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Abstract

The visualizations of definite integral for area problems are considered. The functions defined by definite integral,
the convolution and the composite of integrals are visualized and analyzed. The definitions of fractional integral and
derivative are introduced and visualized by using GeoGebra Packages. The presented visualizations were used in
teaching calculus for the students, mayor physics, at the Faculty of Science, University of Novi Sad. The students
were tested after the presentations and they show good results.
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1. Introduction

Nowadays many books, surveys, journals and papers address problems involving fractional calculus,
i.e., fractional derivatives and integrals with appropriate initial or boundary conditions. The reason for this
lies in the fact that the fractional calculus got wide use in numerous physical and other applications, as
viscoelastic materials, fluid flow, diffusive transport, electrical networks, electromagnetic theory,
probability and others.

Fractional calculus can be considered as the generalization (extension) of the well known differential and
integral calculus of noninteger order. The origins of the fractional calculus go back all the way to the end
of the 17th century. L'Hospital asked in Leibniz about the sense of the notation:

n

if n=1/2
Dx"

i.e., the fractional derivative of order 1/2. Then Leibniz's answer was: "An apparent paradox, from
which one day useful consequences will be drawn.”

a
J a>0, ;

In the continuation of the paper we shall visually introduced fractional integral, ' of order

a
the sense Riemann-Liouville and fractional derivative, D", of order &~ 0, in Caputo sense (rather
than the Riemann-Liouville one), because it is more suitable for application to the problems with initial
and boundary conditions.



2. Visualization of definite integral

The application of definite integral for determining the corresponding area between the graph of the
considered function and X axes is well known. Interactive presentation of the area is presented on Figure
1. Click on Figure 1 and you will get the interactive file. By changing the values of lower and upper

limits, with the slider, the values of integral | = Ibf(x)dx,for f(X)=—x(x—4), and the values of

corresponding area P are changing.
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Figure 1.

3. Visualization of the function given by integral

The function F, defined by definite integral:

F(t) = j‘ f(x)dx_

can be visualized and analyzed in the sense of previous considerations of definite integral and its
applications. The properties of the function F is conditioned by the function f, because it is its primitive

. . . 1 .
function. As an example, we consider the function f(x) ==, x>0, and the function
X
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F (1) =j:§dx,

for t>1, and t <1. By the click on Figure 2 the interactive applications can be obtained. The function
Int is defined for t>1, and t <1, and the points A (on the left hand side, for t >1,) and C (on the
right hand side t <1) belong to their graphs, but their y — coordinates are the values of the function F.
Coordinates of these points can be followed on Figure 2, by using sliders t, ad t,, respectively.
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Figure 2.

4. Visualization of the convolution

The composite of integrals F(F(t)) of the function f(x) = xis evaluated as:

FF®) = [ ([ xdx)dr = (g)dr = t?)—i

The same result can be obtained by using the formula called convolution of two same functions
f(x)=x:

. o - _'[3 t3_t3
Io(t—r)zdr—tjofdr—jor dT_E_E_ﬁ'
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In general the convolution of two functions f and g is given by:

(o)) = f(t-2)g(r)dz.

On Figure 3 the convolution of the functions f(x)=x and g(x)=e€" is visualized. Let us remark that

the convolution is the function given by the corresponding integral. Therefore the visualization is
presented analogously as in previous cases. The point A belongs to graph of the function representing

convolution and its y — coordinate is the same as the area under the graph of the function p(x) =e"*x.

By changing of the value t, the values of corresponding area and convolutions are changed. By the click
on Figure 3 the interactive applications can be obtained.
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Figure 3.

5. Visualization of the fractional integral

The fractional integral, J? of order a>0, in the sense Riemann-Liouville, is defined as the
following convolution:
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J? f(t)_mj(t ¥ f (r)dr.

J°F () = ().

We put

The main properties of fractional integral operators J® of order a >0, are:

JAIPf(t)=J*f(t) (a,b>0), J2I°f(t)=J"J2f(b);
Mtaﬂ
a+c+1)

On Figure 4, the fractional integral of the function f(X) =X, is visualized. By changing a with the

slider, from O to 2, the graph of fractional integral is changing. For a =1, the fractional integral is
2

X
primitive function for the function f(Xx)=x, ie., h(x):?, and fora =2, it coincide with the

JatC —

3
function g(x)= E By the click on Figure 4, the interactive applications can be obtained.
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Figure 4.
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6. Visualization of fractional derivative

In this paper we shall consider the fractional derivatives in Caputo sense (rather than the Riemann-
Liouville one), because it is more suitable for application to the problems with initial and boundary
conditions. The Caputo fractional derivative of order « >0, is defined by:

Daf(t)_ F(m_ .[0 m a_lf(m)(T)dT1 m—1<a<m,

a=m

(meN, t>0).

It is important to note that the following relation between J* and D? from holds for m—1<a<m,
D2J%f (t) = f (t);
m-1 tk
32D (t) = f(t)- > F(0")
k=0

On Figure 5, the fractional derivative of the function f(X) =X, is visualized. By changing a, by using
slider, from O to 1, the graph of fractional derivative is changing from the graph of function f (x) =X,

for a=0, to graph of constant for a=1. By the click on Figure 5, the interactive applications can be
obtained.

File Edit View Options Tools Window Help Sign in...

» Algebra » Graphlcs &

= Function

o f(x) = x ) L t=3.2
Fractional Derivative [ —

1 t a=0.868
] h()() = x 0868 m/ X af’(t —X)dx
= Locus 0
@ loc1 = Locus[A, t]
= Number
0 P =0.66166
-> a=0.868
-0 =32 2]
= Point
o A=(3.2, 0.66166)
» B=(3.2,3.2)

Input: L

Figure 6.



http://www.geogebratube.org/student/m149019

References

Caputo, M., Linear models of dissipation whose Q is almost frequency independent- I, Geophys.
J. Royal Astronom. Soc., 13, No 5 (1967), 529-539, (2008).

Kiryakova, V., Some operational tools for solving fractional and higher integer order differential
equations: A survey on their mutual relations, American Institute of Physics - Conf. Proc. 1497
Proc. 38th Intern. Conf. AMEE' 2012), 273-289; doi: 10.1063/1.4766795, (2012).

Ross, B., A brief history and exposition of fundamental theory of fractional calculus, Fractional
Calculus and Its Applications (Proc. 1st Internat. Conf. held in New Haven, 1974; Ed. B. Ross),
Lecture Notes in Math. 457, Springer-Verlag, N. York, pp. 1-37, (1975).

Takaci, Dj., Takaci, A., Strboja, M., On the character of operational solutions of the time-fractional
diffusion equation, Nonlinear Analysis: 72, 5, 2367-2374, (2010).

Takaci, Dj., Takac¢i, A., Takaci, Aleksandar, On the operational solutions of Fuzzy fractional
differential equations, FCAA, Vol17, No4, (2014).



