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Ahst.ra ct.. \Ve pre sent a s u r vey o f so m e n on-st nndnrd t.reveling sa lesman problem."
(T 5£') with em phasis on authors' contribut ions . Th e results include com p lexi ty
indices and k· lwst so lu t ions for t ill: ord inary T SP, th e TSr o n a cha ined structure,
a multi -T 'S ]' 0 11 a bnudwi clt h-Iimit ed di graph a s well a s the correspon di ng genera l
case , a genernlixed T SP a s well as tl te descript io n o f so m e so ft wa re for TSP.

K r-y w ord s n ud p h rns .es : operations reseaarch , corub iuntorinl o p tim izat ion , t rnv
cling s'I I (~ S Ill'U1 problem, branch and hound , d ynmuic programming , bandwidth
limit ed ~I·aph.., mul tipnrt .irc graphs , complexity o f al gorithms , software .

O. INTRO DUCTI O N

The purpose of this expository paper is to present our work on the traveling
sa les rua u problem and its variations and to a nnou nce our Look [23] 0 11 t he sa me
subjec t . One of the reasons for th is is that a part of resnl ts is eit her unpublished
or published in Serbo-Croat.ian language (see the list of references ).

Sect ion I presents definitions and necessary facts related to the t raveling sales
m an problem . Section :2 introd uces severa l va rin tious of bas ic problem calling all
of t. hem lion -standard problems. Section :J contains the resul ts classifi ed ill several
S it bsect ions.

1. TltAVELI»:c; S'\ LES~lA»: I'ltOllLE~l

Suppose a salesman, starti ng from his horne city, is to visit exactly a lice each
city on a given list of cit ies a nd then to return home. It is reasona ble for him
to se lect the order in whi ch he visi ts the cit ies so that the total of the distances
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trnveled in his tour is as sm a ll as possible. This probleru is called Ira vcl"' 9 «alcsm an

I'roblelll (T S I') .

TS P is a typical problem uf com bnmtorml opt inuzntum , There is an f'x lPlls in'
li terature 0 11 a III I a ll impressi ve th eory of TS P. T he theory incl udes a lgori th ms and
heuristics ( wit h an em phasis 0 11 com plexi ty questions} for solving TS P (l$. well as
severa l varia t ions a li d related proh It'IIIS. There a rc a pplif a lions of TS P ill opel'a t ions
H'st'arch and pllgi llf't· r i llg . 1\ nice mouograp h [5 8] sum ma ries various aspects of th e
work th a t. has her-n clone conce ruing T SP. St>e a lso a recent oxpos ito ry a rt icle [!J 2].

Fiud iug a sho rtes t t ra vel ing S;d t'S I II :l n'S route to pass 11 cit ies ill such a way
t. ha t eac h cit.y is visited cxac t ly once represents trad ition a l forruulat.ion of T SP. It.
is assumed t.h a: uonncgat.i ve di stnnres r(i,j) = Ci j between t.h e cit ies i , j ( I < i <
j < u) a rt' give n by the di stau c, IIullnJ' (' = Ilcijll~1 alld abo t hat. t rnveling sa lcs m a u
st.a rts his Irip from a rbi t ra ry cit.y. If the t ra veling sa lesm a n does 1I0t ret.ur u tv t h e

sta rt iug r ity t 11 1'11 ruiniiual travers-d rou te is ca lled nil 0 /,( 11 ro ute or s iJJl ply a path,

\Vt~ in t rodu co SOllie graph t ln-ory in terpret ations , St.audard grap h t Ilt'oret ical
not ions will be IIsf'd wit hout co rres pond ing definit iOlI S . Let ( : I)f> a W( 19h t( d digrnph
on " ver t ices . To r-ach ar c (i ,j ) of ( r' a l t nql ]: (wr ighl or CO'l l ) Ci j is assigned . \Vl"
de fi ne e, j = +00 if till' a rc (i. j) dol'S 1I0 t ex is t ill ( : . T he iuatrix (.' = II c;j ll ;' is
ca lled the dts tan cr ( wtlghl or eo.,1) ltI al,.n of c: . Th.· lcnqth (IL·eighl or eosl) l(fI )
of a subg ra ph fI of c: is ddilled to I", the S II III of leugt hs of ar cs of fl . III par t. icu la r ,
t he lengt h o r a pa th is t he Sll ll l of lengths o r arcs from wh ich it cons ists . " pa th
(cyc le, circuit) consist.i ug from c arcs (t' dges) is ca lled a k-/,alh (k-eyrle , k- C1,.elli l ).
,\ TSI' is ca lh-d 8Ylll 11l d l' ic if t.h« weight matrix is sy u unet. rir , Otherwise it is ca lled
fl ,';y Hl lU fi "IC, In a sym ruet.r ir T SP the (weighted) digrap h (; is cons ide re d as an
uudirect.ed [we ighterl] g raph C: .

A cycle (r ircui t. , pa th ) passing through each vertex of Cr' exac t ly once is ca lled
a ll annltoninn cuc!« ( ellTlll t, I'lIlh ). o r co urse, a ll a mi lto uia n eyrie (c irc u it) is a ll
u-cyr l« (,, -ri rcui t ) a lld a Ha m iltonia n pat h is a n (" - I)-pa t h . 1\ sa lesm a n lour (o r
n~lI l e ) is 1I0Wa ll auul toniau cyri l', circuit. o r pat h . TS P ca n he rcforruulat cd ill t he
following way :

I' tlOB L E~1 I. III II we ,ghted d,g""I'" (g,·al''') fi nd a ll anu ltoninn cycle (C1rf/1I 1 or
pa th) 0/ a 111 1111 111 1" In lgth ,

T Ill' basic JIIUth'1of TS P (' lJ a hlt·s a va rie t.y of a pp lica t ions , if "city" is replaced
hy the JIIOSt. di frl' rP li l. kind of objects :; 11('11 as : produ ction job [process}, m achine,
etc. Also , distance ra il 1)1:' ill t.t' rprl'l.t' d as a cos t. Of , m ore gt' llerally , a prefercnre
uu-asun- IWIIVt't'1I o bjec ts l'lG] . Thlls the so lu t ion of t.h e T SI' t hcu p rodu ct'S a tota l
ordl' ring of t. lu- ohjer ts which tuiniruizes the number of d isagreement s .

O il tlH' o t her lia ud , there is a possibility to include add itiona l coust ra iuts
ca used hy prnct ir al [l'asolls: th e numbe r of sa lesmen . the 111I1111>er of (" it- it's visited
hy eac h sa lesiua u , st ruc t ure of co rre- pond iug gra phs, pt e, (st'e Sect ion 'l a nd (riS]) ,
Solu! ion s of t hes« com bina torial op t. iuuzuuon problems can he expla ined as ordering
of a set of objec ts a rcordiug to var ious crit eria .



N ow we recall gent>ral ideas for liud in g t.h e best solut ion ill problems of co iu hi

natoria l opt.i rui zut.iou via a s t.a uda rd brancl, ",,,I bou ud pnn.edu rr , It will be appli ed
ill 3.'1 .1 to a mult.i-Tx !' a nd ill :LG to a g"lIera lized TS I' . III :L , il will be mod ified
for finding k-Iwst. solu tions. For the sa ke of simplici ty, we rest.r ict ou rselves to tilt>

follow ing op t.i iuizut.io n (say tuinimizntion ) problem 0 11 weighted gra phs (netwo rks).

Let A he t.h o set of a ll s ubg raphs of a gra ph (; (with weights iuherit.ed fro m ( ;) .
Let :F C A he t.h» set. of all su bg ra phs of (,' whi ch p OSSl' S SOl lie a d d it.iona l proper
ti es . T he set F is spec ified ill our problem and the s ubg raph« from F a re ca lled
[cas iblc. If we secl.. ill :F t. he e! CIIl f'Il1. S wit.h t.he weig hts as ill 0 11 1' probl em , th en t.lr ese

requirements gi n ' ri se to SOI lI t' typi cal IV P-colll plel(' p ro blems. In order 1. 0 solve
suc h a prohlern by a hru uch a lld houud technique , let furt.lu-nuore R. (F C R C A )
Ill' a se t. of s ubg ra phs for which there exists a polynomial time a lgo ri t.l u u (say (\ ) for
findin g th e opti ma l element iu R.. T he set. R. corresponds to SO llie rela xed var ia nt
of om prob lem (SOli I" feasibi lity cond it io ns need 110 1. hold a uyruore ).

To describe th e algorit ln u (search pro cedu re }, we firs t in trodu ce a senrch t ree
T as an auxilia ry tool. T is as well , a nuder! t ree with t lit, root at a vertex 1' ;
a ll o ther verti ces art' t he dcs ren dan ts of r. If J is any vert ex (Fa t.h er ), t.h cn its
out-neighbo rs (SO ilS) are denoted by ''''1 , . .. ,SIl' Each vertex , say I, corres ponds
to some subset R(J ) of R. and to a s ubpro blem of the or igina l problem (usua lly
obtained hy includiug and/ or excluding some edges of G from t lu- so lu tio n). The
root,. corres ponds 1.0 th e wh ole se t. R . If J is a fat her and the solut io n of the
relaxation task 0 11 the co rresp oudi ug subproblems is 1I 0t feasib le a nd its length is
smaller tha n t.he curre nt lower bou nd (se t. at til l' beginning ) , ,,!I (,1l aft.er bra nch ing
at. I hy SOIll(' brn uch iug rules (which "destroy" so me "unfeas ib le det.ails'' in the
solu t io n of the relaxat.ion task ), the set R (J ) is s plit. into ruut.u a lly di sjoint s ubsets
R.(SI ) , '" , 'R.(S") yeaidi ug new sub problems and new verti ces ill t.he sea rch t ree T.
By so lving the relaxnt.ion prob lem a t S01l1e tree vertex by th e lise of t.he a lgorithm
n , we obta in a lower bound for a feasible solu t io n at t.his veri ex ( if any) . A globa l
upper hound is provided at beginning by takin g any feasibl e subgru p ]: (usua ll y
found hy so rue quick heu risti c}. The branch and hound a lgo rit.lu n t ermiuates when
all s uhp ro hleu is in tilt' search t ree Tare ex ha usted.

As usual , we dis tinguish between a p1'!,blcJ1I a nd an insl an cc of a pro blem .
Informally, in all instancc we are given the "input data" a nd have enough infonua
t.ion to obtain a so lu t.io n: a prolilcn, is a collec tion of all inst.ances . For 1II0re formal
t.reau uent of t,h is notio ns see [an]. Under casr of (l problem we s ha ll m ean subclass
of a problem e.g . a subset of th e se t. of instances so that corres po nd ing iustauces
have a com mon property or. all of t.hem are genera ted in a sim ila r way. For exa mple.
ill Section :1 .4 .2 a incll-soloed (pulynomial) case of the TS I' 0 11 hnndwidth-litui ted
graphs is considered .

\Vt' turn 1I0 W to com plex ity questions.

As is well-known, the traveling sa lesm a n problem is JVP-hard . Existing algo
rit.lnus for N P-prob lcll1S have an exponential complex ity. As is known , algorithms
complex ities are es t im a ted 0 11 the basis of the necessary e lementary steps ill t.h e
worst pa rt.icu lar case (instance) of the considered prob lem , However, tile experience
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shows that exponen tia l a lgorit hm for N P -problellls behave as polynomial ones fo r
a g rea t 1I1111l1H'T o f inst a uces . All ex ponenti a l runn ing time appears ill a relatively
sma ll numb er of inst a uces whi ch will he referred to as !lard in stances .

li a rd iust.a uces require a lot of co m p u t ing t irno. III' IlCf" , we might. have some
interes t. t o fl'Cogll izf' such instances befo re t.he algorithm sta r ts . If we establish on
t.h r- basis of a ('f:o r tai u index that all instance is ha rd . we could give lip of findillg the
,'xac l solut ion .uu l 10 t.ry to lunl a suhop t ima l (nppro xima t.i ve) so lut.iou (hy means
o f souu- qu irk lu-uri st ics} . ll er» W P assume that tlWfl' ex is t an cflir ient (po ly no m ia l)
: d~o r i l , 1 1I1I for de"' rllli nillg !.1I f' index ill qu es t ion . Such ind ices , (" a ll.'d c011l 1' lc l ' i ly

nuiiccs art' conside red ill Sect ion :L I .

L. V,\ IUAT IONS AND S PEC IA L C AS ES

ll iu le r t ilt' 1t'1"I 1I IIon - ., [fludllnl I m.vc/lII g salrs nnm nroblcvn ... (no li-sta nda rd
TSP j, which 011' 1"'01" ill II", t itle of t his paper , we do 1I0t understand a formally
dl'filll'd not.iou . Our int ent.ion is si lllp ly 1. 0 co llect 1II1der t h is title severa l variations
and :-;1H'cial ca:-w:-- of I he- (stuudard} TS P,

\\'e formu l.u« II", "' Im".tlllg .,,,In '/le ll problen: ( , /I-T S P or IIIl1hi-TS P ):

Pll UIi LEM ~. ( ,'ll'llI a wClgh tcd gra1' }, (,' and a 1101"" IIIC I1Il c90 '''' , fi ud a .'il' au lI w g

collectIOn of HI df."jo11l 1 l ' I1I }",; (.'ia l, ,' " I(' 1/ '.'i lours ) wI I}, mmnnal lenqth,

Var iat.iuns uf this probl em iuclud» liruita t.ions o n t he number of cit ies visit ed
hy each of t lIP " , tra vcliug sa lesu u-n . III pa rti cular , it is int.erest.ing to co ns ider th e
casc' wh en l'ac h sa ll's l lHlIl vi sits a co ns t.a n t number of c i l. il':-: . So we." gl>t. t. he followi ng
prob lem:

P IlU H [. E~ I :L (;II'j" a !Velg/litd (!l91'(11''' (91"11 1'},) (,' (1" " = 1.: 111 ( I.-. HI I1ll cgrrs )

1'( "lire s, dctr rm nn '" disj oint (k - 1) · 1" 1/ /' .5 wil/' (I 1I1111lmal tot al Ic" gi/' .

('on:-:id,'rahlc ' illll'r,':-;t has 1>"" 11 shown fo r well-solved cases of traveling sa les
ruau problem (T S I') According 10 (4 [,J , t.lu-re a re two broad ca tegories of well-solved
cast's of TSP, III nllc' c a l p~ory ;HI' t- IIP prohletus t hu t ;UP :-qwcial ht'(';\l lst' of restr ic
I ions 0 11 till' IIlal rix (. of arc lell~t lis: for exa m ple, (. ' lIIay he 1I1'l'cr t rum qulnr or
rirculn nt ui.urix . I II tilt' ~t'cn ll d ca ll'~ory a rc til l' p rob lems in whic h TS P is 1.0 be
:--ol\'l'd over a IIf'I work (p;l'ap ll) with parti cul ar s t ru r t.urc , hilt. with no rest.ri ction on
II II' lell).;ths of a rcs.

L,'1- ( r' il l' a luopI1':-: :-: d irect-,'d gra ph (d igra p h) 0 11 vert.i ces I , '2 . , .. , " . G is ca lled
a Lun dun dtli -lnnrt , d p, ra ph if t.l u-re exists a pos it ive illlt.'gpr ., (... < II - I ) such t.h ut.
for a llY are (i ,j) ill ( ,' W I' have Ii - jl < x. The smnllcs! such integer s is ra il ed the
IUl1Idw"U/, of (,. a nd j:-: d('lIo1.t,t! hy w. l ' ro blcui x co ns idered a ll a bandwidth-Ii mit ed
dip;raph n'pl"t'st'1I1:-: a well-so lved caS1' of TS P.

\\ ,. :-o ll a ll for II III 1,,1 e.' a gencrali zed travel ing :--" I"SIIH1I1 problem (C:T S P) aft er
givi llg :'>\) Jllf" dl' lilli lioll:-- ,

Let (,' ... .. (." II > Lj Ill' a w'·i!;hl "d , complete . ruu lt ipartite digraph (ill 111l' fol
lowiug - IJlp-dip,raph) . Pa ra lllt't er ,.. is I he 1I111 J1 1Jt.'r of groups o f vert.ices . ca lled
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SPll1Cr" 'C7'!iCf ." , and " is t.he 11111111>er of veri ices within pacll supcrvc rtr-x . Arcs join
vert ices between ditlercnt supervert ices. while t.lu-re an' no arcs het wecu auv two

•

vertices within a super vortex . Noll' thal associated distance nrat rix G is a block ma-
trix with ., 2 squa re blocks of order /1. Each block contains arcs lengths (dislallces)
between vertices in tilt' corresponding superve rt.i cr-s . Diagonal blocks conta in only
a sulli r i cnt ly larv;e p ositive constant e .g . + [ c onnect.ion s within a s u pe r vertex } .

The (;TSP ca ll la' slated as

PI{OHLE~1 .1. Find a ml1liwum cost s- cydc uiluc]: rncludrs exactly on f vcrt cr [rom

each .' " I'e rl'erlex 11/ nil 1II1,-digml,l..

In almost all problems of co mbina toria l optimization, it can be of int erest to
find 1I0t o nly the best solutio» , but also some other (na mely s lI bol' llIlI al) solut.io us,
Usually .. to spec ify them , we use th e following criteria:

I. mot.ri c criterion (leng t hs of all o t he r solut ions differ frour the length of t he
opt imal o ne at iu ost hy a ~iVt'll nuruber , say e) :

2, ranking criterion (a given numher . say "-: , of best. solutions is to hI' found ;
II",y are usually refered as k-Ia 'sl solu t.i ons} .

We shall rest rict o urse lves (without loss of generality } t o th e following, still
very geuernl , problem .

PII.OHLE~I:). Lrt a wlighl cd gl'Uph G and a sf! :F of II.; ( we ighled) ,,"bgl'UI,h.; be
givcII . Fin d all ., " hgl'll ph" If from :F whose wlighl.; ""Iisfy 011 ' of the criteria givell
/'y I III"f ~.

:J . A SUHVEY OF RESULTS

\Ve shall present several non -standard traveling salesman problems. The n OI1

st.nndardness is caused hy topological limitations (TSP is to be solved over a net
work (g ra ph or digraph ) with pan.i cul ar s t.r uct ure) or hy modifi cation of th e o bjec
tive fun ction (e.g . rnulti-T'S!', k-I, est solutions etc .) .

, Co mplexity indices for TSP, hy wh ich we call, under SQ llH.' condi tions. dist in
guish l)l,t\\' e (~n "easy" and "hard" inst.ances . art" described in Sect ion :J.l .

An algorit lun for findin g subo pt imal solut ions for TSP (see Problem 5) is
present ed in Section :l.~ .

Section :~ ,:J co nta ins a t.reat rnent of a TSP 0 11 digraphs wit.h cha ined structure .

A limit iple TSP wit II limitations 0 11 thf' number of cit ies each sa lesman should
pass ( i.e. Problem :1 from Section 2) is treated in :1..1. General case is cons idered ill
:\.'1 .1 while Section :1.4 .~ . is devoted to a urult.i-T'S!' in whi ch the cost matrix has
a limit ed handwidt h.

A gen crali z...d TSP on a com plete iuuh.ipart it e digraph is co ns idered in Sec
tion :U') . This generalization simultaneously combines t he decision of vertex selec
ti on and vertex scqucnc iug. The generali zed model assumes the vertices have beeu
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J!, ro ll pl·d int o d i:..jlli ll l ,., rt cr s s ls wh ir] : wp sha ll ra il 'i1l /1t '1'vr rli rc8, 1'11" G "II N :d ized

T l'a \'l-li" ", S" I",,,, ,,,, P rohlcm «:TSI' ) is I"" " to fi"d a Il i" i'"III I ' cost cycle which
1II c111t!1 ' :-- «xnc t ly 0 111' vvr t'ex f rom r-ar h ve rtex set i.e. su per ver tex . It is gCllcntlr:; n/
111 '('01 11:-'1' T S I' is a spl'c ia l r as(I of ( :T S P ; it is ( ~ TS P wi t II VPcl .('X sets o f ca rd iua lity
(1111 ' ,

\ \" . rl' (l u r l ill :Ln, fol lowing [17], 0 11 tl lP illlplt-lI ll'lIlal.io ll o f a p ro grauuu iu g

p" rka",.., ca ll..d TS I'-SO LVE H, for IIII' Ira \"<'l i"g , alpsIlJa"prohl elll. Va rious var ia Ill s

of TSI' cn u Ill' Ir,'a l"d hv TS I'-SO LVCH: hot.h svuu ue t ric aml asvnu u.-t ric r ases ,• • •

ll lll'- or 1I 111 lt ipl,··TS I' . one or first l' ~I H 'sl so lut ious , bandwidth limi ted dista nce
tu .u rix ctlltlol lll ' rs spl'c ial rasps , algori tI uu» alld IIt'1l r it- t ics. T he sys tt'11i is user-

fri'lldl~ alld cll l'ef:-- i lu - IISI'C , , II I1UII1-', o ther th in g s , ="O I IiC p o s sihi l it.i e s t o iut erveur-

dllrill~ l ilt' solviII ).!; a proh lc tu .

\ \'1' hopo to ln- ah lt' to COll lp lt·1t' sOO Il t lw hook [2 :1] ill which w» sha ll p resen t

no u-st alldard T SII wit II i uor.- dl>1 ail ,

:1 I . ( ' ()~I I 'LEX I I Y INII I<' I.S FO il TS I'

Th is ....-rt. rou rO lltaills JlO I"t'al rl'slllr s ; it dt':,,;cr ih t's i u i u i t i vcly hasl 'd ideas :1 lld
uuu u-ri c.il n-s u lt s par l ly ju-rifviug t horu .

T h t' r ,· :11'" 11 0 t.l u-orct iral rcsul ts desnihl 'd ill t lu- [i t era t.un- wh ich wo ul d iml i
ra t l' t.h« t'Xi slII H'I' o f «llir iout cor u p l--x itv iud ic,..s for :1 part.i cular iusta ucc of N 1'_
(lro hlclll s , ill s pi l l- o f lI lt' ra r l t h ai 1his typl' u f j.robh-ms is o f all o bvious prn r t.i cal
irupo rtu nr« . ~l llI ' t ' ,l!.I' Iil ' ra lly, WI' du 1I0 t Sf' " how a t lu -o ry o f comp lex ity iud icos for
ills l.:l IlC, 'S o f N 1'- p l'o h1l 'l lIs ra n bt' has,'d Oil k nown resu lts . l lowcvcr , discu ssi on 0 11

l'a.... ,Y alld han l c;}:-ws (:-;(' Is o f iust.a u rcs ] r a il Ill ' fo und , for cx .u up l«, ill [3 ]' [3D], [-JDL
!.'i l:l] .

TI lt' id('a 011 cl)lI lp lt'xi ty ind ict'S has h"t' li iuit.i at.od ill [GO] ill n>latioli t.o t.he
t ra\'I·lilll-.:. ....a!t-si lla ll prob lem . TI lt' ill d ir('s Olrl 'n'c! ha\'p 1)('1.'11 iutuit.ivcly jU:'lilit' d alld
t heir validi ly :'lIp pu rtt'd hy :",>O IlIP l'xjwrill wllt al results . A fter th at ill a scr ies o f
pa p,'rs [I D], {20]. [2 1] , [18] 1Ill' prohleru of t lit> roruplr-x it.y iud ices has hccn :, t. l1 d it·d
alld it is p;,r t ia lly Ih"Oft 'li cally juslili ,'d o r «xpvru ucutu lly verifi ed , TIlt' la rges t
(·i.L!:t' lIva lllf' o r IIII' adjaccnry lII a t rix of a ru iu iu ial :;;pa nnillg trce has IW1.'U in t red uced
ill [I D] a:-. a Cll ll lp ll'x ily iud-x fur t.h e l ra vel illp; sa lcs ma u pro blem und it s validity
:-,upp"r t, 'd hy son u- result s Irorn tl n- Iht'o r) o f grap h S)H'ft. ra [2·1] , Com plexi ty ind ices
ha s..d 0111111 ' aSSi~IIIIll'1I 1 proh lr- ru a n ' fO llsidl'ft'd in [2 L] . TIlt' ruost co m prehensive
tn a t uu -ut of lhi s rl'sl>arch i:",> j!;i vI' 11 in [1.1] a lld [32] , The fo llowing t ext sur veys

sho r t Iv 1111'....,· works ,
•

I II so lv illg T S I' 0111' IIsu all y II "" S Ollt' o f t he 1I1111WrOllS va ri ants of t he hran ch
a nd hou nd al~tlri lll1 ll [[,8]. Principa lly spt'ak ing , the most known rr-laxat ions used
ill h ranch alld hound al;!.11 rit 111 11:"'> [or 1lu- 1ran-hllg Sa ll':-i ll ia n prohlt'lll ;HP t. ltt' t a sk of
liudlll,!!, a 1Ililli lllal spalllJill~ I r t'p a nd tht ' as:-.igll llll' lI t prohlem , In t.llt.' first " He we
:-'ll lvl' a vaflall l o f Ira",,,)jllg s a ll's ma ll p roh l" 11 1 ill which t lIP I, 'ug t h of a lIalll iltonian
pat h 1:-0 opli llliZt ·tl. l\c l l1 a l r ll ll ll ill~ lilllt' II t'('ps:.; ary for a parti cul ar prolllt'll! t.o hl."
solv"t1 dI' IH ' IHIs . of fo urSl' , n il t ill' a l).!;u ri t lll il rl ltlS('II , lieure , ror earl a variallt o f
h ra ll fh au d ho ulld lIlf't hod a rOlllpl('xi ty o r 1'\'1' 11 Ilion' iud ict':.; ca ll 1)(' illtrod llced ,
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To illus t ra te best. our main idea on com plexity indi ces WI' have selec ted the
m in ima l spanning tree relaxation in sp itp of the fact that o t he r relaxations perform
better . \\'e also bound ourselves t.o the sym met ric case, i.e. we assume that we are
given a com plete undirected graph without loops with weights (len gths ) defin ed on
edges. A m inimal spa nning t ree of the gra ph is a spa nning subgrnph of G wh ich is
a tree a nd in whi ch t he s um of weigh ts of edges is min imal.

If a min ima l s panning tree is a path , it represen ts also a sol ution to T Sf'.
However, a path is also a tree with a m in imal bra nching exte nt (in a ll intuitive
sense ) . The m ain idea of [GO], fur ther developed in [ID], is based on th e expect a t ion
that bran ch and bound a lgorit illn will run Ili c longer' the 1110/... l/I ini1llal .sl' anni ng

/rw dcointes /" 011I a 1'0/1. , i .e . th e greater "bra nching extent" it has . Accordingly,
any graph invariant chnracteriz ing w('11 t.he "branching extent" in a n intuitive sense,
can be considered as a co m plex ity index for t he traveling salesm a n prob lem .

In [GO). [Ul) t he fo llowing invar iant s have been cons idered :

D the nu mber of vert ices of degree 2 in the mi ni ma l spa nning tree ;

Al t he largest eigenva lue of the adjacen cy matri x of the minimal spanni ng t ree.

The qua nt ity D is maxi mal (D = n - 2, wh ere 11 is the number of verti ces )
if the tree reduces to a path. hut. it a tta ins its min imal va lue D = 0 on a grea t
number of trees . The la rgest eigenva lue AI refl ects more precisely the bra nching
ex tent of a tree , ( :iven 11 t.he 1I111nbef of vert ices of a tree , the qu anrity )'1 varies
between 'l. cos 1I~ 1 and ) 11 - 1, both hou nds being att.ained a ll exact ly 0 111.' t.rec ( a

pa t.l, and a sta r , respect ively} . Sin ce t.he path Pn has th e leas t. branching extent
i ll the int.uit.i vc sense and the star K 1,n -l has the m a xim al one, the qu ant.i ty >'1
has a t least a good prop erty t hat it cha rac terizes ex t rema l t rees in th e a bove sense.
Any invari an t which is cons ide red as a branching extent parameter sho uld fulfill
t h is criterion.

Complexity index D is based 0 11 vertex degrees while the index '\ 1 is based
0 11 t he spectrum of the m inim al spanning tree . These two kinds of indices ra n be
rela ted as shown ill [20) .

As already sa id, there are no st ric t theoreti cal res ul ts descr ibed ill t he litera
ture su pporring t.h l-" idea that the d isc ussed invariants really can serve as complexity
indices f'H' f he TS P. Therefore som e experiments using a co m p uter haw' been un
der ra ken (2 0), [14 ], [2 1]' [1 8].

A Illll llllt"r of insta nces of t.lJ r> TS P have been generated by l ~~t~ans of a random
J;t.:Iwrator . For each instance we have com puted the considered uuli ros and the
nu mber N of the solved relaxat ion tasks when running the bran ch a nd hound
ulgorit lun,

The inpu t. graphs had ,.: sym metric weight m atrix. Weigh ts \'.' '.:1(' generat ing
using a uniform distri bution iu the in terval (0,1). Pa rt ial r"" lJ lt.~ are g i \.' t> 1l I",tow in
the form of i.a bles. A table is g iven for each group of graphs WI! h a n xed number of
ver t ices . The fi rst and the seco nd data COIIlIll Il give tlIP lin- a r correlation ,·" eIli r ;,," t
between mentioned indices and quant iti es JV and log J\'. F invl ly, tlw Spearl 13h tauk
correlation cocflicien t is given ill the th ird colu mn
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N log N 1\' (Spca n uun)

/J O.:lG l O. (j0;; 0.;;00

-' I O.4:n 0.;;98 0.;;11
....·1 0.;;0 1 0.(j 12 0.;;%

Tahln 2: 100 gra phs 0 11 t :1 vertices

N 10g N N (Spea rm a n)

D 0.29:\ 0.;;29 0.4:l9

-'I 0.:178 0.;;4:1 0.;;02

81 0.469 0° 8- 0.;;4 ;;:1. •J I

The presented results sho w that correla t ion coellicients , gene ra lly spea king ,
decrease wh en the number of 1l vertices in crease . This is to he expec ted since the
iuforrunt.ion about the problem , contained in a minimal spanning tree, obv ious ly
decreases when 11 increases . (A co m plete graph on H vertices conta ins ~Jl (ll - 1)

•
edges wh ile spa uning tree only II - I edges; hen ce the proportion of the edges
in th e tree compa red with the tota l number of edges is 2/11 ). Therefore more
sophist ica ted com plexity indi ces sho nld he introduced. A reasonable idea would he
to s t udy severa l spa nning snbgra phs cons ist ing of the "short," edges of the input
gra ph a nd t. o use invarian ts of such snbgra phs as com plexity indi ces [14]. [18] .

Let. G he a weight.ed graph Oil 11 verti ces with m edges . Let. edges el , f2, . . • , em
of C; be ordered by non -decreasing weights . Let C;k be th e graph having the
sa ll ie verti ces as (,' a nd edges ('1 ,('2" .. I C' k (k = 0, 1, ... , m). Let P be a graph
proper ty. A I-'-cnt ical S]J f! lI11 i llg sllbgra lllt of c: is- the first gra ph in the sequence
(,'0 , G i l ' . .• (;", having property P . P- cri tical spanning subg ra phs of G for various
properti es P are ca lled 51,0 ,./ ""9' subq raphs of G .

Consider the following spa nning subg raphs of G;

1/ 1 co ntai ning 11 - I shortes t pdges;

1/2 cr it.ica] cou ur-c ted;

1/3 crit ica l for property of havin g a t m ost 2 verti ces of degree I ;

1/., crit ica l for property of haviug all vertex degree a t least. 2;

u, crit. ica l z-counec ted:

JIG critica l Hamiltonian ,

Intu iti vely, one ca ll ex pect that short edge subg raphs contain important infor-
•

uration ab out th e com plexity of a T SI' task. G enerall y speaking, grap h theoret ical
inva riu uts of short f'dge s ubg ra phs call serve as complexity indices. Short edge s ub
gra phs cuII"1 Ill' conside red as weighted grap hs ill whi ch case t he weights could be
us-d t.o define some s uhg ruphs a nd than again so me inva ria nts of t.hese su bg rap hs
could be exami ned.

Noll' th at t. 11P minimal spanning t,r {'(' is not a sho rt l'dge s ubgrap h in gen er;)l

P-n itit.' al spanning slIbgraphs could serve for forming com plexi ty ind io-s for
'1S I' if th., property P can be checked by a polyn orninl a lgori thm Namely, we
grad ua lly add shor t. edges alld keep ch-c king propert.y l ' unt il it app ea rs. Since .
rhf'ckillg whether a graph is Hamiltonian is an N P-proh lell l short l~dge subgra ph
lit; sePI IIS 1.0 bf' not. suitable for our purposes .
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It is expec t.ed , in an intuiti ve sense, that every "meas ure of size" of short edges
subgra phs III -fIr, ca ll se rve as com plexity index of a particular instance of the
TSI'. It ca ll sim ply be the 1I11111ber of edges ill the cons idered subgra ph. As matter
of fact , every short edge subgra ph ca n be interpreted as an approximat.ion of th e
sea rch space needed to find opt. irua l solut ion of the TSP. Measure of s ize of that
sea rch space is obvious ly dependent Oil relaxation whi ch is used ' ill the bran ch and
hound a lgori t hm. III the varian t with min imal spanning tree as the relaxa t ion , it is
reasonable to st udy the number of trees in short edges subgra phs as a co m plexity
index .

Beside the number of edges and the number of trees the following invariants of
short edges subg ra phs are co nside re d as co m plex ity indi ces: diameter , the number
of cuts points, the number of com ponents and the number of ver ti ces of degree

I [18] .

3.2. k -I3EST SOLUTIONS OF TSP

III this sec t ion we describe all algorithm for Iinding k-best solutions of TSP
(see Problem f ill Section 2) following [30J .

O ur a lgorithm for findin g bes t subopt imal solut ions represents a modification
of th e branch a nd bound a lgorit hm described in sect ion I. It cons ists of two phases.
III Phase I our st rategy is to bran ch the sea rch tree until we find the best solut ion
(g loba l miniuuuu ). In the course of branching we split at each tree vertex the
corres ponding subs pace of th e sea rch space into parts where the ex pec ted subgra ph
(obta ined hy algorithm n) is less lion-feasible (Rule 1). The Phase II relies to the
sea rch tree from the former phase. We 1I0W use to branch at each tree vertex whose
lower bound is minimal possible. To split the corresponding sea rch space we have
to choose between two different rules: if the solution of the relaxation problem is
not feasible we branch as earl ier ( Rule 1); o t he rwise, we split the sea rch space by
destroying a feasible solut ion; e.g. by letting each of its edges to be forbidden ill
turn within subspaces (Rule 2) . TIle termination of search is encountered after
reaching olle of criteria from sec t ion , or by ex ha us t ing the search space.

These al gorithms have been implemented within the programming package
T SP-SOLVER (see Section 3.6).

Depending on the T SP instance cha racterized by dis ta nce m atrix (symmetric
or asym metri c) a nd hy tours (open or closed) we can have four ty pes of TSP
problems. With each possibility, we use the 3-optimal heuristi c (sec , for exa m ple,
[58] for findiug the initi al upper bound and the following relaxa t ions:

I. Minimal spanni ng tree ( P rim's a lgorit hm [70]) for a symmetric TS P with
an open tour;

2. Minimal f - t ree (a mod ifi ca t ion of Pri m 's al gorithm [58] , p . :371) for a sym
metri c T S P with a closed tour ;

3. Minimal rooted tree (for the a lgorithm see [4 6]) for an asy m met ric TS P
with an open tour;
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.1. A ssi ~lIIl1 l'lIt prob lem (S(-'(' [G]) for a ll asy rnme t r ic TSP wit.h a d osed t.our ;

Ir llp ll'llI t' lIt f'd pro~ralllS have s ho wn a sa t isfar i o rv per for iunu ces fo r til l ' T SP in

St.:III ('I'S lip 10 ~o ve r t ices .

For ot her a pproac hes to t ill' prob lem of finding ~·-bes t. solut iou in various proh
1l'1I 1S ,.'0' [8], [31], [4 7]' [!i7]' [!i!>]' [G!il .

:L:L A C II.\ Il"EIl TSP

Lei (; I,,· a d il-\ra ph whose adjacency runt fix litis t he fonu

A I HI 0 • • • 0
0 :1 2 LJ2 0

II -- ,

0 0 0 lJ
m

_
1

0 0 0 A m

wl u-r» AI • ..-\ 2• .. . • .-\m a r« squnn - blocks of order 11 . Suhgraphs of (,' wit h adjacency
m at.r ires :11 • .t1 2•.. . . Am are dpllot pd by ( ,' I , ( ,'2 , . . . I G m respect ively. Digra ph ( ,'
is ra lll'd a rlnu ncd di grap h . If arcs o f (,' ca r ry so rue weight :" the corres po nd ing T SP
is called a ('/1111I11 d TS I'.

\Vp ca n fo rui a ll aux ilia ry \\,pi ghted digraph F with weights 0 11 both ver ti ces
alld a rcs ill t hI' foll owing way. Til t' vertex Sl ~ t of F is union of disjoin ts sets

.X I, X '.!, ... , X m , Elt' llll' llts ( vr-rt.ices of F) from X , an' ill a biunique correspo n
dl' ))('p wit h llauu lto uiau pa ths of li lt' di ,L!;raph (;, (i = 1, ~ " " , 111 ). The wei ght
of a vr-r u -x fn n u Xi is tl u- len g t h of l ilt' cor respon d ing l la uriltonia n path ill G i .

For .my i = I , ~ •... , H I - I we ha ve a rcs go ri llg from ea ch vert ex from X i to each
\""t,·x o f .\";+1 . The weigh' o f t he arc between J : E .\"; a nd y E .\";+ 1 is eq ua l to
IIIl' l/-. '/) -0' '' ' ry of /I; if l' is t.hc eudi ug ve rtex o f 'he Haru ilt ouia n pa th ill G ; whi ch
co rrespo nds 10 J' a ud 'l is t hr- st a r t ing ver tex of t he lIam ilt onia n path ill (,';+1 wh ir h
co rrosponds to y.

A {' ha irlt'd TS P is reducpc! ill [Gil, [G2] to th e prob lem of Iiudin g a sho r tes t
pat II ill F whi ch s t. a r ts ill o ne of ve rt.i ces [ roru X I a nd t.c ru u ua res in one of ve ri ices
of .\'m wlu-re t he lengt h of pa t II is the s lim o f weight s of " II vert ir es a nd a rcs [rom
tit" p.d h. SOI Jl t' »llicieut procedures for find ing su ch a pa th and l' -Iwsl solution are
giV<'1I ill [Gil, [G :!] as well .

A dYll a lllir progrnu uuing a lgo rit lu n for til t' cha ined TSP is given in [15],

:1..1. ,\ SI'ECIAL i\ luLTI-TSP

I'U.OHL. f. ~1 : (;"'fll n wcigh led ,['9""/1" (9""1''') ( r' 011" = k", U' ,l11 ",t rg cr~ ) IltT l lees ,
tiftt ,,,, mr HI d l,~)oml (k - 1)-[llItI, ,, lI 'I/1t a ", ,,, ,,uII I l ol a/ if-rig/it .



Not e I hat. l' roblem :1 is quit e different from P ro blem 'l . P ro blem 'l is usn
ally solved hy a t runsfonun t ion whi ch reduces it 1.0 the o rd ina ry TS I' [2]. This
t.runsfonua t ion ca nno t. he appli,'d successful ly to I'rohler n :l.

\Vt' descr ihe i ll : ~.'1 . 1 SO Il It..' bran ch and bound a lgori t.l uus for this prohl--u, fol
lowing t he report. [13] . Note t.h at ill [34 ] 0 11 1' prohleui has h pI '1I fonuulnt--d ill t.en us
of i llt. f'.t~'p r progrn u uuiug.

Other relevaut references are [11 . [7]' [41]' [42]' [43] . [,', 0]. [,', ,',]. [71]' [7:3].

In :l.4 .'l We s ha ll co ns ider o ur problem o n a di graph with liruit.ed hand width.

:\.'1.1. General Cas ,

Co nsider firs t th e case when t.he weight matrix of (,' is sym me t ric.

D E FI NI T ION :l. l. A gra ph wh ose compone nts are trees is ra ile d a fores t. A forest
with S f'dgt's is calle d all s-forest.,

The solu t iou of a m problem is a co lle ct io n of III disjoint. ( I.: - I )- pa t. hs . hen ce an
s- fo rl's t. with s = 11I (1.: - I ) . Therefore we accep t. t he problem of findin g a minimal
.<-fo res l as the relaxation task in a m branch and hound algorithm. We propose the
following algorithm for finding a minimal s-fores t..

A L(;Olll TII~1. Slarfw g /1'01/1 th c (J % n s l, rho", /0" i = O. I•...• s- I a shortest edge
Imll ....[ornnn q an i-jorcs t into (111 (i + 1)·lo1'c.')L. Th e ob!aillcl! s-jorr»! is (J minima l
,<; -10 1'(': ..,1.

The rorrect.uess o f the algorit 11111 is verified by the following leuuua .

LE ~ I ~ I A :1. 1. Let I br fl s/''''''',119 i -/ol ·('. ..;1 (i = 0, I " " . s - 1) ill (l graph G which
i... a ... uhf01'(!j1 of a 1II111i,,1ll1 ·~ -f01·e s / , Let u be (J sh ortest (dg e uih ich Irall s[orm ... tlu.
i-jorr.'1 I 11110 all (i + I )-/ or,s l. Th en there ' 7';S/ a 1/I;IIi1/lal s-jorcst nihich fOlI/aill"

th e i-jorest I and th e ,dgc II.

P roof. Suppose a t. th e co ut.ra ry, th at no minimal s- Iores t co nta ins the i-forest.
I a nd the edge n. Co nsider a m inimal s -fo rest S.

T ilt:' g ra ph S + u is e ither all (8 + I)-fofest Of conta ius a circuit C . S' + u
conta ins at least one edge v (v =f; II ) whi ch does not belong to 1 hut belongs to C
if C ex is ts . If C does 1101 conta in such a ll edge u, all edges of C belongs to I and
t he edge II \\'0111.1 have 1I0t. transformed I into all (i + I )-fo res t..

Now the graph S/ = S + II - v is again all s-forest whose length I(S' ) is 1I 0 t.
g rea ter t.hnn the length I(S ) of 8 . The case 1(8/) < 1(8 ) would cont radic t t he fact.
that 8 is a m iu ima ls-Io rcs t . The other case 1(8 /) = I(S) means that 8/ is " m in imal
s- fores t co nta ining 1 and u, thus contradicti ug the assum ptio n at the beginning of
t he proof.

This completes the proof. 0
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Since t.IH~ G-forest is conta ined ill any iuiuirual s-Iorcst , \W' co nclude using
1,"11111'" :1.1 that the Algor itluu gives a rniuu ual i-forest for a ny i = I , :! _. .. _s,

For s = " - I we get a III ill i lila I spanning tree. In I his way the A lgor ith m is a
ge ne ra lizut ion of tla t' Kruska l 's uunirua l spa nning tree algor it lun [5 1], [5 8].

Consider till" so lu tion of a n-Iaxat.ion tu.... k du ring t.l ie work of o ur branch nnd
hound algoritluu . If it is 1I0t a collect ion of 111 disjoint ( I.: - l j-pa t hs and its length
is s m a ller t.han tilt' current upper 1)0,11I<1 we apply th e following branching ful l's to
product' new s ubpro blems:

l. WP "des troy" a vertex of degree grea ter t!l f>11 '1 . if it exists; oi.herwisett-a

we "dest roy" a path with a iuaximnl uumber of edges. :! .

HE~I"IU\ . If the bra nching rule consists on ly from 1, o ur brunch and hound alga
ritlun would solve llI-TSP without limitat.ious o n t.he nunrb erof cities visited hy
each sa les ma n ( P roblem z).

Now we cons ider JII-TS P with all nsynuuet.nc weight matrix. \ \'e sta rt with
SOI1lP dcfiuit.ions.

DEFlNtTIO N :!.:! . A t n'e ill whi ch each ,·dge is .liroctr-d is railed a direct ed tree.

IJEFlNI TIUN :1. :1. A directed t.rcc IS called a roor c-l directed tree if the followin g
coudi rions a re fulfilled :

I . Tlu-r» is a vertex '/' wit II 11 0 iuroruiug arcs ;

'2 . Exaclly one a rc t.ermiunt es ill pac h of o ther ve r t ices.

Vert ex J' is cullod 1he root.

DEFlNIlIO N :1.-1. A digraph whose week com po ne nts are rooted o rien ted t roes is
ca lled all nrborescence. All urborescen ce wit h s ar cs is rail ed all s-a rb orcsce uce .

III so lving JII-TS P with all asynuuctri c m a t.r ix we ca ll t1 ~C a h ra nch a nd
hound algor itluu ill whi ch the n -laxat ion task is the t.ask of fiudiug a uri niiual
s-arboresccn ce where s = m (k - I ) . All algorit hill for find ing a minimal s
nrbon-scv nce has IWPII descr ibed ill [1G] hill we do 1I0t. reproduce it here .

H E ~I.\lU' . All al go rithm for fill ding a miuiiua] a rboresccnce (wi t hou t s pec ificn t io n
of t he number of a rcs in it) ill a weight ed d igraph wit It possi bly negnti ve a rc weights
\\"as <l1' \"('lop t'd hyJ . Edruonds [4 01 . [G3]. Th is al gorirluu ca nnot he .lin-ct ly appli ,,<1
to prohleru of finding a minimal s-a rboresr enre . However , it was a sta r t ing point
in developing our algorithm .

Branching rill es are anal ogous to those ones in the sy m met ric case:

I . we

2. we "d--s t rov'•

a ver tex of o ut- degree g reatt- r than I , if it. exists ; o t he rwise

a path with a maximal num ber of a rcs , .

Following [12] we descr ihc the role of t he assignment problem ill solving lil

TS I'.

III order 1. 0 a pply the assigumcut problem as a relaxation task 1. 0 IlI-TS P we
I'",forrll a trunsforrnation to the original weighu-d digraph G .
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W" form a IIpW weigh ted dig raph If by adding " ' new vert ices to d ig ra ph G .
New vr- r t.ices are joined hy arcs to all vert ices from G in both direc tio ns. Weig hts
of all flew arcs are mu t ua lly equal, ot herwise a rb it ra ry.

A solu t iou of II. -TS I' ill (; ca ll he ex te nded to a linear fa cto r ill If consis t ing
of 711 (k + I )-cy ri l'S pac h cont.a iu ing exac t. ly a ile o f 711 II"W vert.i ces. Such cycles arc
ca lle d [ca stblc and a ny o t he r cyc le is ca lled unjensible.

A hrau ch and hound algorithm for 7II-TS P o n G acts a ll digraph If . The
relaxation task is the assignment problem and the corresponding a lgorit hm from
[GJ ca n 1",,," IIsP,1. Br unch in g rill es are formulated so that nnfeasihle cyc les are
"dest rayed".

At ti lt, end of this sec tiou we mention same heuristics .

In [3 4) a modified furth est insert iou heurisr ic , kn own for all o rd ina ry TSP.
has 1"'''11 pro posed for III -TS P. ,\ Ia ny heuristi cs for TS P could he ex tended to 711 

T5 1'. Possible ex tensio ns we classify within t he following two groups of heur is ti cs
according to [12] and [22).

I. Using any heuristic for the ordinary TS P we det er min e a circuit (or cycle)
aw l split it I,y (It·lel ing m edges (arcs) into 111 paths ill such a way that we

ohtain a -hortest poss ible so lution.

'l. I sing any heu rist ic for th e o rdi nary TSP by wh ich a path is gra d ually
allglllPllted WP const ruc t a (k - 1)- pat h . Then we delete the ver t ices frail'
tIll' :"'0 co us t.r uc t erl path and apply t.h e abo ve s tt'p to the remaining digraph
lint il wp const ruc t /11 U' - l j- pat hs .

:l.4 .'l . lJa/lllwldth limit ed TSf'

I.'" (; hp a haudwidt h-Iiiuited digrap h (fo r the deliu itiou see Section 2) o n N
\"erl ic,·s . Following [13J and [2il an algorit ln u for solving Problem :1 0 11 G will he
dl'scrilwd .

III [G4) , [i 2) (SI'p also [4:;]) a polyno m ia l a lgorit hm for syuuuet ric TSI' o n
haudwidt h li luilt'd graph is d l~sc rilwd . It is based IIPOII dy namic progranuuiug ap
proach. Our a l~ori l l ll Jl ex reuds th e basic id eas of th is algorit.luu for all asyu u ue t n c
TSP a u.l gl·lwralizt·s it for 71l ( HI > I) t ra veliug Sall:'SIIH?11.

Lei \"' rt in 's o f di graph (,' I,,· r.-prcseutod as in Fig. I for " fi xcd j (w < j < N ).

.r.)
/J CjJ

0 0 . .. 0 0 0 . . . 0 0 0 0

I 'l • I
.

j-",+ I
.

j+ I j+'l NJ-...J- )-...J ) . . .

F i ~ . 1

Let us ddi lll' t lu- :-i!'ls;

Aj - { I ,'l . .. . . j-w- I},

IJ) - {j - "' , j - w + I , ... , j },

(') - {j + I. j + 'l , ... , N}.
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'1'1 ,.. algo ri t.l u u is based o n th e fact that. dil l' t o the bandwidth w af t he digraph
(,f. there cut' 11 0 arcs [roru vert ires of .t1 j tot IH~ vert ices of C],

Consider , /I disjoint paths in digraph C:, Let /I he a digraph whi ch has the
saun- vert.ices as G alld only arcs from pat li s 1IH'1I1ioll(·(1. Let II j be t he subgra ph
of digraph /I iu dur--d by t he set. Aj U Hj . Digraphs /I and I/j conta in fonr types
of vert.i cc- with rt':-ippc t to th e va lues of vortex iud cgrees d - and o utdegrees d+ :

I isolated ver tices : .1- =0, .1+ =0 (type I),

:2 . starling verti c-s : .1- = 0, ,/+ = I (type :2 ).

:1. terwinal vert ices : .1- - 1. .1+ = U (ty pe :l) ,

.1. in krnal vert ices : .1- I . .1+ = I ( ty pe ·1).

Dp~r(,t's of vert ices ill Aj art' the saillt' ill II) anti Il si nce ill bo th (,' anti II
arcs hl't\\'C'I'1I A) an d Cj do 1101 exist.

Let us add \""It' X j + I 10 H], so t hai t he d igraph 1/)+ 1 is o h t a ined . Ver tex

j + I is adja r--ut wit h 0, I or ? vertices in lJ) . Various po-sib il it. ies o f joi ning ve rtex

j + I .u u l a vvru-x bE B) t ha i yield a lcgit imate s u bgra p h I/ j + I , dl>l lI'lI ll 1I0t o n ly
011 in - {ollt -)<!C'A rt'(' of vert ex b. hut also a ll paths i ll If j conta ining ve r t.ices i ll I3j .

'('lIP set IJ) cout.aiu« w + I (· Il' l lll' llts . l.e J'~ Iw the i-t.1I vert ex ,i ll Hj (J': has an

ah-ulut» pll:'\i l.iO Il j - w - I + i ill G ). Fur a vertex J'i E Hj I let. !I ~ E {I , 2, :1 , '1} Iw

il :-: v-rtr -x type. Ll'l /1 = (,,1, ,1 , 1u!) In' an as~i blll ·d tri ple of non ncg ut.ivc inkgers
cll'li lll'd as follows:

. ..
I . if J'i is isolat ed ( interua l) vertex , t hen Iii - l (u: = 4) , aud l1 - 111 = o.

. . . .
'2. i f J': is sla r li ng [terminal) vert ex , t he 111 = 2(lli = :\) ; (1 is the 1l1l 11l1H'r of. .

a rcs in a pat.l: with OIiP crulvert ex J'i, all d !11 is posit.ion (ordina l 1I I1 IIlbl'r)

o f t ln- o t lu-r l'" d"" rtl' x of t.ho co rres po nd iug path. ( If the o t.hcr e nd o f th e

path is in Aj , \\'P have ,,1 = 0).
.. .

Tripl» S('( I'If>II('(' Tj = (f~, t~ , . .. 1 1~+I) desr ribes th e set Hj I hen ce tilt' digrnph
ill I !If' f'X I"1l1 Iwct'ssarv for further a na lvs is .• •

1."1 'It ) be l ilt' , ,' t. of a ll subgra jihs /I ) a nd 7) l>t, t he se t. if corres pondi ng triple>

:-.t·qtlt·lI ('t·... 7~ . Lt'I lis dC'll liP an equ ivalence rclat io u a ll the' set ?-ii '

Df.FlNn luN :S .;J. For a given i. two subgrap hs II; I II;' are equivalent (II; -- II;' ) if
th, ' correspondi ng t riph- sequences are vqual i.e. 7; = T;'.

I!pd n(l 'd ",' ts /l j C 'It ) , TJ C 7) of suhgraphs /I) and the correspond ing triple

Sl"p\l'ncl'S J; respect ively, induced by - art' fo rmed as follow s: find t he shortes t
~lIbgraph 'Hi E ?-i j ill each f' l( lIi vah'Il(,(, class , inc lu de it ill '}-fl ' a nd include at t hr
sm ue t iruo i ls 'descr iption' i.e. correspo ndi ng Tj E~.

TIlt' followi ng "lyon /h", .4 so lves t hc giwn pr oblem (M.T S !'): (,\ 11 sllbgraphs
//j arl' rt'prc'sell ll' t! by co rres po nd ing tr ip]e seq ue nces Ti ).

l. slt' p hnttahzntion: Determine initial 5<' 1. 'Hw +1 (see Sect ion ,I ill [2 ; )) .
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~ . s tep: For j = "'.+ I. w+ ~ , .... N d o :

A d d ve rr ex j + I to evety II j E Hj t hus obtainiru; II j+1 E 1f.j + l . (For
various possib il ities of adding vertex j + 1 that yield legit irua te sll bg ra phs
/lj+ 1 set' Sect ion :\ ill [27]) .

Sort trip lo ""1''''''':''' 7j +1 E 7] +1 lexicographica lly. Sets of 1I111111ally
eq ua l t r ipie ~Pq \lf-" II("PS corres pond t0 f' q lliva l ellr~ classes of 5 11 hgrnphs Hi + I .

I\ t>ep lh t' s ho rtes t s ubgra ph Hi +1 in each equivale nce class, thus Ioruiing
rvd ured set.s '0+1 an d '}-{J + I .

:1. st ep : III set 'Hs Iirul the subgra ph liN of t he shortest length . Stop: Digraph
/I = /I N is all opti mal solu t io n .

It was proved ill [2 /) that th e described algori thm is polynomial of degree at
111 051, w + ~ .

1\'01<' t hat sta ndard branch a III I bound algorithms for T SI' remain of an expo
neutia l complexity when applied to a baudwidth-Ii mited graph [2 7).

Ho we ver. a disadvantage of o ur polynomia l algorithm when com pa red with th e
exponent ia l branch ami hou nd algo rithm consists of the fact that it works a cons tant
amount of li llie for all insta nces of OUT problem. Bra uch and hound al gori tluus are

seusit ive all t he .lis tr ibut.iou of arc lengths :':'0 that there are problem instances
which art" quickl y solved wh ile for SOllie "hard'} instances an "cxponeurial time is
nl'ct~ssar \' .

•

Expl'fi lllents 011 com puter with the above algorit hm implemented have shown
a had Iwrforllltlllrt> . The number of generated triple sequences is enormous for quite
m odest values of Nand w. Big IIIPIJ10ry requirement s have implied ti ll' \IsngC' of

virtual 11It" 1I10 Q ' and this co nt. r ib u tcd to higher exec ution t imes.

Therefore we Itavl' developed some procedures for redu cing the num ber of gt.'H
crated triple sequences . The basi c idea for these procedures consis ts ill t.he fol lowing .
SOliII' subgra phs IIj can have so big length that they do not have any cha nce to be
exteli ded to all opti ma l solutions. Such subgraphs will not be extended any more
when pllt.ti llg next vertex into considera tion [2 ;] .

-, r:
. } .. ) . A ( :C"CIL\LIZE lJ TSI'

JIl t his "i criou we consi-k r Probl em 4 froiu Section 2, i.e . a generalized TS P
((;'f'· P).

'I'll) 11.• uch and hound algor it hu . for 501\'1111; CTS P hal e been almost simul
i.aucous ly "li d 1I1l1,-pendent ly publ ished in [3 7) (see also [38]) and [G8J . We shall
short ly d-sc rihe t h sc two algorit hms ,

\ \'1:' no te t hal all (-'ad)' attem pt ill so lving the GTSP was based un a t.ransfor
rua tion hy which (: l SI' b red uced to th e TSI' (74) . Namely, starting with given
rn p-d igritjJ1J ( , a H"W digraph G' is construc rcd in which every Ham iltonian cycle
("o r!"('~! tJJI(I 11) l'x ;u.: ll y one s-rycle and \ ice versa . ~ lo re precisely . there exists a
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bij ecti o n bet ween th e set of a ll Hamil tou inu cycles ill C:' and s-cycles in the mp
digrap h G. Hequi rerueu t t.h at traveli ng sa lesman enters a nd leaves s upervertex at
th e sa me vertex is also as sured hv the transformat.ion .•

Th is t.rnusformat ion in creases the dimension of t.he problem .''11 times . Compu
t ational results o n VAX 8800 usi ng t h is transformation and then solving th e TSP
(wit h o ne of t he IIIOSt e lllcieu t bran ch a nd bound al gorit.luu for the asyuuuetri r TSP

[r.)) , s how th a t 1,1", C:TSI' ca n he so lved o n su ra ll urp-digraphs with ", II < !i. The
ex p lu ua t ion is t.l re followin g . The t.ransfo rruatiou is o f such na ture that th e app lied
h rn nch a nd hound a lgo rit h m for TSI' (based o n assign men t problem as rel axa ti on )
fo rms t wo s uhcyr les with in eac h s upervc r t.ex. Afterwards , s ubcyc les "pa tch ing"

ge ts in to au exhaustive search.

Alt houg h co ru p u ta t ion ully iliferior th is transformation helped to 1" 0'<' t he ex

pected fact t hat t he C:TSP is N P -com plete [2 3] .

In [37, 381a bra nch a nd bound algor ith m for t he GTSP using minimal roo ted
directed tree as rel axation is presented (see Delinition :I .:I ). This al gontlun is
referred to the "O PC!I" variant o f ( ~ TS r i.e . findi ng miniuunu cos t (s - 1)-path
whi ch co nta ins exac tl y o ne ver tex from ea ch su pervert.ex.

Lt'I. d+( ,,) denote t he ou t- deg ree o f vertex x in a di graph . A path is a rooted
directed tree wi t h p roper ty tha t o u t- deg ree of a ll ver t ices is eq ua l to I , excep t for
a single vertex I. ca lled I c,."",,. { vcd r,· of t he pa th , for whi ch dt (l } = O.

M inimal rooted directed tree can he de terrni ned hy Edmond 's algoritlun of

co ru p lexit.y 0( 1I 2} [40]. In solv ing rel axatio n task t he vari a nt o f Ed nlOnd 's algo
ritlun wi t h a fictu.« equ i-distn nced ver tex added to t he inp ut mp-d igraph was used

[4 G]. This var iant enab les to find a m inim al roo ted directed tree withou t prior
specifi cation of rhe root ,

A cha ra cter is ti c of Edmond's algo rith m is that in [orioard phase it find s a
m in ima l rooted directed tree by successively inc lud ing m in imal enter ing ares for
each vc rt.ex i . III l he case t ha t a cy cle is fo rm ed , a ll the ve rt ices o f the cycle a re
rnergvd ill a new vertex called l','Ot'udo-verlf:x, In the next iterat.iou , th e algorithm
co ntinues 011 t be new digraph with reduced IH II UUC r of verti ces: the formed pseu do
ver t.ex a nd all thp (rcrua iuiug) vertices which are ou ts ide o f the merged cycle. All
tllP ver t.i ces in thf' new eeduced digraph arc t reated equally.

1\ t tJlI' initia lization s tep of the algorithm this lIlerginp; -na blcs to t ransform
s uperver u c-s ini.o pseu do- ve rt ices , and t hus the di mension of d ig ra ph is red uced
So, task o f lilldi llg a minimal rooted directed t ree is red uced to a d ig rap h wit h only
S vertices .

III the second, backward phase, Ed ll lOl lLl'S algori t ln n is m o d ified ill s uc h a wa~

that expanding pseudo-ve r tices is do lie only to the level of s upe rvcrtices ( i.e. a
pseudo-vertex which cor responds to a super ver tex is no t expanded),

For rooted t rees two branchi ng schem e a re a p p lied. The firs t o ne is a p p lied
when t.1 ,.. roo ted tree is 1I0t, a pa t h . III that case, b runch ing rules im plemented ill a ny
h ra nch a nrl bound a lgor it hm fo r the sta nd a rd TSP wit h roo ted tree as relaxa tion
C,1n he used . The following brun ching ru le is app lied 10 the fi rs t su pervert.e x I wit h
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<1+(1 ) = k (k > 2): s uccessively including exa ctly one leaving arc while all o ther
arcs were exc luded from considera t icn . In this way k + I new s ubp roblems ill the
sea rch tree are gelleral ed. The last generated s ubproblem corresponds to the case
wh en all leaving arcs from s upervertex I arc excluded .

III t he case, when the rooted tree is a path , then supervert ices (i.e . correspond
ing pseudo-verti ces) are ex pa nded in order to ge t into th eir s t ruc t ure, looking for a
s uperve rtex with discontinuity. If there is no discontinuity - in each superve rtex
arc enters a nd leaves the same vertex , this feasible solu t io n is kept as candidate
for the opt imal one, III o t her case, three s ubpro blems are gen erated by s uccess ive
ly exc lud ing exac t ly one a rc whi ch takes part in forming di scontinuity. The last
subprob lem is obta ined by excl uding both arcs.

We not e that depth-search variant of the branch and bound is used , ill o rder
to o bta in as qui ckly as possible a feasible solu t io n .

A different approach , based on a Lagm"gia" rclaxatio" for the GTSP, is de
scribed ill [6 8]. Namely, GTSP is modeled as all integer program ill which con
straints are partitioned in two groups. The "com plica ted cons traints" are dropped
'111.1 b rought into th e problem 's object ive fu nction . This res ul ts ill oh t a ining a
Lugrau ginn relaxntion for the GTSP. ( For a genera l framework of Lagrallg ian re
laxation set' [66]. )

Tilt.' presen ted approach is a sequence of th ree separate procedures : determi n
ing good lower hounds by solving Lagrangian relaxation, arc/ vertex elim ina t ion
a nd brau ch '111.1 bou nd enumcra t. ion . Instead of opti rual solv ing the Lagrangian
relaxation using a di rect m ethod , the firs t procedure ap prox imates lower ho unds
using all iterative suhgra dient a lgo rithm [4 6]' [6 6] . T he subgradient approach com
pared to direct methods uses li t t le s torage . T his proced ure a lso in cludes a heurist ic
for determining upper bou nds. T hese bou nds arc t.h an used in the second proce
du re to identify and remove many nonoptimal a rcs and vertices. W ith t he problem
well-bo unded and redu ced in size, th e third procedure uses implicit enumera tion to
g ua rantee an opti mal solution.

O t her relevant details of both branch and bound algorithms are described in
[2 3]. Also , t.he ellic ienry of these two algorithms is com pared . It see ms that larger
prob lems ca n be solved with the a pproac h proposed in [68J.

a.G. TSP-SOLVER A PROGRAMMI NG PACKAG E FOR TSP

A progran u uiug package for travel ing sa lesm a n problem (T S P ) has been im
pleruented a t Univers ity of Belgrade, Faculty of Electri cal Engineering in I!JS!J and
I!J!JO. T he package is ca lled TSP-SOLVER.

Prograuuning package TSP-SOLVER is implemented on a VAX com puter un 
der operut iug sys tem VMS a nd using prograuuning language FORTRA N. A Form
Mauagerueu t System ( F ~ t S) has been used to create menus for the co m munica t ion
with the user. There arc about fl OOsubro ut ines linked in to severa l execu ta ble task
u nits [subsyste ms} . Subsystems com mun ica te each to o ther through files with data
( AI-files) on parti cu lar TSP instances.



ISO D. Cvet kovic , V. Di ruit rij evic, xt . t\lilo!'>i\\'ljc\'i'"

Subsvsterus o f t he svst.em TSI'-SOLVEIt are (;ENElt, SALES , STAT IS a nd
• •

EXTI,X

1-
t:l .\I.B

Ir _.-
S\I.I·.S ..i-,-

- rL 1I1lw i

,
[- S I ,\ I IS .- 1

CENEH cft'a les . mod ifies and verities i\l- Ii les. Creat.ion of .\I- liles makes li se
of rand om nurulu-r b'>lwra lors. ,\I-fiIl'S created hy other programs (outside TSP
SOL\'8H.) a re verified I.. -fore trcat in g by SA Lf:S .

SALES routa ins sever.d algorit hms and heuristi cs for TS P im plem ented . Input
dat a are I akeu [rulI l o ne o r 1I. 0Tt' ,\I-files . Output is directed again 10 ,\I-files o r/ a lld
o ther 0 11 1put. dt'\"i r,·s .

STXI'IS perfo rm s stnt ist ir nl treatment o f dat a ill ,\I·files in cludin g results o f

working of SA LES .

EXTI::lt is a st rhsyst eru 10 link 'he system TSI'-SOLVElt 10 t lu previously
developed package CltA1'1I [10], [2:;], [28], [2!J]. EXTEIt trnusforuis da ta from
TS l'-SO LV E H iIII 0 formats used ill (: ItA l' II . Hcsul Is o f the worki IIg o f ( ; ItA I'll t.he
subsys te m EXTEH rail put ill corresponding J\l- fi lt·s. A user ra il also via subsys te m
EXTEH illsIH·rt. t lu- ac t ua l work of SALES by iuterrupt.ing a pro cess , in spect.iu g
iuu-rt ued iary results, changing modes of the work , i.e . s trategy of further work .

ln fonua t.iou Ilow between s UIJSYSll' llIS is g iven ill Fig . 2 . All presented infer
mation ex<IIan!\,'s a n- reali zed via M-files excep t for t he lin kage between EXTER
and C; It '\ 1' 1I wl", 'e t he m edium is a specin l fil e used by C:ltAI'II.

Syst"11I TS I'·SO LV EH is in spi rit s imi la r 10 t.h e syste m TRAV EL H] h ilt
has much il ion ' algori thllls and heur ist ics impletucnt.ed . Experiu ien ts with TSP
SO LVE H will I»- dl'sc: ri lH'd ill other papers . li en' we describe subsystems ill SO llie

det.ai l.

,\ TSP is df> li lled hy a w,'iglat ('d grnph rr-p resen ted by the corresponding dis
" 111«' m atr ix (OM) . The follow ing typ es of t ill' d ista nce matrix ca n be trea ted ill
package T SI'-SOLVE IL

1° asy u unet r ir DM correspond ing 10 t he complete directed wei g h ted graph;

1° sy uu netr ic D J\l cor responding to t.he com plete undirected weighted graph;

:io hand VAl where th ere exists a po-it. iv» intege r w (w < ,,- 1) su ch that
DM ( i , j ) is tl uit e and nou-uegativo for Ii - jl :s 11'. J \I other ent r ies of III"



I ~ I

/ JJ\I are cqual t o + N . T he valu c 0 ' is ca lled th e luu ul wi .l i.h :

'1° t.l u- 1I',' i,;hit'd gra ph has a chai ', s t ruct urc (chain-li ke IJM ), SII ch a gra ph
cOllsist.:, of nu Ordl'l"nl sr qllP llCl' of (,Qll lpicl e din'rl.n! s ll h~ r a Jl h s i ll whirh
r-ach uo .k- of a sllhgra ph is cO:: IlP(' l. I· d hy a ll a rc to cacl: no d« of I hp inuuc
dialdy followillg sllh;;nlplt;

,,0 J) ,\I is ,' od id..a u, i.o. sa t i, li, 's t ln- t.ri .urgulur iuequalit.i cs [),\ / (i ,j )+ JJM (j ,
I.-) > D.1 /(i , k ) for a ll i, j , k ,

T he following algorit.llIlIs .uu l lu-urist.ics have h ceu ituplcr uc u t .-d .

10 SYII II JlP l rir TS P: hr<lll c!l and bound algorit.11I1l by Volge ll"lll alld Jonker [75]
and 1.\\'0 o t hers lJ afo' t'd 0 11 m in irua] ~p a ll ll i llg t rcc all el 1-1 rcc :IS rclax a t.io us ;
:J-Opt.i lll ,d and nearest neigh bor heuri st io .. .

2° asyu uuct ri c TS I' ; braoch and bound algoril loo by (:a rpa o,' lo and Toll, [.'i ]
and 1.\\'0 ot hers based 0 11 minima l assign uti ou {G] a u.I oricntcd rooted tree
[--tG] relaxations; :J-opl illlal a ll d nearest neighbor heuristi cs .

:~ o hrn uch and bound algori t lu us fur a gi vell number of t i t'S !. suhopti ruu l solu
t ious for cases 1° and 2° [11], [12].

4° u iult iplc TSP : sym m et ri c and asy n u ucui c: br un ch and bo u nd nlgori t luus
with minima] fort>st s'[ J. 2] alld o riented roo ted forest:':' (12] ns rc lnx .u. ions , a
heu rist ic [rom [22] .

;j0 asyn uuct.ric TSP with hand di stance I ll a l rix: o ne ore 1110 1'(' sa les men , a

polynomial a lgoritlun [13].

GO chnin- Iikc TS I\ asy u n uet ri r , a dyn amic prograuuniug algo rithm [15] and
a ll algorit lll ll usiug sul.opt. imal solutions for subgrnphs [GIl, (G2].

Subsystem EXTE lt is a ll interface bet ween TS I'-SOLVEB and (;l tAI'Ii .

SOll ie [ no n-we ig h ted ] g raphs can be crea ted ill EXTEB Iroru T SI' insta nces
treated wi th TSP-SOLVER (c.g . minimal spanning trees , m inimal assigna tion
graphs and other subgra phs of "short" edges , etc ) . These graphs ca ll be fu rther
t rca tcd by the sys teru G ltA I' II , pari ALGO B for graph theoreti c algori thms (e.g.
we can find vertex-degrees , diamet er. eigenvalues et.c.) . These results can be sent
t.o the corresponding M-files through EXTElt and further clabora tcd by STAT IS

I nt eresti ng "short edgf''' graphs call be also crea ted from intefill ediary .lis
t.aucc iuatr ices during the work of a branch and bound algorit.lnn . Conunuuication
between EXT EH a nd S,\L ES is realized via a glob al sherublo co", "',," area,

Facili ties describ ed in this sec tion enab le, aIllong other t.h iugs rhe s t.u dy of
complexity ind ices for TS I' [14]' [l a]. [20], [21], [32] and were . III fad, mot.i"a' , d
by such investigations .
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