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GLOBAL COMPACT ATTRACTORS AND
COMPLETE BOUNDED TRAJECTORIES FOR
COMPRESSIBLE MAGNETOHYDRODYNAMIC

SYSTEM OF EQUATIONS

Jan Muhammad

ABsTrACT. In this article, we investigate the global behavior of magnetohy-
drodynamic (MHD) fluid’s weak solutions in three-dimensional bounded do-
main with a compact Lipschitz boundary driven by arbitrary forces. We show
that global compact attractors exist under specific limitations on the adiabatic
constant ~y.

1. Introduction

The study of compressible MHD fluids is crucial because the equations that
describe the motion of conducting fluids in the presence of an electromagnetic field
have numerous applications ranging from fluid metals to cosmic plasmas, as well as
in areas such as geophysics, astrophysics, plasma physics and high-speed aerody-
namics. MHD fluids are also related to plenty of engineering challenges, including
sustained plasma confined in controlled thermonuclear fusion reaction, liquid-metal
cooling processes in nuclear nuclear power plants, magnetohydrodynamic energy
production, electro-magnetic manufacturing of metals and the plasma stimulants
for ions thrusters as well. In fact, MHD equations are a combination of fluid dy-
namics’ Navier—Stokes equations as well as electromagnetism’ Maxwell equations.
Here, we consider the compressible MHD fluid to study the problem of the global
existence of weak solutions with bounded domain by considering the system of
equations, such as

Op + div(pv) =0,

O(pv) +div(pv @ v) — divT + Vp(p) = rot H x H + pF,
Hy —rot(v x H) =vAH, divH =0,

T(Vv) = p(Vv + Vv — 2divvI) + Tdiv vl

(1.1)
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where v = (v!, v2,v3) symbolizes the velocity vector while the pressure is denoted
by p(p) = ap”, such that v being the adiabatic constant and H = (H!, H2, H?)
representing the magnetic field. Here the operators used such as V and div act in
term of the variable z € R?. Here, we consider the isentropic fluid by taking the
letters 1, i,y as constants that satisfy the relation

3
w>0, >0, 7> a>0, with divT = pAv+ (u+ A\)Vdivv,

where T is the viscosity constant such that T+ p > 0. The initial and boundary
data are specified by

(1.2) p(0,2) =po 20, pv(0,2) =mo(x), H(0,z)=Ho,
and
(1.3) 'H|ag =0, V|59 =0.

MHD equations demonstrate the flow of electric-conducting fluids within the exis-
tence of a magnetic field, that must take into account the complicated relationship
among the fluid’s velocity and the magnetic field. Before describing and proving
our desirable results of this work, let us first review some relevant literature results.
Incompressible MHD flow is determined by the Navier—Stokes equation along with
Maxwell’s equation. The mathematical analysis of incompressible MHD equations
is investigated in detail in [1-3] and the references therein. With regard to its
physical significance, diverse phenomena, complexity and challenges in mathemat-
ics, mathematicians and physicists have carried out numerous research on MHD
such as; [4-11] and in the citation therein. In [12,13] the authors presented favor-
able results regarding the weak solutions’ existence with discontinuous large data for
compressible MHD equations. It is noteworthy that Feireisl and Ducomet [8] inves-
tigated MHD compressible equations along with Poisson’s equation with assuming
that coefficient of viscosity depending on the magnetic field and the temperature
where the pressure term p?, (y = %) with large density behave like power law.

In addition, for compressible fluids the global existence behavior was investi-
gated by Feireisl and his collaborators in [14], where they studied global behavior
of weak solution in bounded absorbing sets under some additional restriction on
the adiabatic constant v > % Similarly, they proved in [15] the asymptotic com-
pactness result for global trajectories generated compressible fluid. Moreover, for
compressible fluids, Feireisl [16] proved the results of weak solutions compactness
result while the density does not require to be square integrable. In [17], Feireisl
proved the qualitative behaviors of compressible flows such as long time behaviour,
global compact attractors and stabilization. In [18], Wang described global be-
havior of weak solutions of a specific class known as nematic liquid crystals of
compressible flows.

Moreover, Lions [19] and Novotny [20] made contributions and modifications
to ease the restrictions to the theory of compressible viscous fluids. By considering
an isentropic fluid, they proved a well-known result concerning weak solutions’
global existence under an additional condition that v > % and v > % in 2D and
3D respectively. Feireisl [21] modified for v > % the result of Lions for global
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existence to three dimensions. Jiang and Zhang [22] investigated the result for
weak solutions’ global existence regarding the compressible fluids of isentropic type
for v > 1, under some additional hypothesis related to symmetries on the initial
datum. We refer [23-31] for more results related to attractors and global existence
of weak solutions of compressible fluids.

We study the behavior of such a fluid that is compressible as well as MHD
in a bounded domain motivated by the importance of these types of fluids hav-
ing numerous applications in engineering, geophysics and applied mathematics. In
recent years, mathematicians have focused intensively on studying non-linear flu-
ids, mostly from the perspective of differential equation theory. In view of their
practical significance, for decades, MHD fluid problems have been the center of
extensive multidisciplinary research. Therefore, in order to gain a comprehensive
understanding and improve applications across different manufacturers, it is essen-
tial to examine the flow behavior of MHD fluids. Nevertheless, aside from a few
straightforward special cases, many problems still remain as open challenges.

In this research work, we investigate the result of global behavior of MHD
fluids by considering the weak solution of a compressible MHD fluid with a compact
Lipschitz boundary in a bounded three-dimensional domain, by following the same
approach as in [15] where the global existence of these weak solutions is proved
in [12], without external force.

The remaining article is organized as follows: in Section 2, we define a weak
solution of the problem (1.1)—(1.3) and state the main results in the form of Theo-
rems 2.1-2.4. In Section 3, we prove Theorem 2.1 along with the necessary results
required to prove the main result. In Section 4, the proof of Theorem 2.2 and some
key results related to density are presented. In Section 5, we describe the effective
viscous flux of the considered model, by following the same approach as in [15],
with some modification as required for MHD fluids. Furthermore, Section 6 con-
tains the results related to density and momenta compactness. Finally, Section 7,
outlines the proof of Theorems 2.3-2.4.

2. Main Results

The current section aims to state the main result of this work and define the
weak solution of the problem (1.1)—(1.3). Before we state our main result, it is
important to note that our weak solution will satisfy the natural energy estimates.
In terms of physics, a suitable weak solution must fulfill the conservation law of
mass, energy and momentum in terms of distributions. Keeping these fundamental
requirements in mind, we characterize our weak solution such as:

DEFINITION 2.1. For T > 0, the functions (p,v,H) are said to be the globally
finite energy weak solution of (1.1)-1.3 on the interval of time O C R, such that

(2.1) p € (L=(0; L7 () N (C(0; L)),
Vov € L®(0; L2(Q), v e L2 (0; Wy (Q)),
[mol*

H e L*(0; W, *()), e LY().

Po
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Continuity equation (1.1); holds in a distributive sense

(2.2) Oip +div(pv) =0 in D'(O x R?).
Total mass is invariable, such that
(2.3) / p(t)de =m VteO.
Q

The renormalized form of (1.1); holds in D'(O x ). In addition, for any
(e Cl(R),

(2.4) (£(p))e + div[E(p)V] + (€ (p)p — £(p)) divv =0,

where (p,v) are assumed to zero outside the domain €.
Any weak solution provided in Definition 2.1 will be in the class

peCO: 1), pveC(0:1i7 (@),

The functions p and pv satisfy

ess lim [ (p, pv)w(w)dmz/(po,mo)wdm,
t—0t Jo Q

for any w € C§°(2).
Moreover, the weak solutions (p,v,H) are constructed to satisfy the integral
form of energy inequality, such that

(2.5) %E(t)+/Q(M|Vv|2+(u+/\)|divv|2+U\V7-L|2)dxg/ﬂp(t)F(t)~v(t)dx,

with
_ 1 2 102, Pt
(2.6) g(t) = /Q (2p|v| (8) + 5P +al= 1)d:c.
Next, it is assumed that
(2.7) p € Lino(0; L2(4)).

We emphasize that every classical solution described in the problem (1.1)—(1.3)
can be a weak solution and that any weak solution can solve the problem (1.1)—(1.3)
with sufficient regularity in the classical sense. This is done to ensure that our de-
fined weak solution given in Definition 2.1 is accurate. Next, the following theorem
outlines the result of absorbing bounded sets.

THEOREM 2.1. Assuming that Q C R? is a bounded domain of Lipschitz bound-
ary, let (po,vo,Ho) being the initial datum satisfying (1.1) and v > % Moreover,
let a measurable bounded function

(2.8) F=(f(tx).j=123
satisfying the condition

(2.9) max (ess sup |fj(t,a:)|) < Ky,
zeQ,teR
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and O = (I,00) C R with | > —oo. Then, for £, with given & the time T =
T(Exo,l,m) depending on mass m, K1 and v, such that

(2.10) E(p,v,H)(t) € Ex for a.e. t>T.
Furthermore, the weak solution (p,v,H) satisfies
(2.11) ess 1111% supE(p, v, H)(t) < &.

—

According to the aforementioned Theorem 2.1, the family of trajectories pro-
duced by the finite-energy weak solutions of (1.1)—(1.3) defined on interval O, is
dissipative in the terms of Levinson, such that it possesses an absorbing bounded
set in the energy “norm”. In addition, take into consideration the term known as
“short trajectory” as defined in [32], such as:

(2.12)  U%[€0, F, M](to,t) = {(p(f), (pmvim) (1)), € [0,1] | p(f) = p(t + 1),
(pv)(t) = (pv)(t + 1), H(E) = H(t + 1) with (p, v, H)
be the weak solutions of (1.1)-(1.3) on interval O, (to,to +1) C O
with F' € Fand ess tli_gl sup E(p, v, H)(t) < 50,/ p(t)dr < m}.
0 Q
Next, the theorem given below describes the finite energy weak solution trajectories’
asymptotic behavior.

THEOREM 2.2. Assume that v > % and bounded subset F € L®(Q x R)?
such that

(P (tm + £, 2), (P Vin) (b + t,2), Hon (b, + t, 7)) € US[E, F, M](1,1), (I €R),
for some t,,, — 0o. Then, we can find a subsequence (without relabeling) such that
(2.13) p(tm +1) — p(t) in L7 x (0,1)) and in L5([0,1];Q) for any ¢ € [1,7),
(2.14) Hon (tm +1) — H(t) in L5(Q),

(2.15) (pmVm)(tm +1) = (p9)(t) in LP(2 x (0,1)) N C([0, 15 (LY, (2))),
. 2y 27
with p; = 77_’_1, and p € {1’77—?— 1).
and
(216) g [pm(tm + t? ll:), Vm(tm + ta x)) Hm(tm + t? I)]
— E[p(t,x), v(t,z), H(t,z)] in L'(0,1),
with (p,v,H) being the weak solution of (1.1)~(1.3) defined on O = R where € €
L>®(R) and F € F* with

(2.17) Ft = {F | F = lim hy,(t +tm, ) weakly star in L°(Q x R)
tm —00

for some fim € F as fm—>oo}.
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Theorem 2.2 highlights the significance of complete bounded trajectories such
that the energy £ is bounded uniformly on R for weak solutions on O = R.. Next,
define

(2.18) AS[F]={(p(#), (pv)(£), H(E)) | (p,v,H) is a weak solution of (1.1)—(1.3)
on interval O = R with F € 7 and £[p, v, H] € L°(R)},

(2.19) U, F, M](to,t) = {(p,v,?—l)(t)|(p,v,’}-l) is a weak solution of
(1.1)~(1.3) on interval O, (t,t) C O with F € F and

ess Jim sup €. v. H)(0) < Eo. [ plt)da < m}.

Moreover, A° [.7:' ], the characteristics as given in the following theorem, the so-called
short trajectories of global attractors.

THEOREM 2.3. Assume that v > 2 with bounded subset F e L®(QxR). Then
the compact set AS[F] is in (LP((0,1) x Q)) x (L7((0,1) x Q)) and

(2.20) _sup [ ~inf (o=l o<y + 1(pv) = (W)“(LW(OJ)XQ))] — 0,
(p,v)EU[E0, F, M](to,t) - (P:V)EAS[F]

ast — oo with p € [1,%).

The set AS [.7:'] is naturally referred as a short trajectories’ global attractor
based on Theorem 2.3. For a nonempty set F, the set A° []:"] is nonempty and
compact. If set A is compact, it is referred to as a global attractor for a general
dynamical system that attracts every trajectory and is minimal for a compact set
fll such that it attracts all the trajectories, then Al c A. Regardless of the non-
uniqueness of the finite energy weak solution for given initial data, it might make
sense to study the global attractor and outline its significant characteristics briefly
here. For this, let

(221) AS[F] = {(p,v, 1) | (p = p(0), (pv) = (pv)(0),H = H(0)),
where (p,v,H) is a weak solution of (1.1)-1.3
on interval O = R with F € 7 and €[p,v,H] € L*(R)},
Next, we describe the result of attractors such that:

THEOREM 2.4. Assume thaty > 2 with bounded subset F e L*(QxR). Then
the compact set A[F] is in (LS()) x (LP*(Q))? and

(2.22) sup [ nf (|p,a||L<(m+||HH|L<<Q>
(p,v)EU[Eo,F,M](to,t) L (P V)EALF]

+]/Q<pv>—<pv>-sadx

)
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ast — oo with ¢ € [1,7), ¢ € (L%(Q))3 and the energy & is given such as:

1 1 o
(2.23) E(t) :/ (fp|v\2+f|7-1|2+a )da:.
p(z,t)>0 2 2 y—1
REMARK 2.1. In Theorems 2.1-2.3 the energy £(t) as defined by (2.23) is
lower semicontinuous and thus (2.23) implies (2.6) a.e. in O as in [20] and thus the

condition esslimsup,_,; £(t) — & being equivalent to that of limsup,_,; £(t) — &
and hence in the conclusion Theorems 2.1-2.3 hold. In addition, in Theorem 2.1

E(t) < €x when T <t.

LEMMA 2.1. Let (1.1) be satisfied in D'(0,00; Q) and allowing that p,v be zero
on R3\Q, such that

(2.24) Otpm + div(pmvm) =0 in D'(O x R?).

Neat, taking Se = Ve x vy, with 9. = V() is a reqularizing sequence in (2.4),
we have

(2.25) DS JE(P)] + div(S[E(pIV]) + Sc(( (p)p — &(p)) divv) =,
with
(2.26) ™ — 0 in the space L?(0; LY(Q)) as € — 0 for any prechosen m,

where

28
243’
and £(p) € L>(0,T; LP(2)) provided that 3 > 2.

(2.27) &=

PrOOF. Regarding the proof, we refer [33, Corollary 2.4]. O

LEMMA 2.2. In accordance with all the presumptions of Theorem 2.1, on R
the energy £ exhibits a local bounded variation, if required, being modified on a
zero-measure set, and

(2.28) E(ty) = lim E(s) = &(t_), teR™.

s—ty
In addition,
(2.29) (1+E(tyy))eV2™alta=t) _ 1 > g(t, ), ty >ty > 0.

Proor. To prove the required result, let
d
(2.30) %El(p, v)(t) + / (V]2 + (1 + V)| divv]? + 0| VH|})dz = / p(t)F(t) - v(t)dz,
Q Q

then & = (£ — &) € LL (). In view of (2.5), we have

loc

(2.31) %Sg(t) <0, holdsin D'(Q).

Next, since € is regarded as a sum of absolute as well as the sum of nonincreasing
functions, this implies the continuity of £ such that (2.28) holds true except for
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a countable set of points. In addition, by using (2.9), the right side of (2.5),
implies that

(2.32) /QPF~Vd:cé/Cl(/Qde)%</QP|V|2dx>%
< V2mk;, <1+/QpIVI2d17> < V2mKy (14 £(1)),

by applying Gronwall lemma, we get the required result. O

3. Proof of Theorem 2.1

This part focuses on the proof of Theorem 2.1, and the required proof will be
completed on the basis of the following results.

ProprosITION 3.1. In accordance with all the presumptions of Theorem 2.1,
one can find the constant L depending on the parameters Ki,v and m satisfying
the property, that

(3.1) E(Ty) — 1< E(T +1)-), for some specific T € RT.

Then

sup E(ty) < L.
te(T,T+1)

The required result will be proved by using some auxiliary results, as described
below.

LEMMA 3.1. In accordance with all the presumptions of Theorem 2.1, and (3.1),
one can find a constant ¢ depending only on the parameters K1 and m, such that

T+1 , T+1
(32) /T Hv||W012(Q)dt< C<1+L ||p||L%(Q)dt)
Moreover,
T+1
(33) Elt) < e(l +f ||p<z>||zwdz).

PROOF. Applying, the energy inequality (2.5), (3.1), Poincare’s inequality with
the standard embedding theorem, ensure that

(3.4) /Q|Vv(t)|2dx<51<1+/TT+1/Qp|Vdo:dt>.

Similarly, thanking to Holder inequality, we have

1

2 1
(3.5) / p|vdm<¢a( / p|v|2dx) < VAlollEy , IVlzece
Q Q

L2(Q
again by using the embedding theorem, implies (3.2). Next, the integration of
(2.29) along t; and taking T 4 1 = o, yields that

ET+1)-) < é (1 + /T+1 5(2)d73>.

T
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Also, we have

(3.6) E(Ty) < E(T +1)-) < & <1 + /T+1 5(2)6&).

T

In a similar way, the integration of (2.29) by taking T' = ¢; and using (3.6), ensures
that

(3.7) E(TH) < é (1 + /TH 5(2)d2>.

T

Furthermore, applying H'older inequality along with (3.2), infers that

T+1 T+1
(3.9) /T /Qp|v|2da:dt< sup ]|p|L%(Q)/ VB2

te[T,T+1 T

T+1
<is sup |p|s(1+/ loll s dt).
S ey L2 T Lz()

By applying interpolation inequality Hp||L%(Q) < Hp||;(‘m||p||<L7(Q)7 with ¢ = 51,
we have
T+1 ) T+1
(3.9 / /p|v\2dzdt <é sup E(ty)3-3 (1 +/ ||p(2)|§m(md2>.
T Q te[T,T+1] T
This further implies that

T+1
sup E(t4) < ér <1 +/ ||P|‘zw(s2)d‘§
te[T,T+1] T

1 T+1 X
s )7 (1 [ Il ).

te[T, T+1] T

By using the condition that v > §, infers that 55 < 5 and hence the required

result follows. O

A Linear Bounded Operator B. Here, some characteristics of operator B,
introduced by Bogovskii [34], may be listed as follows. The operator B is regarded
as the problem’s solution

(3.10) divg =k
’ k€ L*(S), with S C R? is a Lipschitz bounded domain.

LEMMA 3.2. [20,34]. Let B be a bounded linear operator of the problem (3.7),
such that:

B = By, B2, Bs]: {k: e L*(9) | / kdx = 0} — Wol’w(S),
s

and its boundedness is given by ||B{k}|\W01,m(S) < Ci(z, )|kl L= (s), withx € (1,00).
Also, g = B{k} satisfydivg =k a.e. in S, and ||B(k)||Lv(s) < C2(y, S)| (k)| Lv(s)
with y € (1,00).
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Keeping all these results in mind, we can prove Proposition 3.1. To do this, let
a test function be such that

0,(t,2) = W(0)5, (Se@(p)) -~/ se<£<p>>dx)7

here ¥ € D(T,T+1), ¥ € [0, ] and the operator S, is defined in Lemma 2.1 where
€€ CY(R), for z > 1,£(2) = 2© with

(3.11) @zmin{i,(%—%)}.

Moreover, by using ¢;(t,z) as a test function in (1.1)2 and Lemma 2.1 and 3.2,
may be used to get

(3.12) /TH/ Up'S(&(p))dx dt = /TTH\Il(/ p dx) (él/S (f(p))d:c)dt
T+1
;H—/\/ / ) div v dz dt
-/ T, [ vs(sten - [ se<s<p>>dx)dxdt
+u/T+1 /VV VB( &(p)) |Q|/S )dxdt
}

dx dt

[ forovrss{sin gy o

o [ vt{s.te) - @) - - [ i)~ o vide b

T

+/TT+1\I'/vaB<r2"— |Q|/ mdx)d:z:dt—/T+1 /po div(S.(£(p)))v)da dt
- Ty / pFB(se@(p)) . se@(p))da:)dxdt
/T+1 /(7—[@7—[ JH ]I)B( (p)) |Q|/S d:c)dxdt 2.7]

Furthermore, we have to evaluate each integral to the respective norms in terms of
p, v and H by using the Sobolev embedding results along with H’older inequality
and using the properties of the operator B. For some omitted details one can refer

to [14] and [15]. Thus, we get
T+1
m)/ /p”dxdt,
T Q

T+1
(3.13) | 7| = q,(/ 7dx)<|§12|/8 (g(p)m) it < ko
T+1
leV)leVd.Z‘dt‘ ko (m)/ [[VIlw1.2(q)dt.
T

T+1
(3.14) || =
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Next, for J3, we have

T+1 1
s lal=|[ e pvzs(sE(s(p))—m / s€<5<p>>dx)dxdt\
T+1
< ks / N
T
and
T+1
(3.16) |Ta| = /Vv VB( &(p) |Q|/S )dmdt‘

T+1
< (m)/T HV||W01,2dt.

Similarly, J5 can be calculated as

T+1
(3.17)  |T5| = / /pv@v VB( &(p)) |Q\/S )dmdt’
T+1
< ks ol sup 6 e | ¥yt
with ¢ = £ — = Slmllarly by using (3.11), supyeir 741 1€(p)[| < ke(m). Further-

more, we get

(3.18)  [Js| = '/TTH‘II/vaB{SE(f(p)E’(p)pdiVV)

1
1l Jq

T+1
<krswlolie [ Ve I8 Do),

S.(E() - £’<p>pdivv>dx}dxdt‘

with
1
|5{s.(6) ~ ¢ @waive) - o [ st - f’(p)pdivv)dx}
|Q| Q L32(Q)
S ligto) divvilzes @) < N 2 o 1V lwg o)
where 1 5 6 6
_ 90— _ 0l
g— o and q3—max{1,77_6}.
Hence, by using (3.11), we have
T+1
i) |[ e ] pvs{&(g(p)—e'(p)pdivv)
] / Se( )pdlvv)dx}dxdt’

T+1
< kslloll - /; T
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Similarly, for J7, we get

T+1 1
/ \I// pVB(TZn — —/ rzndx)dxdt‘
T ) €] Ja

T+1
<@/ 1112 @) ¥ w2 2 e 172 L 5

Next, applying (2.26), implies that

T+1 1
(3.21) ‘/ /po( m/r?dm)dwdt‘ —0 as e—=0.
Q

Furthermore, for Jg, using the properties of operator B and applying the same
arguments as in (3.17), ensure that
T+1

(3.20) |J7| =

(3.22) | Ts| =

po (div(Sc(&(p)))v)dx dt’

T+1
< ko(m)  sup WMH)/ 1112, 120
te[T,T+1] “ T Wo (@)

and

T+1
(3.23) || = ’/ \I//pFB(Se () /s )dz)dazdt‘ Fua (K, m),
T 0 Sl

(3.24) |J1o| = ’/TTH\I/ i (H@’H— %HQ]I)B(Se(f(P)) —;“/Q‘Se(f(p))dx)dxdt‘
< k12(Kqp, m).

Furthermore, calculating characteristic function on [T,T + 1] for a sequence of
functions ¥, as € — 0 in the integrals J; — J19, we have

T+1
(3.25) / P FOdx dt
T

T+1
< ha(rm{ (s ol [ INBgedtt s Vvl |
T

te[T,T+1]

Next, the interpolation of spaces LYt L1(Q), implies that

T+1 T+1 qa
(3.26) | el <ia( [ [ preasar)
T T Q

where ¢4 = 71751_1_ Taking into account (3.2), we have
T+1 a1
B2 [l [ M| < Fream3+ lollisllol, 3 )"
< ks (Ko, m) (1 + (Il o) %,
where g5 = ?wﬁ’)%' Finally, we have
(3.28) ess sup ||fv||Lz < sup 2E(t4).

te[T, T+ te[T, T+1]
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Combining the estimation obtained in (3.3) and (3.25)—(3.28), we have

(3.29) sup & (t4) < kio(Ky, m)(1 4 sup/E(t4) + sup [p]|9).

Referring to predefined ©, we have g5 < - and (3.29) indicates the existence £
described in Proposition 3.1.

Based on Propositions 3.1, we prove Theorem 2.1. It is easy to verify that
T(&) = T satisfies E(tg, ) < L for some ty < T'. In fact, if this mentioned condition
is not satisfied, then for a sufficiently large ¢ the energy will be negative. Hence, it
contradicts that therefore energy is not negative for (o) < £. Furthermore, for
any p = 0, let

(3.30) E((to+p)+) < L

Next, we assume by induction that £(¢o, ) < £. Next, by applying Proposition 3.1,
either one can get

sup E(ty) <L,
tE€[to-+htotu+1]

therefore, £((to + p+1)—) < L, or
E((to+p+)+) <E(to+p+1)—)<E((to+p)+)—1<L-1
Hence, by using (3.30) and Lemma 2.2, we have
Eo = (14 L)eV2™r 1,
This completes the proof of Theorem 2.1.

4. Proof of Theorem

The remaining part of this work is devoted to proving Theorem 2.2. The re-
quired result will be proved by applying the analysis of the so-called defect measure

(4.1) ¥ = log(p)p — log(p)p.
where p is used to denote the weak limit of time shifts’ sequence

pmatrn (t7x) = {

where (I, + 1) C Opy,.
Starting with a simple implication of Theorem 2.1, we state the following result:

pm(tm +1t,2), when t,, +t € Op,
0 when t,,, +t € R\ O,,,

PROPOSITION 4.1. In accordance with all the presumptions of Theorem 2.2, the
time T = T(Ey, m,1) > | with the constant L depending on the parameters m, Ky,
& and F € F satisfy the estimations:

(4.2) sup || pm (t)[[ 2+ < L,
T<t
(4.3) €ss sup H V pm(t)vm(t)HLz <L,
Tt
(4.4) sup || Hmllrz < L,

T<tm+t
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2
. 1,2 < 9
(45) | v <
and
+© . 2y
(4.6) lom | T dedt < L, with ©® = — — 1,
K Jo 3
(4.7) / /(|va|2 + |V X Hyp|?)dz dt < L,
K Ja

for |[K| <1 with K C (T, 0), independent of the parameter m =1,2,....

PRrROOF. The estimations (4.2), (4.3) and (4.7) can easily be obtained by apply-
ing the energy inequality and assumptions of Theorem 2.1 (for more details about
(4.7), see [35]). While (4.6) can be obtained by a similar way as in (3.25). For this,
it is required to take v > g and one only needs to know that the boundedness of £
is controlled by . O

With the application of the estimation obtained in Proposition 4.1, we are able
to pass the sequences without relabeling so that

Pmt, — p weakly * in L®(R;L7(R)), p=0, p=0 in R*\Q,
Vi, — v weakly in L2(K; (W 2(Q))%), v=0 in R®~\Q,

(4.8)  Hpms, — H weakly in L*(K; (W, 2(R)), H=0 in R®*~\Q,

with K ¢ R and v € L2 _(R; (W, *(2)?)) such that

loc
— 12 .
(4.9) /K||vHW01,2(Q)dt<£ with [K|<1, K CR,

and
F4, — F weakly x in L™®(R;(),
Pty Fmt,, = PF weakly x in L*(R:L7(Q)).

Furthermore, by applying the fact that p,, s, solves the continuity equation (1.1);
along with estimations obtained in (4.2), (4.5) and using the Arzela—Ascoli Theo-
rem, we have

(4.10) Pt = Py
converges in C(K; L] ., (€)) for the compact interval K C R with
(4.11) p € BOMR; L)),

for more details about (4.11) see [16].
Next, by applying (4.10) results in the strong convergency of the term py, 4.,
in the space C' (K; W~12(Q)) and its combination with (4.8) gives that
(4.12) Pt Vinit,, — pv weakly in L?(K; (LG%(Q))S)
As a result, we get
(4.13) Op + div(pv) = 0,
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in the distributional sense in D’ (O X R3). By applying the same approach as
above, the time derivative of the term py, i, Vi1, Wwith the help of (1.1); and
taking into account (4.2)—(4.4) implies that

2
(4.14) Pt Vet = pY i C(KGLPL (Q)), (1 = —1)
v m wea 1 ¥ ~
where its details can be found in [20, Section 7.10], and
(4.15) pv € BC(R; LPL (9).

Here, the estimations obtained in (4.14) result in the strong convergence of the
term py,.p,, Vin.t,, in C(K; W~12(Q)), exactly the same as in (4.12), we have

6
(4.16) P, Vs, @ Vit — pY@V weakly in L2(K; LP?(Q)), (p2 S )

4y 43
Moreover, the estimations obtained in (4.6) imply that
(4.17) Pm.t,, — p weakly in LOT7(K x R?)
with
(4.18) P(pm.t,,) — p(p) weakly in the space LQ%(K x Q).

Next, we have
(4.19) Hunr,, — H weakly x in L2(R;W,%(Q)), divH =0,

in distributional sense D’(R x R3), by using (4.8), (4.19) and the compactness
result of Wy'? < L2, we have

(4.20) 10t (Vint,, X Hmt,,) = 10t(v x H) in D'(R x R?),
and
(4.21) rot Hnt,, X Humt,, — 10t H x H in D'(R x R?).

Taking into account the estimations obtained in (4.14)—(4.21), we can conclude that
the weak limits of (p, v, H) satisfy the momentum equation (1.1)s in distributional
sense such that

O1(pV) + div(pv ® v) — div T + Vp(p) = rot H x H + pF,
Hy —rot(v x H) = vAH, divH =0,

(4.22) T(VV) = M(V\? + Vv - %div \711) + Tdivvl  in D'(O x Q).

4.1. Some key results related to density. By using the assumptions (2.4),
Pm.t,, are said to be the renormalized solution of (2.2) such that

(4.23) (€(Pm.en )t + AVIEPmt )Vinsto) + (€ (Prsto) Pt — E(Pmoy)) div Vin e, = 0,

holds for any global Lipschitz function ¢ € C*(R) in D'(Op, ¢, X R?), with O, ;,, =
{z | 2+ tm € Op,}. In addition, for a compact set K C (—t,, 00)

(4.24) Pt € C(K;LS), C€[L,7),



180 MUHAMMAD

where its proof is given in [27, Lemma 2.3]|. Similarly, this result is true for g, such
that

(4.25) (£(P)e +divIE(R)V] + (€ (PP —E(p) dive =0, pe C(K;LE), (& [L,).
Particularly, we have
(4.26) log(p)p € BC(O; IS(2), ¢ € [1,7).
Here, we define some functions
M, () = {élog(é) \ when z € [0,x),
klog(k) + (log(k) +1)(2 — k) when 2>k
with
Tw(2) =min{2,k}, 2>0, when x> 1.
Moreover, M, (%) may be defined as:
M (2) = (logk +1)2 + Le(2), Le(2)=2(log2 —logr)lizcny — 2lzgny — Flizgn)

Furthermore, by using Lebesgue convergence theorem the approximation of 9, (2)
by smooth function’s sequences along with the use of (4.23) and (4.24), implies that

(4.27)  M(pm.t,,))e + AV (ot ) Vit ] + Tu(Pmot,,) AV Vi e, =0,
in D'((Om.s,,,o0) x R?)
and
(4.28) (M(p))¢ + div[M(p)¥] + Tu(p)divv =0, in D'(R x R?)
Next, by the same way as in (4.10), we get

(4.29) M(pmr,,) = Me(p) in C(K;LY . (Q)), with M, (p) € BC(R; LS., (Q)),

weak weak

where the boundedness of (4.29) is independent of the parameter x and only de-
pends on (.

LEMMA 4.1. [14] In accordance with all the presumptions of Theorem 2.2, we
state that

sup  sup / Pt (8)108(Pm t,,, (1)) — DM (pimst,,, (1)) d < 71(K),
T—t,,<t m Q
where
71(k) >0 as Kk — oo.

COROLLARY 4.1. In accordance with all the presumptions of Theorem 2.2, we
state that
Pt ()108(Pmr,.) = plog(p) in C(K; Ly ()
for any fizred ¢ € [1,7) and each compact interval K C R. In addition,

sup/ plog(p)(t) — M (p)(t)dx < 71(k), T1(k) =0 as kK — oo.
teR JQ
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Next, by applying (4.23), one can obtain

(4.30) 0 %w(pmus,,) + AV(Tu (Pt ) Vinot,,) + £5gnt (pms,, — &) div Ve, =0
in D'((Opt,,,0) x R?).
By passing the limit m — oo, in a similar way as in (4.10)—4.12, we get

Te(Prt) = Tn(p) in C(K: L7(Q)), with w € [1,00),

(4.31) T.(p) € BO(L*(Q)) with ¢ € [1,7) independent of ,

(4.32) kg (pmt,, — K) div vy, . — X weakly in L*(K x Q)
for each bounded K C R, with

(4.33) X%Tw(p) +div (T, (p)V) + x» =0 in D'(R x R?)

here ¥ is used to denote the cut-off function as already defined.

5. Effective viscous flux and its properties
In this section, we are going to examine the properties of the quantity
p(p) = 2p+A)divv
known as effective viscous flux, studied in detail in {19, 21].

LEMMA 5.1. In accordance with all the presumptions of Theorem 2.2, we state
that

(5.1) lim / /(p(pmtm) — 2+ X)) divva e, )Tk (pPm,t,, )dz dt
K JQ

m—o0
= [ ][00 - 2+ N div T G
KJQ
forallk =1,2,... and bounded interval K C R.

PrOOF. Taking the operators as in [21], we have A;[v] = A9, (v), with
i,7 = 1,2, 3, in particular,

al) =57 00},

[<[?
here § is used to denote the Fourier transformation. Furthermore, Mikhlin multi-
plier theorem implies that [|0z; Ai[V]||La(q) < k(q)||V||Le(rs), ¢ € (1,00) and

1A [v]]

L(Q) < k‘(a, S)HUHLQ(RS)

with s € [a, %] when a € (1,3), for a = 3, s is arbitrary finite and s = oo for
a> 3.
Next, using the quantities as test functions
Pi(z,t) = o(x)¥(t)Ai[T(pm.t,, )], ©€D(), ¥eDK),

in the momentum equation (1.1); (by prolonging py, ., outside the domain € is
zero, as always):



182 MUHAMMAD

6:2) [ [ oVome,) = @t N divvins, [T (o, )iz ds
KJo
— [+ N i Vs, = Do, )On oA (o, N
KJo
+M/ / \P{V@vvm,tm/\i[(sn(pm,tm” - Vm,tmaacJ ‘Pamin[zn(Pm,tm)]dz dt
KJao
+,U/ / UV t,, VSOS(Pm,tm)}dﬂ? dt
K Jo
—/ / Sopm,t,nvm7t,,n{at\I]Ai[‘In(pm,tm)] —&-/i\IlAi[sgnJr(pm’tm — k) div Vm7tm]}dl‘ dt
K Ja
- / / ‘I/{pm,tmvm,tm ® Vm,tmazj QOA'L [Tn(pm,tm )] + LPm,t,, Fm,thi [‘zh(pm,tm)]}dx dt

/ / \Pvm tm { pm tm )%i,j [@pm,tmvm,tm] - Sapm,tmvm,té}%i,j [TK (pmtm)] }d.T dt

—/ /\Ilcprot'Hm,tmme,thi[‘IK(pmyt |da dt = Zj]m
K JQ

here by using (4.30), the operator ®; ; is defined by
GiSj

Roslv] = {6 )

Consequently, repeating the same process as above, taking into account (4.22),
(4.33) together with the testing function ®;(z,t) = UpA;[Tw(p)], we conclude

(5:3) //SD\II — (2u+ N\ divv]%¥ (p)dxdt
:/K/Q\IJ[(M—F/\)diV\_/—m]a%@A[ (P d dt

—|—,u/ /W{V(pV\?Ai[‘IK(p)]—V@IJ@O%JA[ <(P)] + V- VoT(p) }dz dt

/ /cppv{at\I'A )]+ UA;[xx }dxdt
—/ /\I/{ﬁ{f@\?@xj@/\i[‘fﬁ(p)]—l-@pFA p)] }dx dt
//\I’v{f Ri j[0pv] — opvR; ;[T }da:dt

//\I/gprot?—[xHA[ Vda dt = ZJJ,
Q

Furthermore, by using (4.31), we have A;[Tw(pm.t,,)] — Ai[Tx(p)] in C(K x Q)
and thus, by using (4.8) and (4.18), J2,,m, — J2 as m — oo. In addition, again
by applying (4.8) and (4.31), we get 0;A;[Tw(pm.t,,)] = 0jAi[Zx(p)] in the space
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C(K;W=12) and thus, Ji,m — J1 as m — oo. In a similar way, by using (4.14)
for the first term in J3,,,, converging to its counterpart in J3 and similarly as in
(4.32), we get A;[sgn™ (pm.t,, — k) div vy, ¢ ] = Ai[xs] in L2(Q x K), by using the
compactness of W2 <3< L2 along with the continuity of A;: L? — W12 along
with the estimation obtained in (4.8), the second term in J3,, converging to its
counterpart J3 and we get J3 ,, — J3. Furthermore, the convergence of Ju ,, can
be obtained by using (4.14), (4.16), (4.31) and Lemma 3.4 in [21]. Hence, we get

Tr (pm7tm)%i,jm90pm,tm Vm,tm] — PPm,ty, Vm,téRi,j [‘IN (pm7tm)]
— Tu(p)Rijlpov] — ppvRi ;[Te(p)]-

Similarly, the convergence of J5., — J5 can be obtained by using (4.8). Finally,
Js,m — J is obtained by applying the estimation obtained in (4.19)-(4.21). O

6. Density and momenta compactness

The aim of this section is to obtain the propagation of oscillations. The re-
quired results can be obtained using the same approach as in [21]. For the reader’s
convenience, we provide an outline of the proof here. For more details, please refer
to [21, Sections 5-7].

Next, take any fixed arbitrary f; < t3, then by using (4.24) and (4.27), we have

(61) ‘/Qmn(p'm,tm)(ié)dl’—‘/Qgﬁn(pmmm)(i])dx

o 1
+ —— (Pt VT (pmr. Vdz dt
/51 /Q 2M+Ap(p )T (Pt )T

s 1
= /t~1 /Q mp(ﬂm,tm)gn(pm,tm) —divvit,, Tu(pm,t,, )dz dt.

Furthermore, applying the same approach for (4.28) and using (4.25), yields

t2
62 /Dﬁ tzdl’-/m t1d$+/tl/2u+)\ ()dl’dt

/tt/ 2u+/\ P(P)Tw(p) — div ¥, (p)da dt.

Furthermore, by taking the difference of (6.1), (6.2) and using Lemma 5.1 along
with (4.29), we obtain

(6.3) A@mm—mrwnw—/@mm—mmwmm

Mww// DOt T (Pmn) — PPV Em(p)

/ / (p) div v dz dt.

To proceed further, we need the following essential lemmas:
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LEMMA 6.1. [15] For any h > 0, we have
2 S - -
im0 [ )Tl )~ POV b4 7o) )

> t @( | @G - fmm»d:v) d,

where To2(k) = 0 as k = 0o and ¥ is used to represent the convex function as given
in [15, Lemma 5.3].

LEMMA 6.2. [20] In accordance with all the presumptions of Theorem 2.2, we
state that

to
prww[‘Am@mm—n@WHmﬁgamm.
t1

K>1 m—r0o0

In order to continue with the remaining computations, we apply Lemma 6.1
and Corollary 4.1 for passing the limit as k — oo in (6.3), and obtain

(6.4) /ﬁtg, dw—/ﬁtl, dx—|—2u+)\ </19tacdx>dt
/ / (p)) div v dx dt|,
t1

where ¥ is used to denote the “defect measure” as defined in (4.1). Further, from
, we get

< lim sup
K—00

»dwvdzﬁ‘

(p)? dxdt

/ | div v|? dxdt

(/ /lf >ldfdt> (/tz/ - soowa)’
X</£ Aﬂdvadrﬁ>z

Now, by applying (4.9), (4.18) and Lemma 6.2 along with the inequality

{2 - (11 o
</ / |3:K(p) o (I,.;(ﬁ)’qdl' dt) < E(thtQ)H((—)(,yli)_'_,y7%)(@(7)4’7)7
El Q

with k > 0,q € [1,0(7) +) and hence it is proved that as k — oo, the right-hand-
side term of (6.4) tends to zero.

Furthermore, taking into account the estimations stated in (4.26), (4.29) and
Corollary 4.1, it is implied that

E@:Aﬁ@@@



GLOBAL ATTRACTORS AND BOUNDED TRAJECTORIES IN COMPRESSIBLE MHD 185

is globally bounded and continuous throughout the entire real line R. Next, by
applying (6.4), the following inequality holds such that

i - hoo ([P
6.5 E(te) — E(t1) + P(=2(t))dt <0.
(65 (1)~ E0) + i, [ #(E)
The continuity of = on O and (6.5) implies that
(6.6) 2(t2) < x(t2 — 1),

where  is referred to as a unique solution to the problem x’(¢) + 2M+>\ U(x(t)) =0,

x(0) = Z(f1). Subsequently, the function x indicates the uniform rate at which
the amplitude of possible oscillations declines over time that is independent of the
forcing term’s norm and the energy’s upper bound.

Hence, it shows that Z = 0 and thus (2.13) is proved. Moreover, using the
strong convergence of p, ¢, , it implies that

pF =pF, and p(p) = p(p).
Thus taking into account (4.22), p,v,H is said to be the globally defined weak
solutions of the problem (1.1)—(1.3).

Furthermore, with the use of the estimations obtained in (2.13), (4.10) and
(4.16), we obtain

B 1
/ (v / (GIVE¥ 1220 + =2 Mol e + 5 132y )
< lim 1nf/ (7H\/mvm tm

Lz +7||Pmtm||m(n)+ \|7'lm,tm||i2(sz))dt
< 0|€me

for any arbitrary O. Hence, esssup,cg £(f) < €x -
Next, to prove the required result, it is necessary to obtain the compactness of
the momenta as given in the relation (2.15). For this, write that

Pt Vit = (Prtn)® (Pt Vit
further, by using (2.13), we get
(6.7) (pm,tm)% — (ﬁ)% strongly converges in the space L?*((0,1) x )
whereby applying (4.3), it is shown that
(6.8) (Pt )2 Vit — (9)2(¥) weakly in (L2((0,1) x Q).
Next, applying (4.16) implies that

1 1
1om ) ¥t 2oy = /K / o) Vi, [P
—>/ /p\v| dw dt = | (7)) 22 0.1y -

By applying the strong convergence of (6.8), we get (2.15) and (2.16). This further
implies that pp, i, Fmt,, - Vinot,, — pF - v in D(K x ). As a result, the energy

m m _

inequality (2.5) follows for p, v, H. Thus, it completes the proof of Theorem 2.2.
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7. Proof of Theorems 2.3-2.4

It can be seen Theorem 2.3 can be immediately derived from Theorem 2.2 by
contradiction. Additionally, we recognize that the proof of Theorem 2.4 follows
directly from Theorems 2.1 and 2.2 in accordance with Remark 2.1. Here, we
outline the proof of Theorem 2.4.

5(t) < 8007 VT((?(),ITI, tO) <t
and

(7.1) [pm(tm) = Allze(o) + 1 Hm(tm) — Hll re o)

+ / (V) (t) — (B9)] - | >k, V(p, %, H) € AF).
Q

Next, by using Theorem 2.2, we may assume a global trajectory (ﬁ, v, 7-_[) such that

(72) Sl[lp] ||pm(tm) - [)HLC(Q) —0, as t, — oo,
telo,
(7.3) sup || Hm (tm) — Hllzc@o) = 0, s ty, — 00,
t€(0,1]
and
(7.4) sup / [(pv)(tm) — (V)] - pqdz| — 0, as t,, — oco.
tef0,1] | Jo

Thus, in contrast to (7.1), we have (7.2), (7.3) and (7.4). Hence, it completes the
proof of Theorem 2.4.
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TJIOBAJIHN KOMITIAKTHUN ATPAKTOPU "N
KOMIIJIETHE OTPAHNYEHE TPAJEKTOPUJE
3A CTNII/JbUBN MATHETOXNAPOVNHAMMWYKN
CUCTEM JEJHAYNMHA

PE3BUME. Y 0BOM 4IaHKY UCTPaKyjeMO IJI0ODAHO [TOHAIIAE CJIA0UX PeIlerha Mar-
ueroxuapoguaaMudror (MXT) dayuma y TpOIUMEH3MOHAIHOM OrPAHUYEHOM JIO-
MEHY €& KOMIAKTHOM JIMIIIUIIOBOM IpaHHUIIOM Ha KOra JeJIyjy HIPOU3BOJbHE CHUJIE.
Tlokazaynm cMO MOCTOjambe TJIODATHUX KOMIIAKTHUX ATPAKTOPa IO, CIeNupUIHIM
OrpaHUYEeHUMa Ha aJ1ja0aTCKy KOHCTAHTY 7.
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