LZ, Q= —Lg,

Q= —LZ, Qs =d,R+d,R,—-nl, Qy=d,R+d,R,, Qu=d,R+d,R,—n,]
AM<P<AI, O <AL, O, <AL, O, <Al R <Al R,<AI (50)
ae (A +ek+6,4,+6,4 )+ 6" (64 +&,4)— fA <0 (51)

where ¢, ¢,, &,&,, ¢, ¢, and c, are defined by (31).
PROOEF. Let us consider the LKLF (32). Then, by using the following inequalities
n|ex” (OF Fx(t)— 7 (x().0) f (x(t).0) | 2 0
py | 8,57 (¢ =d@)F] Fyx(t=d() - " (x(¢ = d (), ) (x(t —d (1),1) | 2 0
we get
V() <pV (x(0) +¢" (O] Q+ e MR M +¢, LR, L +¢,SR,'S™ |o(t)  (52)
where
c)=[x)" xt-d@) x'(-d,) x@-d,) [0 g &@-dn).n]
If

Q+ceMR™'M" +¢,LR,'L" +¢,SR,™'S" <0 (53)
then
V(x(6)) < yV (x(2)) (54)

and (49) holds. The rest of the proof is similar to that of Theorem 1, thus omitted. O
If the time delay is constant, d(¢) =d , we can obtain the following corollary:.

COROLLARY 2. [44] The system (1) with nonlinear perturbations (4) and constant
time-delay, d(t) =d , is robust finite-time stable with respect to («,5,T) , a < S, if
there exist positive scalars y, n, n,, 4,, i =1,2,---,4, positive define matrices P, Q,
R and matrix N =[N/ N] NJN] T such that the following conditions hold

{[QU] azes N } 0 (55)
* —cR

Q,=A"P+PA-yP+Q+dA"RA+neF"F+N, + N/,

Q, =PA,+dA"RA, - N, +N., Q,=P+dA"R+N],
Q,=P+dA"R+N],Q,, =—Q+dA RA, +n,¢,F]F,—N, - NI,

Q,, =dA'R-N!, Q, =dA'R-N!, Q,=dR-nl,
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Q,, =dR, Q, =dR-n,]
A<P<A1, O<AI, R<AI (56)
ae’ (A, +&d)+6e" e,4,— BA <0 (57)

where ¢, &, and ¢ are defined by (48).

3.3. FTS for time-delay systems with norm-bounded uncertainties. THEOREM
3. [44] The system (6) with norm-bounded time-varying structured uncertainties
(7) is robust finite-time stable with respect to (o, £,T), a < 3, if there exist positive
scalars y, n, A, i=L2,---,7, positive define matrices P.Q.0,.0,, R, R,., matrices
M=[miml mimi ml] . s=[srslsTslsT], and s=[s/ sisis;s!] . such that
the following conditions hold

[Qi/:| jeiaes oM oL ¢S
* —R 0 0
* *  —o,R, 0

* * * _
R,

Y= <0

Q,=A"P+PA-yP+Q,+0,+0Q,+d, A" RA+d, AR, A
+M, +M] +S,+S +nH"H,
Q,=PA,+d A RA, +d, A RA +M] +L S, +SI +nH"H,,
Q,=-M,+M!+S!, Q,=M]—-L+S],
Q,=PG+d A" RG+d, A" R,G+M! +S!,

Q,=-"(1-p)Q,+d A'RA +d, A RA+L +L,-S,-S! +nH H,,

@)

23 :_M2+L§_S3T: Q,, :_L2+LZ_S4T’

Q, =d, A]RG+d, A, R,G+ L. -S!,

@)

n=—¢"0 -M,-M], Q,=-M]-L,

Q,=-M!, Q,=-"0,-L,-L,

Q,=-L, Q,=d G'RG+d,G"R,G-nl,

AM<P<AI, O <Al O, <Al O, <Al R <Al R,<AI (59)

ae’ (A +ed + 6,4, + 6,4 )+ 8¢ (&4 +,4,)— A, <0 (60)
where ¢, ¢,, &,&,, ¢, ¢, and c,are defined by (31).

PROOF. Let us adopt the LKLF (32). Then, by using inequality

n[(Hx(t) + Hx(t—d(0))) (Hx(t)+ H,x(t—d (1)) —zT(t)z(t)} >0
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we get:
V() <yV (x(e)+ 0" (O] Q+ MR M +c,LR, 'L +¢,SR, S [o(t)  (61)
where o() =[x (1) x"(t-d(t) x'(t-d,) x'(t-d,) zT(t)]T If
Q+c¢,MR™'M" +¢,LR,"'I" +¢,SR,”'S” <0 (62)

then 7 (x(¢)) < 7 (x(¢)). The rest of the proof is similar to that of Theorem 1, thus
omitted. m|
If the time delay is constant, d(¢) = d , we will obtain the following criterion.

COROLLARY 3. [44] The system (6) with constant time-delay, d(¢) =d , and norm-
bounded time-varying structured uncertainties (7) is robust finite-time stable with
respectto (&, 3,T), a < S, if there exist positive scalars y, 7, 4., i =1,2,---,4, positive
define matrices P, Q, R and matrix N = [NIT N, N{] such that the following

conditions hold
{[ij] i3 N :l <0
* —cR
Q,=A"P+PA-yP+Q+dA"RA+nH"H+ N, + N|
Q, =PA, +dA"RA, +nH H, - N, +N!, Q, =PG+dA"RG+N!
Q,, =—-¢"Q+dA'RA, +nHH,~N,-N], Q, =dA’RG- N/,

Q,, =dG"RG-nl (63)
A <P<AI, O<Al, R<AI (64)
ae’ (A4 +&d)+6e¢" e,A,— A, <0 (65)

REMARK 3. Observe that, the FTS analysis is based on solving two problems. The
first problem is a determination of a less restrictive sufficient condition, such that the
differential inequality ¥ (x(¢)) < y¥ (x(¢)) is valid for V¢ e[0,T], T >0. By solving
this inequality, we get V' (x(r)) <¢”¥ (x(0)). The second problem is estimation of
an upper and a lower bound for ¥ (x(0)) and ¥ (x(r)), respectively. The precise
estimation of these bounds provides that ¥ (x(r)) <"V (x(0)) holds for lower
values of the parameter g and higher values of the time-delay 4 . Note that the
conservatism of derived stability criteria directly depends on solving accuracy of
these two problems.

REMARK 4. In the existing literature (see [38] and references therein), the
approximation ¢’“™* <¢’’ is used for estimation of V' (x(0)), and accordingly,
conservative results are obtained. In this paper, this approximation is not used, such
that the conservatism is reduced.
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4. FTS for discrete-time systems

4.1. FTS for systems with non-linear perturbations. Theorem 4. [47] The
system (17) with AA(k)=AA4,(k)=0 and nonlinear perturbations (20) is robust
finite-time stable with respect to {a,f,N} if there exist a scalar y >1, positive
scalars u, u,, A, A,, A4, 4, A, A, A,, A, positive definite matrices P, Q,,0,, R, R,
,matrices L=[L L}---L], S=[S' S, -S{1 and T=[T;" T, ---T 1", such that the
following inequalities hold:

[rij ]i,j:l,Z,---,G pL pS p.T

* PR 0 L

* * _lel 0

* * * -p,R, (66)
AL <P<AI, AI1<Q <A1, Al<Q,<Al, R <AI, R, <Al (67)
YN[ ( A + 6,4, +0,40)+ 8 (8,4, + 8,25 ) |- Bl 4y + 8,4, + 6,4, ] < 0 (68)

where
[, =A"PA-yP+Q, +Q, +(A—I)' R,(A-D+uF " F+T +T",

12:A PAd+(A_I) RIZAd+L1_S]+7;T’ 13:S1_T1+T3T’
r,=-L+T/, T ,=A"P+(4A-1"R,+T/,
I_‘m:ATP+(A—])TR12+T6T,
rzz :AdTPAd +A;R12Ad +/udFdTFd +L2 +L§ _Sz _Szrﬂ (69)
r23:L§+S2—S3T—T2, 1—‘24:—L2+L§—S4T, FZSZAdTP+AdTR12+L§—SST,
26:A,?P+A(1TR|2+L€_S6T’ r; :_7de2+S3+S3T_T3_T3T’
l—‘34:_Ls'*‘Sth_thTr l—135:*5'5T_TST7 F36:S6T_T6Tr
44:_7d'wQ|_L4_LZ’ r45:_L§’ r46:_L76-’ Isg=P+R,—ul,
I'y=P+R,, I'y=P+R,-w,l, R,=(d,—d,)R+d,R,

d 7=1 dm’ 7:1
{M —dy 4 pz:{ —d, (70)
==, y=l A=y ™)/ (-1, yr=l1

d, y=1 d,, y=1
51 d > 52: d P
(7" D/(y-D, y=1 " -D/(y-D, y=l
d,(d,+1) d,(d, +1
{ CurD L0210 y=1 (71)
(y”’”“ T—(y-Ddy, —d, )/ (r=1)7, =l
d (d +1)
w(@n +1) _1
5, = 2 Y

GO =D=(-Dd,)/(y-D", y=*l
PrROOE. Choose the following LKLF:
V (k) =V, (k) +V,(k)+V;(k) (72)
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where
Vi (k) = x" (k) Px(k),
k-1 k=1
V,(k)= 7 (HOxG) + 7 X (NOx())
j=k—dy, j=k-d,
EE S SIS RN
,y= D D 7Y DRy + D D Y (DR ()
i=—dy, j=k+i i=—d,, j=k+i

(k) = x(k +1) = x(k) (73)

The forward difference of V,(k) (i=1,2,3) along the trajectories of the system
(17) yields
AV (k) = (y = 1)V (k) + x" (k) (A" PA = y P) x(k) + 2x" (k) A" PA,x(k — d (k)
+2x7 (k) A" Pf (-2) + 2x7 (k) A" Pg () + x" (k — d (k)) AL PA,x(k — d(k))
+2x" (k= d(k)) 4, Pf () +2x" (k = d (k) A PE () + T ()P (0)
217 C)PE() + 2" ()P () + X (R)(Q + 0,) x(k)
—yx(k—d,)Ox(k~d,)~y"x"(k-d,)0x(k~d,)

) (dy —d)R A R) YK = S Y (DR ()
J=k=dy
S DR (74)

The upper bounds of the last two terms in Eq. (74) can be obtained by using Lemma 2.
= > I DRYD SE R (T + pLRL + pSRTST) ) (75)

YV (DRY(G) < E () (2, + p, TR, TT ) E(k) (76)

where
Sky=[x"(k) x"(k=d(k)) x"(k-d,) x'(k—d,) f"(x(k).k)
g' (x(k—d(k)), k)"

[0 L -5, S, -L, 0 0
* L+L-S,-SI LL+S,-ST —L,+L-SI 1l-sT I[-5]
e . S,+ST  —L+ST s s
=
* * * —-L,-L, - ~L
* * * * 0 0
* * * * * 0 (77)
VS S A A
* 0 -7, 0 0 0
T e T I
2 * * * 0 0 0
* * * * 0 0
* * * * * 0 (78)
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A= =y (=D =) (=D =p

pl= =y N (=D =) (r =D =p, (79)

By combining (74)-(76) and the following perturbation conditions

ux' (k)F" Fx(k)—pf" (x(k), k) f(x(k),k) >0

p,x" (k—d (k) F! Fyx(k—d (k) p,g" (x(k - d(k),k) g (x(k —d(Kk)),k) 2 0 (80)
AV (k) can be finally written as

AV (k)< (y =DV (k) +E (k) (T+ pLR'L" + p,SR'S” + p,TR'T" (k) (81)

If

TC+pLRL" +p SR S" +p, TR, T" <0 (82)
then

AV (k)y—(y-1)V(k)<O0 (83)

Note that the condition (83) can be rewritten as

V(k)y<yv(0), k=123, (84)

By applying Schur complement, the inequality (82) is equivalent to (66).
An upper bound of the initial value of LKLF can be written as

V(0) < 0 (A (P) + 6,210 () + 8,210 (01)) + 8 (83 A (R) + 83 A (R))  (85)

In addition, a lower bound of the LKLF can be written as
k-1

V (k) > Ao (P)x" ()x(k) + 2,4, (Q)) Z 7R (D))

(@) 3 7 ()x () (86)

J=k=d,

If the following condition is valid

7/N |:a (ﬂ’max (P) + é‘]ﬂ’max (Ql ) + é‘2ﬂ’max (QZ)) + 5 (53j’1nax (RI ) + 54ﬂ’max (RZ )):I
<p [ﬁ’min (P)+ 06,2, (O) + 6,4, (O, )] (87)

then
k-1

(P)x" (k)x(k) + 2y, (O) 2 A ()x()

+ 20 (0y) D 7T ()x())

j=k=d,

A

‘min

<V <7 (A (P)+ 8,20 (O) + 6,2, (D))

+7/N§(53/1 (R)+,4,.. (Rz))

max

< ﬂ[j’min (P) + é‘lﬂ’min (Ql) + 52ﬂ’min (QZ)] (88)
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which implies x" (k)x(k) < § for k=1,2,---,N . From this, it can be concluded that
the system (17) is finite-time stable. From (67) and (88) follows (68). This completes
the proof. O

REMARK 5. The conservatism of FTS criteria generally depends on arestrictiveness
of the inequalities (84), (85) and (86), i.e. V' (k) <V (0), V(0)<®, and V (k) >0,
, where ©®, and ®, are the estimations of the upper bound of /' (0) and the
lower bound of V(k), respectively. This estimations depend from the parameters
a,f,N,0,d,, d, and y.In this paper, four innovations are proposed in order to
reduce the conservativeness of the estimations. The two innovations are related to
inequality (84), and the rest of innovations deal with the inequalities (85) and (86).

In above analysis, it is assumed that the delay is time-varying. If the time-delay
is constant (d(k) =d), the following corollary can be obtained.

COROLLARY 4. [47] The system (17) with A4(k) = A4, (k) = 0, nonlinear perturbations
(20) and constant time-delay is robust finite-time stable with respect to {«, 5, N} if there
exist a scalar y > 1, positive scalars u, u,,4,, 4,, 4;, 4,, As, positive definite matrices
P, 0, R, matrices =[] 11} I}]", S=[S" I ST s/ and T=[T,' I, T,/ T 1", such
that the following inequalities hold:

|i[f‘ij]i,jl,2,3,4 pL }< 0 (89)
* -pR
AL <P<AI, AI1<QO<Al, R<AI (90)
v @A +8,24,)+ 65,4 |- B(4 +6,45)<0 (91)
where

[, =A"PA-yP+Q+d(A-1) R(A-D+L +L +uF"F,
[, =A"P4,+d(A-1)" R4, - L + L],
[,=A"P+d(A-1)'R+L}, T,=A"P+d(A-1)'R+L],
[, =APA, ~y'Q+dA RA, —~L,~ L} + u,F]F,, T, =AP+dA'R-L.,
[, =4;P+d4]R-L,

f33=P+R_ﬂ[, f34=P+R, f44=P+R—ﬂd1 (92)
{d, y=1 s {d, y=1
pP= - , 6= ,
A=y /-0, y=U" " (¢ -D/(-D, y=l

2

{d(a’+1)/2, y=1
O -D=-(-Dd)/(y-1?*, y#l (93)
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4.2. FTS for uncertain systems with horm-bounded uncertainties. In
this section, two new sufficient FTS conditions are derived for the uncertain system
(17) with f(x(k),k)=g(x(k—d(k)),k)=0, norm-bounded uncertainties (7)-(8)
and time-varying or constant delay.

THEOREM 5. [47] The uncertain system (17) with 1 (x(k),k) = g (x(k — d(k)),k) =0, norm-
bounded uncertainties satisfying (7)-(8) and time-varying delay is robust finite-
time stable with respect to {a,, N} if there exist a scalar y >1, positive scalars
My A Ay Ay Ay As, Aoy Ao, Ay, pOsitive definite symmetric matrices P, O, 0,, R, R,
matrices L=[L] L}---L1], S=[S 87---SI] and T=[7,' T, ---T;']", such that the
following inequalities hold:

[fi,j ]i,/':l,Z,---,S pL pS p.T

* -pR 0 0 <0

* *oopR 0

* * R Y.
AL <P<AI, AI1<Q <A1, Al<Q,<Al, R <AI, R, <Al (95)
YN[ (A +6,4,+0,4)+ 5 (8,4, + 8,4 ) |- Bl + 6,4 +6,4] < 0 (96)

where
[, =A"PA—yP+0,+Q, +(A=I)" Ry (A=) + uH H +T, + T,
[, =A"PA,+(A=D)" RyA, + uH H, + L, — S, + T,
D=8 -T+T", T,=-L+T], T\y=A"PG+(A-1)"R,G+T/,
[, =A"PA, + AR, A, +uH,/H, +L,+ I, -8, -5,
1AH23 :Lg +5, _S3T -1, 12‘24 =-L, +L§ _S4T’
[, = A PG+ A R,G+L. -S!,
fas :_7de2 +5, +S3T -T _T3Ta 1ﬁ‘34 =-L, +S4T _T4T’ 1Aﬁ35 = SsT _ZsTy
f‘44 =_7dMQ1 -L, _Lia f‘45 =_L§’
[,=G'"PG+G'R,G-ul, R,=(d,-d, )R +d,R, (97)
and the constants p,, p,, ,, J,, 6; and 9, are defined by (70) and (71).
PROOF. Let us adopt (73) for LKLF. Then, the forward difference of AV (k) along

the trajectories of the uncertain system (17) with f(x(k),k)=g(x(k—d(k)),k)=0,
amounts:

AV (k) < (7 =)V (k) + x" (k) (A" PA~y P)x(k) + 2x" (k) A" P4, x(k — d (k)
+2x" (k) A" PGz(k) + x" (k — d (k) AL PA,x(k — d (k)
+2x7 (k —d (k) AT PGz(k) + =" (k)G PGz(k) + x" (k) (0, + 0, ) x(k)
—y M x (k=d\ )0x(k—d\)~y"x" (k—d,)0,x(k~d,)
+3" ()R, () +ET () (E+ p LR L + p SR'ST + p,TR,'T" ) (k) (98)
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where &) =[x" (k) x"(k—d(k) x'(k—d,) x'(k—d,) =z ()] and

L+T L-S+T S, =T +T ~L+T] T
*  L+IL-S,-S L[1+S,-S/-T, -L,+L,-S; L-S!
T= x * S,+8y ~L-T) -L+S; =T/ S5-T7 | (99)
. y * -L-L, L
% * * k O

By combining (98) and the following perturbation condition
ux" (k)H" Hx(k)+2ux" (k)H" H ;x(k —d (k))
+ux" (k—d(k)H! H ,x(k—d(k))— uz" (k)z(k) >0 (100)
we get
AV (k)< (7 =) (x(k)) + &7 () (T + p LR L+ p,SR'S™ + p,TR,'TT ) (k) (101)
If the following inequality is satisfied:
T+ pLR'L" + pSR7'S™ + p,TR;'T" <0 (102)

then the condition (84) holds. From (62), by using Schur complement, we get the
condition (94). The rest of the proof is similar to the proof of Theorem 4. O
If the time-delay is constant (d(k) = d ), the following corollary can be obtained.

COROLLARY 5. [47] The uncertain system (17) with f(x(k),k) = g(x(k —d(k)),k) =0, norm-
bounded uncertainties satisfying (7)-(8) and constant time-delay is robust finite-
time stable with respect to {a,, N} if there exist a scalar y >1, positive scalars
U Ay Ay Ay Ay A5, positive definite matrices P, Q, R, matrices L=[L LI,
S=[S/ SI SI1 and T=[T," T, T]']", such that the following inequalities hold:

{[F,j Loy PL } -0 (103)
* -pR
Al <P<I, A1<0<A1, R<AI (104)
7Y [a(12+5114)+552/15]—ﬂ(z1 +8,4,)<0 (105)
where

T, =A"PA-yP+Q+d(A—I) RA-I)+ uH H+L + I,
T,=A"PA,+d(A-1)"RA, + uH"H, — L + L,
[,=A4"PG+d(A-1)'RG+L},
T, =A PA, ~y'Q+dARA, + uHH, ~ L, ~ L},
T,, = A PG+dARG-L}, T, =G PG+dG"RG—ul (106)

and the constants p, 6, and o, are defined by (93).
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4.3. FTS for uncertain systems with non-linear perturbations and norm-
bounded uncertainties. In this section, we consider the uncertain system (17)
with norm-bounded uncertainties and nonlinear perturbations that satisfy (7)-(8)
and (20), respectively, and give a new FTS criterion.

THEOREM 6. [47] The uncertain system (17) with nonlinear perturbations (20),
norm-bounded uncertainties satisfying (7)-(8) and time-varying delay is robust
finite-time stable with respect to {a,, N} if there exist a scalar y >1, positive
scalars &,&,, t, A\, Ay, Ay, Ays A5y Ag, Ay, A, positive definite symmetric matrices
P,Q, 0., R, R,, matrices L=[L Ly L)', s=[s s]---s]1" and T=[1 T, ---T/T,
such that the following inequalities hold:

[Ei.j ]i,j:l,2,»~,7 pL oS p.T

S Py (107)
* * —PR 0
* * * —pR,
AM<P<AI, A1<Q<A4d, AI<0,<Al, R<AI, R,<Al (108)
YN[ (A +6,4, +0,4,)+ 5 (8,4, + 8,2 ) | = Bl Ay + 8,4, + 6,4 ] < 0 (109)

where
[,=A"PA—yP+Q,+Q, +(A-D"R,(A-I)+eF"F+uH "H+T, +T,
r,= ATPAd +(A—I)1‘R12Ad +yHTHd +L, =S, +T2T, T,=8-T +T3T,
C,=-L+T], T,s=A"PG+(A-1)"R,G+T/,
L= ATP+(A—])TR12 +T6T, r,= ATP+(A—I)TR12 +T7T,
T,=APA,+ AR, A, +&,F,F, +uH,H,+L, + L, -S,—S.,
D=Ly +8,-8 ~T,, Ty=-L,+L,-S,, (110)
L,,=A4,PG+AR,G+L,-S!,
C,=AP+AR,+1L.-S], T,,=ATP+A'R,+L1]-S],
Ly=—r"0+8,+8] -, =T, Lyy=-L+8 -T], Ly=5 -1,
=S -T/, Ly,=8 -1/, L,y=—y"0~-L,~L,, L,=-L,
L= —Lg, r,= —Lg, L= GTPG+GTR12G—/JI, L= GTP+GTR12,
r,,=G'"P+G"R,, T',=P+R,—¢l, T,,=P+R,,
r'.,=P+R,-¢,I, R,=(d,—d,)R +d,R,
and the constants p,, p,, 6,, 9,, d; and ¢, are defined by (70) and (71).

PROOE. The proof is similar to the proof of Theorem 4 and 5, thus omitted. O

4.4. FTS for nominal systems. For the nominal system (10), the following FTS
criterion can be obtained.

COROLLARY 6. [47] The nominal system (10) with time-varying delay is finite-
time stable with respect to {a,, N} if there exist a scalar y >1, positive scalars
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Ais Aos Ays Aus Ass Ag» A5, A, POsitive definite matrices P, Q,,0,, R, R,, matrices
L=[L L] L, LT, s=[S" 8T 87 sT1 and T=[T/ 7] 7] 7] 1", such that the following
inequalities hold:
(L) jm250 2L PSS pT
* -pR 0 0

<0
* *o-pR 0
* * o -pR, (111)
AL <P<Al, AI<Q <Ad, Al<Q,<Al, R <AI, R, <Al (112)
YN[ ( A +6,4, +0,40)+ 8 (8,4, + 8,25 ) |- B4y + 8,4, +6,A4,] < 0 (113)

where

r, :ATPA—7/P-+-Q1—i—Qz+(A—I)TR12(A—I)—1-T1 +T1T,

C,=A"PA,+(A-1) R A, +L —S,+T/,
L.=8-T+T, [,=-L+T/,

r, :A;PAd—i-A;Rled+L2+L€—S2—S2T, (114)
L,=L+S,-S-T,, T, =-L +L,-S],

Ly=—y"0+8,+8] ~T,-T, Ty =-L+S -T/,

C,=—1"0-L,-L,

and the constants p,, p,, 9,, J,, 6, and 9, are defined by (70) and (71).
In special case, when the time-delay is constant ( d(k) = d ), the following corollary
is obtained.

COROLLARY 7. [47] The nominal system (10) with constant time-delay is finite-
time stable with respect to {&, 5, N} if there exist a scalar y >1, positive scalars
As Ay Ay, Ay, A5, positive definite symmetric matrices O, R, matrices L=[L LT,
S=[8" 8! and T =[7" 7,'T", such that the following inequalities hold:

r pL
{* » }o (115)
* —pR
AL <P<AI, AI1<Q0<Ad, R<AI (116)
YN[ a(A +8,4,)+ 65,4 |- B(4 +6,4,)<0 (117)
where

[, =A"PA-yP+Q+d(A-1)R(A-D+L, +L],

[,=A"PA,+d(A-1)"RA,~ L +L}, (118)

Ly= AdTPAd _7/dQ+dA;RAd -L —LZ
and the constants p, 6, and &, are defined by(93).
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5. lllustrative examples and simulations

In order to compare our results with existing ones, the following two criteria are
adopted: a) a minimum allowable lower bound (MALB) of the parameter g, £, .,
such that the concerned system is FTS for any parameter g greater than the MALB,
b) a maximum allowable upper bound (MAUB) of the time-delay d, 4, ,suchthatthe
concerned system is FTS for any delay size less than the MAUB. Note that a criterion
that gives a lower value of MALB or a higher value of MAUB is less conservative with
respect to other criteria.

5.1. Continuous-time case.
EXAMPLE 1. [44] Consider the following nominal continuous-time system with time-
varying delay:

x(t) = Ax(t) + A, x(t —d (1))

0.01 0.01 0.01 0.01 0.01 0.01
A=|0.01 0.01 0.02|, 4,=]0.01 0.01 0.01
0.02 0.01 0.02 0.01 0.01 0.01 (119)

Let d,=2<d()<d, =5 and p=0.1. Base on [19] and Theorem 1, the MALB
B is calculated for & =0.5, §=0.5 and T (10, 20, 30, 40, 50), and results are
listed in Table 1. From the table, it can be seen that Theorem 1 provides much less
conservative results than [19]. Using the second criterion for comparison, the MAUB
d,.. is computed for @ =0.5, =600, §=0.5 and T (10, 20, 30, 40, 50), and

results are shown in Table 2. From the table, it is clearly seen that our method is more
effective than the recently reported one. Moreover, [19] is not feasible (NF) for 77> 30.

TABLE 1. The MALB S,

min

for the system with 2 <d(t)<5, 6=0.5 and ¢ =0.5

T 10 20 30 40 50
[19] 14839  44463.3  1332301.7 39922:10° 1197-10¢
Theorem 1 2.4 9.4 38.0 154.1 624.6

TABLE 2. The MAUB d, . for the system with d, =2 and g =600.

max

T 10 20 30 40 50
[19] 43 2.8 NF NF NF
Theorem 1 549 447 34.4 232 3.7

Figures 1 and 2 show simulations (the state variable and the norm of the state
vector) of the above system (119) with the time delay d(¢) = 3|sin(0.03t)| +2 and the
initial condition ¢(6)=[0.16+0.2 0.16+0.2 0.16+ 0.2]T, 6 €[-5,0], which satisfied
SUPyy 5.0 ¢ (O)P(O) =0.27<05=a and sup, s, ¢" (0)p(0) =0.03<0.5=5. Obviously,
2<d(t)<5, maxd(t)=0.09<0.1= p and the considered system is not asymptotically
stable, but it is FTS. Further; the norm of the state vector with Figure 2 does not exceed the
MALB g . from Table 1, which confirms the correctness of the proposed result.

min
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6 100

80

xT(H)x(t)

’ =10 0 10 20 30 40 50 -10 0 10 20 30 40 50
time time
FIGURE 1. The state variables of the system  FIGURE 2. The norm of the state vector of
the system

EXAMPLE 2. [44] Consider the following system with time-varying delay and
nonlinear perturbations (4)

X(1) = Ax(0) + A,x(t =d () + f (x(1),0) + g (x( =d (1)), )

(120)
d, =2, §=05 p=01 F=F, =005, ¢=¢,=0.05

where the matrices 4 and 4, are defined in (119). By using Theorem 2, the MALB
B is calculated for d,, =5, «=0.5, T (10, 20, 30, 40, 50) and results are listed
in Table 3. Table 4 lists the MAUB values d_ which are obtained by Theorem 2 for
B =600, a=0.5 and Te(lO, 20, 30, 40, 50).

TABLE 3. The MALB S

min

for the system (120) and 2 <d(t) <5

T 10 20 30 40 50
Theorem 2 3.7 223 134.5 813.2 4919.5

TaBLE 4. The MAUB d__ for the system and g =600

T 10 20 30 40 50
Theorem 2 40.0 29.9 19 NF NF

ExAMPLE 3. [44] Consider the following time-varying delay system (120) with
parametric uncertainties (7):

X(t) = (A+AA(0)) x(t)+( A, + A4, (1)) x(t —d (1))
d, =2, 6=05 p=01 G=H=H,=005I, (121)

where the matrices 4, and 4, are defined in (119). By using Theorem 1 in [19]
and Theorem 3 (this paper), the MALB g . is calculated for d,, =5, a=0.5,
Te (10, 20, 30, 40, 50), and results are listed in Table 5. From this table, we can see
that S, in this paper is significantly smaller than those in [19].

Based on Theorem 1 [19], and Theorem 3 (this paper), using the second
criterion for comparison, the MAUB 4, is computed for ¢ =0.5, f =600 and

Te (10, 20, 30, 40, 50), and results are shown in Table 6. From the table, we can
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see that the values of MAUB d__ in this paper are significantly larger than those in

max

[21]. Moreover, Theorem 1 [19] is not feasible for 7" > 30.

TaBLE 5. The MALB £, for the system (121) and 2<d(¢) <5.

T 10 20 30 40 50
[19], £ =0.1 1484.1 44469.0 1332473 39926-10° 1197-10°
Theorem 3 2.7 133 65.8 325.6 1612.6

TABLE 6. The MAUB d,,_for the system (121) and £ = 600.

T 10 20 30 40 50
[19], €=0.1 43 2.6 NF NF NF
Theorem 3 51.2 41.1 30.6 17.2 NF

5.2. Discrete-time case. In this section, we give two numerical examples to
show the effectiveness of the proposed results for discrete-time systems and their
improvement over the existing literature.

EXAMPLE 4. [47] Consider the discrete-time system and nominal system [33],
[34] and [53] with the corresponding parameters:

[0.60 0.00 020 0.25
A= , A, = , d,=2, d,=5 6&=11 (122)
1035 0.70 025 0.15
(005 0 0.05 0
F= , F, = (123)
| 0 005 0 0.5
G0 o] L _for o] . _[o1 0
Lo o1 Lo o1 T lo o1 (124)

We adopt the MALB criterion to illustrate the applicability of our results and
compare them with existing ones.

(i) First we analyse the system (17) with A4(k)=A4,(k)=0 and parameters
(122) and (123). By using Theorem 4, the MALB g ., is calculated for ¢ =3 and
N e (5, 10, 20, 40). In special case, when the time-delay is constant (d(k)=5),
a=3and N (5, 10, 20, 40), the MALB S, is computed by using Corollary 4. The
obtained results are listed in Table 7.

(ii) Now we consider the system (17) with f (x(k),k)= g (x(k—d(k)),k)=0 and
the parameters (122) and (124). By using Theorem 5, the MALB g, is calculated
for ¢ =3 and N € (5, 10, 20, 40). For the constant time-delay d(k)=d =5 and the
same values of the parameters ¢ and N, we computed the MALB S . by using
Corollary 5. The obtained results are listed in Table 7.

(iii) In addition, we consider the system (17) with nonlinear perturbations,
parameter uncertainties, interval time-varying delay and the parameters (122), (123)
and (124). By applying Theorem 6 and solving corresponding matrix inequalities, the
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MALB f,;, is computed for ¢ =3 and N (5, 10, 20, 40).The corresponding results
are also shown in Table 7.

(iv) In order to compare our results with existing ones given in [33, 34, 53],
we consider the nominal system (10) with time-varying delay 2<d(k)<5 and
the parameters (122). The MALB g, is computed by using [33, Theorem 1], [34,
Theorem 1], [53, Theorem 6] and Corollary 6 for ¢ =3 and N € (5, 10, 20, 40).
The obtained results are listed in Table 8. From this table it can be seen that: a)
our results are less conservative than those in [33] and [34]; b) [34, Theorem 1]
is not feasible (NF) for N >40 and c) 53, Theorem 6] represents a special case of
Theorems 4-6 for nominal system.

TABLE 7. The MALB S, for a =3 and the system (17) with 2<d(k)<5 and
the parameters (122), (123) and (124).

N 5 10 20 40

Theorem 4 (A4(k) = Ad, (k) =0), 48 352 153104 2.57-107

2<d(k)<5

Corollary 4 (AA(k) = A4, (k)=0), d(k)=5 11 35 346 3.00-10*

Theorem 5 (f() = g() = 0) ,2< d(k) <5 35 180 3674 1.32-10°

Corollary 5 (f(-)=g()=0), d(k)=5 9 22 121 3409
52 412 2.11-10* 4.79-107

Theorem 6, 2 < d(k) <5

TaBLE 8. The MALB g for =3 and the nominal system (10) with
2 <d(k)<5 and the parameters (122).

N 5 10 20 40
[34] 9.8510° 1.53:10° 3.6310° NF
[33] 168 741 1.04-10° 1.70-10¢
[53] 33 154 2701 7.0910°
Corollary 6 33 154 2701 7.09-10°

In order to verify previous results, we chose the following initial values
#(j)=[0.1j+0.2 0.1;+0.2], je{-5-4,,—1,0} and compute the state response
of the system (10) with d(k) = L3|sin(k / IS)H +2, k=1,2,---,N , where |- | denotes
rounding to the nearest integer. Obviously, it can be seen that the time-delay and
initial values satisfy the following conditions:

2<d(k)<5 and sup 1}(;;5(,~+1)_¢(J~))T (p(j+1)—¢(j))=0.02<1.1.

Je{=5.-5=

Figures 3 and 4 show the state response x(k) of the nominal system (10) and the

evolution of the norm x” (k)x(k). Based on the figure, we can see that the considered
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system is not asymptotic stable, but the norm x’ (k)x(k) does not exceed the MALB
B, from Table 10, which means that the above system is FTS with respect to
3.8..-N), Ne(5,10, 20, 40).

x(K)

FIGURE 3. The state variable of the system FIGURE 4. The norm of the state vector of the
with the parameters and 2 < d(k)<5. system with the parameters and 2 < d (k)< 5.

TaBLE 9. The MALB g, for a=3 and the nominal system (10) with
d(k)=d =5 and the parameters (122).

N 5 10 20 40
[34] 104 791 4.02-10* 1.03-108
[33] 29 74 362 7.06-10°
[54] 8 19 93 1941
Corollary 7 8 19 93 1941

(v) Finally, we consider the nominal system (10) with constant time-delay
d(k)=5 and the parameters (122). For ¢ =3 and N < (5, 10, 20, 40), the MALB
B... is computed by using [29, Corollary 1], [32, Corollary 1], [33, Theorem 7] ,
Corollary 7, and the obtained results are listed in Table 9. From this table, it can be
seen that Corollary 7 and [33, Theorem 7] provide less conservative results than
those in [29] and [32], and [54, Theorem 7] represents a special case of Theorems
4-6 (for nominal system with constant time-delay).

6. Conclusion

In this paper, finite-time stability for classes of uncertain time-varying delay
continuous and discrete systems with nonlinear perturbations and parametric
uncertainties have been investigated. New integral and finite sum inequalities with
the exponential and power function are derived in order to estimate the upper
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limit of a quadratic form. By using these inequalities and Lyapunov-Krasovskii-
like functional with exponential and power functions, some sufficient conditions
of finite-time stability are obtained in form of linear matrix inequalities. Finally,
Numerical examples have been presented to verify the effectiveness of the proposed
results and some improvement over some existing work in the literature.
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