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The bracblstochronic motion of mechanical system with dissipative genera
lized forces is considered. Тће generalized worklessforces, wblch must Ье 'added 
to the system torealize bt'acblstochronic motion, are obtained. As an appli<:ation 
of the' theory'two particular problems are studied. ". , 

, 

1. Introduction 
, .. 

Тће optimization of mechanical systelll during the motion is а very old pro
blem but contemporary current in recent years. John Bernoulli (1696) fi.rst formu
lated and solved а probl{:m of this kind. It Was the bracblstochrone probleni. 

Let us consider а dYllamic system which is moving from а given configuration 
А to ap.other given coQfigtlration В. It is required to find the control forc~s, which 
will сапу the system frorn А to В in а minimal-stationary time. Тће mcitio11, ,ОС 
the system is called braeblstochronic, while the corresponding trajectory of' the 
system is known as а brachistochrone, Following а concept of classical mechanics. 
we wil1 suppose that the total work of the control forces is equal to zero, and we 
will say that these, forcesare, workless. Namely, in the classical mechanics these 
control forces are reactions of the constraints imposed оп the system during фе 
motion. We wi1l consider the control forces as the forces which must Ье added 
to Ље system to realize the brachistochronic motion. 

Bernoulli considered the brachistochronic motion of а particle under the 
influence of gravity. The brachistochronic motion of а particle in а central force 
field have been solved Ьу Кleinschmidt and Schulze [4]. The brachistochroni<,: 
motion of а conservative mechanica:l system of п degrees of freedom was studied 
Ьу Pennachietti [1] and McConnel [2] for the holonomic system~ andoby,Djukic. 
[3] for the nonholonomic case. In [9]- [11] фе brachistochrone of а particle with 
Coulomb friction has been treated. Тће brachistochrone of а particle in а [е
sisting medium was solvecl, in the "sense of re9uction to quadratures, Ьу Euler (see 
[6] р. 241), and recently Ьу Drummondand pownes [7]. Stojanovitch [8] consi
dered the brachistochronic motion of а scleronomic holonomic dynamical systeЦl 
in the field ot non-conservative forces that are indepel1dent of time and velocitles 
of the system. 'о : " ""о ", ','У' ~ 
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We will consider the bracblstochronic motion of scleronomic ћоlопоmјс 
non-ronservative тесћаniсаl system, where the nonconservative generalized forces 
are dependent оп time, generalized coordinates and generalized velocities. As· an 
appIication of the derived theory, two particular probIems will ье anal)7:ed. 

In tbls paper the notation of tensor calculus is шеd throughout and the suш
mation convention will ье observed. SmaII italic indices imply а range of values 
from 1 to n. 

:2ЈПе ·equations оfЬrасhistoclirопiс пiоtiоп 
. . 

. - , -

Let ш consider а holonomic scleronomic nonconservative mechanical system 
with п degrees of freedom, where the ql are mutuaIIy independent generalized 
coordinates and t is the time. Тће тесћаniсаl system is characterized Ьу the 
kinetic energy 

(1) Т 1 ()'I .. = ајј q' q qJ, 
2 . '.'.'") 

". Ј' . . ." .' . , 

pot~ntial' enegy7t', попсопservаtivе generalized forces Qc and Ьу the generalized 
co:titrol forces иј. Тhe potential energy is function of the generalized coordinates 
and the nonconservative forces are dependent оп the generalized coordinates, 
generalized velocities and time. Here Сј' are the derivative of q' with respect to 
time and ајј are the functions of the q'$ only. Тће corresponding differential equa
tions of motion of the mechanical system are 

; "о 

(2) .. 

Let us suppose that the mechanical system is moving in а Riemannian con
figuration space Vn with the metric form 

(3) (ш)2 = 2 Т (dt)2 = аи dqi dc/. 

From tbls equation we immediately ћауе that the time needed Ьу Ше system to 
pass from а given initial configuration 

(4) qi (О) = qiO 

, 

to another known terminal configuration 

(5) 

along а curve in the Vn , is 

(6) 

where 

(7) 

• 

1= 

О 

фl/2 
--'--dt 
(2Т)1/2 ' 
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According. to our assumption total work* of the control forces ис is equal to 
•• zero, Ј.е. 

(8) Иј ql =:' о. 

Hence, between the change of mechanical energy and the work of nonconservative 
forces done оп the elementary displacement of the system there exists the relation 

(9) 

Using (3), above equation takes the form 

(10) Т+ ~; ql_Ффl/2=0, 
where 

(11) Ф _ 1 Q ( . r) ./ 
- '~ ј 1, q', q q. 

,, 2Т 
. 

Further, we will restrict оШ' analysis оп the problems where the function Ф mау 
ье ·always expressed as а fUnction of time, generalized coordinates and kinetic 
energy, that is, 

(12) ф = ф (/, qj, Т). 

In the bracblstochronic motion of the mесћаniсаl system the functional (6), where 
the terminal time 't' is not specified, must Ье mјnimаl subject to the equation 
(10) as а constraint. Тће variational probIem is equivalent (see [6] р.222) to the 
minimization of а пеw func;tional 

(13) 1* = 

• • 

• о 

т д1t. I + I q 
дq 

dt, 

where л is Languange's muItiplier and 

(14) H(/, ", л, Т)- kт-л ф (t, r/, Т). 

АSS1Јшing that the variation operator 8 and the differentiating operator d are 
commutative, the first variation of (13), where the 't' is not specified, is given Ьу 

(15) 

т 

81* = . 8 i 1 Ф-l/2 дф Н+фl/2 дН _ d 
q 2 дr/ дr/ dt 

о 

. д1t 
-л

дql 
+8Т фl/2 дН -ј. dl+л8Т 

дТ 

+ л д 1t 8 I т + Н .1.1{2 

дr/Ј q о 'ј' 
1 _ 1 

2ф 

• indecd tot81 power 

1 .1.-1/2 д Ф н _ 
2 'ј' д;/ 

Т+ 1.1,-1/2 дф Н+ 
2 'ј' дqi 

о 

дф q·1 8 t I . 
дсјј 1=,,< 
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Following standard procedure of variaiional calculus, using (1),(7) and;:t~ fаои 
that 8 qi (О) = 8q -l ('t')=0, the condition that 1* is stationary, ј.е. 01*=0, ује1ш ' . 'о. 

(16) 

(17) 

(18) 

d 
, dt 

н д~ 

V21' дё/ 

. ", 
( , - Ј 

-:- Н . д ~ ~ с 2 V2 т д Н -,- i д l' , " , , . ' :. I 

V 21' д I ,д ј 'д ј ' ..' , '.' " '.' q q q ОО,, I '. I 
..•. ' .••• 1"·.·'11 

'i,.:- V2T дН , 
" дТ 

л8тl~ О, 
, 

- ., 

, .' 

" ',"- . • 

.• ' ,;..'" "ј; •• !1 
'( '.,_ -,' 0':.','- .• · , " 

Combining (1), (2), (7), (16),' we have the optimal control forces . l' , , ' . . , 

(19) 

Неnсе, it foIlows: 

н 

V21' 
• 

, .. 

;.<., "Ј,' .. . - . . \' 

"-<,','" : . " .'.'.: ,_о 

Theorem: The brachistochronic motion of а holonomie scleronomic, попео п"" 
, . , 

servative теећаnјеаl system with kinetie energy (1) јn the field ofJor~s ,of 
potential l' and noneonservative forces Qi is described Ьу the differential еqЩl
tions (16), (17) and (10) and realized with the help of the control forces (19)~ 

Тће transversality condition, (18) wiI1 Ье satisfied if 

(20) 

and 

(21) 

Т(О) = То or Ј. (О) = О, 
'. 

•. , f . , ~ 
'. .. 

. , ' . 

• . 
, "о 1 '. . 

. . . , 
• ~ _. о" -:. , • 

. 

where То and Tla~e initial and terminal values of the kinetieenergy. Combining 
(1) and (7) we obtain the foIlowing equation ,,' " 

- .... ... '. .. . 

(22) ~ = 2 Т for t Е [O,'t'], 

AfteI integration of п seeond order differential equations (16) and two first order 
differential equations (17) and (10) wehave the q', Т and л as funetionsoftime 
and 217+2 constants of integration. These 2n+2 eonstants and the terniina:t.tiine 
't' of the motion тау Ье found from the 2n+3 algebraic equatiQns (4), (5) and 
~~-~ђ, ' , 

, , 
• • 

3. А brachistochronic stаЫlisаtiоп , , , . ' , : 

Let us consider the perturbed motion ab6ut а eircular orbit of а material 
point јn а Newtonian central force field. ,Тће corresponding differential equations 
for the disturbances xand у are (for more details, consult [12] р, 617): 

. . ., • Ј 

, 

(23) X~ 2у= О; У +2x~ 3 у=о, . ,'-, ·····1'· .:; . . '. ;.'" "., , ... ; 
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Adding to the system а co,nstant force-k in the У direction, we wish to transfer 
theinitialdistџr~ances, ' " "', _,' ',.с' ,~ 

1· : , . .. ..',.', , . 
(24) 

into the zeros, ј.е. to the state 
, 

(25) ., '.", х (Т).,. О; '. У (Т) = О; т.с"С'). = О' , 
" " \ I • I - , 

. , 

foг а minimal time. Hence, we тау саН the ртоblет under consideration "the 
brachistochronic stabilization ртоblет" •• In this ca.se, the characteristic func
tion of the ртоblет аге 

(26) 
'" 3 

1':=ky- у2; 
2 

Ф~О; 
.,. ", ,,' ,', . , .,.\" 

Combining (10), ,(16), (17) and (26) we obtain thedifferential equations 'of1 the 
Ъгасhistосhrоniс motion 

• 

(27) т +(k- 3у)у= О. ' 

(28) 

(29) 

d 

dt 

• 
х 

-о· - , 
2Т 

From (24), (25) and (27) 'ive have 

(30) 

d у. 
= -л(k-3у)' 

dt 2Т ' 

. 1 
л= - . , 2Т 

k= 3 
2 

То 
уо- . 

уо 

, . ; I 
", :". 

- . :i 
, ' . 

• · ... 
, " , 

, . " , ' 
" 

" , 

- ;!;,./ 
· . .' 

, , 
" ' ; I • 

'Solving the equations (18) and.(29) and using (22) (26) and (30), we obtain, fo!'
lowing solution of the problem; " 

(31) 

{З2) 

where 

(3З) 

х=Ь- k -~ F 
З а 

Va2 -1 
t=c + аvз-F 

• 

а 

Va 2
- i 

0(,---
а 

а 

-аБ 

, 

• 1 
0(= агсsш 

V 
cos arcsJn -

а2 -1 а 

а 

з 
-у-l 
k 

• 

, 

а, Ь and с are integration constants, and where F (ф, k) and 
.elliptic integrals of the first аnд second order, respectively. 

, , 

, . 

...... " 

" 

· " • • 
" ј 

Е(ф, k) are the 
: I " 
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., Substituting (31) - (33) into the equations (24) and (25) we obtain the fol-
10wing system of algebraic equations for finding the constants а, Ь and с and the 
mјniтаl time "t' 

(34) 

. . I , 
. .' . 

1 
- F(a l , е) - аЕ (аl' е) ; 
а 

Уа2 _ 1 . е .. ~ 
с= - ,г;; F(ao' е); Т= ,г;; [F(ai' e)-F(a2 ; е)]; 

а"з ,,3 

3Хо = 1 [F(al,e)-F(ao; e)]-а[Е(аl' e)-Е(ао,е)Ј, 
k k 

where «о(а) and аl (а) are obtained from (33) for У=Уо and у=о respectively. 

4.: mоtiоп о! а material роiпt iп а restiпg medium . 

А material point of unit mass with prescribed kinetic energy ТО is moving, 
under the influence of gravity along а curve in space from а point А to another 
point В. When the kinetic energy is Т the motion is resisted Ьу а force R (Т) 
per unit mass, but there is по other frictional force. Тће problem is to find the form 
of the curve so that the point reaches В in the shortest possible time. Тhe same 
problem of motion, but in vertical plane, is treated in [6] р. 241. Тће characte
ristic functions of the problem are 

п= -gz; 

(35) 

where х, У and z are the Cartesian coordinates of the material point, and g is 
the acceleration due to gravity. 
Substituting (35) into (10), (16) and (17) we ћауе the following equations of 
brachistochronic motion 

(36) 

(37) 

(38) 

(39) 

(40) 

d Н . 
~::::: х 

dt У2Т 

d Н . 

dt У2Т У 

d Н z 
У2Т dt 

=0; 

• 

=лg; 

. у дН 
л= 2Т , 

. дТ 

T-gi+R(Т) У2Т=О. 
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From (35)-(38) we have 

(41) 
, ' 

where С1,С2 and СЗ are integration constants. Combination (41) and (35) 
yields the Lagrange's multiplier л as а function of the kinetic energy 

(42) 
- gсэ-Љ ±УЈ(Т) 

л (Т) = ___ =:.-2_T~ __ , 
g2_R2 

where 

(43) Ј(т)= С Я2(2Я2 g -- - g - ) 
з V2T 

Now, from (35) and (41) it follows that 

дН /-:' ~ 
(44) Н dТ=±УЈ(Т)dл, 

дТ 

and the equations (36)-(40) Ьесоте 

(45) 

(46) 

(47) 

(48) 

С4 = const., 

dT 
dy=C2 Уf(Т)' 

dz= [Сз +л(Т)g] dT 
V Ј(Т) , 

dt= _ 1 g [Сзv+ л(Т)g] - 1 dT, 
ЯУ2Т Ј(Т) 

where the positive square root of the functionJ(T) is taken. For апу given depen
dence R (Т), the probIem (:ап therefore Ье solved Ьу quadratures. 

Acknowledgement. Тће author expresses his appreciation to Dr. Т. Atanackovic 
for а constructive review of the paper. 
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