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EXTENDED LAGRANGIAN FORMALISM FOR
RHEONOMIC SYSTEMS WITH VARIABLE MASS

Djordje Musicki

ABSTRACT. In this paper the extended Lagrangian formalism for the rheo-
nomic systems (Dj. Musicki, 2004), which began with the modification of the
variable mass, with emphasis on the corresponding energy relations. This ex-
tended Lagrangian formalism is based on the extension of the set of chosen
generalized coordinates by new quantities, suggested by the form of nonsta-
tionary constraints, which determine the position of the frame of reference in
respect to which these generalized coordinates refer.

As a consequence, an extended system of the Lagrangian equations is
formulated, accommodated to the variability of the masses of particles, where
the additional ones correspond to the additional generalized coordinates. By
means of these equations, the energy relations of such systems have been stud-
ied, where it is demonstrated that here there are four types of energy conser-
vation laws. The obtained energy laws are more complete and natural than
the corresponding ones in the usual Lagrangian formulation for such systems.

It is demonstrated that the obtained energy laws, are in full accordance
with the energy laws in the corresponding vector formulation, if they are ex-
pressed in terms of the quantities introduced in this formulation of mechanics.

The obtained results are illustrated by an example: the motion of a rocket,
which ejects the gasses backwards, while this rocket moves up a straight line
on an oblique plane, which glides uniformly in a horizontal direction.

1. Introduction

The modification of the analytical mechanics of rheonomic systems began with
the papers of V. Vuji¢i¢ [1-3], in the aim to study more thoroughly the energy
relations of such systems in the frames of Lagrangian formulation, based on the
usage of generalized coordinates, where in the usual Lagrangian formulation for
the rheonomic systems the corresponding energy laws do not comprehead all the
factors which influence on the energy relations. By introduction of one additional
generalized coordinate, suggested by the form of nonstationary constraints, the
main general principles of mechanics are formulated and the associated Lagrangian
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and Hamiltonian equations are obtained. By aid of them, the corresponding energy
relations are studied and, inter alia, an energy conservation law is obtained in an
unexpected form, which contains an additional term, arising from the nonstationary
constraints.

Another approach to this problem was given by the author himself (Dj. Musicki,
[4-6]) in the form of a parametric formulation of mechanics, which is based on the
substitution of time as parameter by a new parameter, which is taken as an ad-
ditional generalized coordinate. A few years ago, this formulation is transformed,
also by the author (Dj. Musicki, [7-9]) to so—called extended Lagrangian formal-
ism, which is based on the extension of the set of chosen generalized coordinates
by some new characteristic quantities ¢® = ¢, (¢), which as given functions of time
figure in the nonstationary constraints f,[7,, pq(t)] = 0. It is demonstated that
these quantities ¢* have an important kinematic meaning: they determine the po-
sition of the frame of reference to which these generalized coordinates refer with
respect to an immobile frame of reference. In this way, starting from the corre-
sponding d’Alembert—Lagrange’s principle, the extended Lagrangian equations are
formulated, and by aid of them the corresponding energy relations are examined,
where is demonstrated that there are four types of the energy change law d€/dt and
the corresponding conservation laws with the introduced characteristic quantities.

The study of the energy relations for the rheonomic systems in the usual La-
grangian formulation was recently effectuated in an indirect way by means of the
generalized Noether’s theorem, obtained form transformed d’Alembert—Lagrange’s
principle by B.Vujanovi¢ and Dj.Djukié [10-12] and extended to the systems with
variable mass by L. Cveti¢anin [13,14]. But these results can be obtained in a
direct way as well, generalizing the usual proof of Noether’s theorem for the sys-
tems with permanent and with variable mass (Dj. Musicki [15,16]). Their method
of finding energy integrals is more general, but in the case of rheonomic systems
essentially different from here presented method.

2. Basic ideas of extended Lagrangian formalism

Let us consider the motion of a mechanical system of N particles under the
influence of arbitrary forces, limited by k£ nonstationary holonomic constraints

(2.1) fulPupa®] =0 (p=1,2,....k),

where we supposed that time always appears through some functions ¢, (t). Let us
determine the position of this mechanical system by a set of generalized coordinates
¢ (i=1,2,...,n), where n = 3N — k, with respect to a suitable frame of reference,
which due to the form of constraints (2.1) is always moving in the course of time.
The fundamental idea of this formulation of mechanics (Dj. Musicki, [7-9]) is
based on the introduction of new quantities, which are suggested by the form of
nonstationary constraints and which change according to the law 7% = ¢, (t), and
on the extension of the set of chosen generalized coordinates by these quantities
g% = pq(t). It has been demonstrated that these quantities determine the position
of the frame of reference to which these generalized coordinates refer in respect
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to an immobile frame of reference. In this way, the complete set of generalized
coordinates will be

(2.2) @ ={¢ (G=1,2,...,n), ¢"(t) (a=n+1,....,n+A)},

where the first n generalized coordinates ¢° determine the position of the mechanical
system with respect to the corresponding associated moving frame of reference and
the additional ones ¢%, the most often only one, the position of this reference
frame with respect to an inertial one. In distinction from the usual generalized
coordinates, the dependence of these additional ones ¢ on time is given in advance
and determined by the form of nonstaionary constraints.

Since in this case 7, = 7,[¢’, ¢*(t)], the velocity of any particle can be pre-

sented as . . . .
., dr, or,., Oor,. O,
Vy = —F = ~q q =
dt aqt 0q® ol
where the summation over the repeated index is understood, and the kinetic energy
of the system in this formulation of mechanics is always a homogeneous quadratic
function of the generalized velocities

1 1

q",

(2.3) T = §mV’D’3 = iaagqaqﬂ,
where

or, o0r,
2.4 (og = My—2 -
( ) B g™ 8qﬁ

These coefficients a,p represent the components of the metric tensor of the corre-
sponding extended configuration space.

An important characteristic of this extended Lagrangian formalism concerns
the elementary work of the ideal forces of constraints K9 - §7,, where Rid =
—Au(0f,/0r,) and 07, the virtual displacements of v-th particle. Here we must
extend the notion of the variation of positions so that the additional generalized
coordinates ¢* = 7% also must be varied, and then by varying the constraints (2.1)
in so extended sense we obtain the conditions which must be satisfied by the virtual
displacements §7, in the form

21{5 ~6ﬁ,+%57’a =0 (p=12,...,n)
On the base of these results this work will be presented as
(2.5) d'A=R9. 67, = ROs7°,
where
(2.6) RY = -\ Ofu _ fa 0T

K ora Yo 0q
So defined quantities R arise from the nonstationary constraints, i.e. from the ad-
ditional generalized coordinates and the property that this work Rid.47, is different
from zero is one of the essential characteristics of this formulation of mechanics of

rheonomic systems, in distinction from the usual Lagrangian formulation, where
R4 .67, = 0.
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In this formulation of the rheonomic systems with permanent mass an extended
set of the Lagrangian equations is formulated, where the additional Lagrangian
equations correspond to the additional generalized coordinates. By means of these
equations the corresponding energy relations for such systems are analyzed, and
it is demonstrated (Dj. Musicki [7]) that here there are two types of the energy
integrals. Under certain conditions the energy conservative law has the form

E=T+U = const.,

in contrast to the corresponding Painlevé’s energy integral &€ = Ty — Ty + U =
const. in the usual Lagrangian formulation for the rheonomic systems, and if the
expression R0dg® can be presented as a total differential of some function, it has
an unexpect form

(2.7) E® =T +U+P = const.,

where the additional term P arises from the influence of the nonstationary con-

The obtained results (2.2)—(2.6) are independent from any supposition about
the masses of particles, therefore they remain valid for the systems with variable
mass as well. However, the energy relations, which are a consequence of the cor-
responding Lagrangian equations for the systems with variable mass will be more
general than for the systems with permanent mass.

The main advantage of such formulation of the rheonomic systems is that the
extended generalized coordinates determine the position of considered system in
respect to the same frame of reference, to which all the dynamical quantities and
the energy laws refer. Due to this property the energy laws in this formulation
will be more complete and natural, including all the factors which influence on the
energy relations.

3. D’Alembert—Lagrange’s principle and Lagrangian equations

Let us suppose that, except the influence of the active forces and the forces
of constraints on the particles of the system, there occurs a simultaneous process
of the separation and annexation of some mass concerning each particle of this
system. The influence of this process on v-th particle can be described by so-
called Meschchersky’s reactive force, which is given by (see e.g. Kosmodem’janski,

[17, p.62])
(3.1) &, = dgt“ (ify, — 7)) + d?;t”? (ityy —T,) = dZL;” (o — T).
Here dm,1/dt and dm,s/dt are the changes of the mass of v-th particle per time
unit in the process of separation and annexation respectively, %, and @, are the
corresponding velocities of separation and annexation and ¥, the velocity of v-th
particle in the instant .

In order to obtain the corresponding differential equations of motion in the
Lagrangian from, let us start from d’Alembert—Lagrange’s principle

(Ft —m,a@,) - o, =0,
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generalizing Kosmodem’janski’s proof [17] of the corresponding Lagrangian equa-
tions in the usual Lagrangian formulation, accommodated to this formulation of
rheonomic systems with variable mass. In this case ﬁ;Ot = F, + ﬁi,d + ﬁ,’ﬁ +&,,
where we have decomposed the forces of constraints into the ideal and nonideal
ones, denoted by R*, and where the Meschchersky’s reactive force (EV is added to

v

the other ones. Then d’Alembert-Lagrange’s principle (3.1) obtains the form
(ﬁv+éid+ﬁ;+$u_muau)'§Fu =0

and if we substitute R'Ld - 07, by the expression (2.5), we can write the previous
relation in the form

(Fu + E; + ¢_;l/ - muau) 0Ty, = —RgéT“,
where RY is given by (2.6). This relation represents d’Alembert-Lagrange’s princi-
ple for the considered systems with variable mass in this formulation of rheonomic
systems.

We can this principle express in the extended generalized coordinates, putting
67, = (0F,/0q%)6q™ and RO6T* = R§q*, whereby we get

. 0r, =, Or, - 07, or,
F, - R - v — — yﬂy-—)éo‘:fR*éa,
what can be written concisely in the form
ory
(3.2) (Qa FRE 4 By + 09RY — myd, - %)W =0,
where
~  0r, ~ 07, - 0r,
3.3 a=F,- ) RZ:R; ) Sy =0¢, —
(33) Q o o G G
Let us now transform the last term in parentheses in the following way
_ or, d ( . 81@) dm, _, 0T, . dor,
myQy - w— = S| MyUy - - (%7 —MyVy + 7
dq>  dt aq~ dt oq“ dt Oq*
d (m . 817;) dm, _, 0r, T v,
= 75 A% . - Uy - - vUp
dt e dt g dq~

where we have put 97, /g% = 9t,/9¢* and % (0F, /0q™) = 0%, /dq", or
or, ~dor dm,_ 0or, OT

—

myay *

0g° — dtoge  dt Y 9g*  dg™

where T' = %myﬁf is the kinetic energy of the system.
If we insert this expression into the relation (3.2) and substitute @, by (3.3)
and ¢, by the expression (3.1), we obtain

dmys (i 7) or,
a e 0q®

d 0T dm or, oT
SR — 4 T My Y
Toalta = g T A Y age T age

Qo +RE+

}5(]0‘ =0
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or, by grouping the third and the sixth term

(Qa—i—’R,’;—i-

dm or, d or oT
VU_)VU'J 5aRO_77 7)&‘(}
a7 g T T o T age
Since the variations (3.4) d¢® are arbitrary, this relation will be always satisfied
only if the expression in parentheses is equal to zero

=0

d oT  oT
3.4 — — = =Q, * 4+ P, +0°RY =1,2,...,n+ A),
(3.4) T Qo +R:+P,+ R, (a n+ A)
where
(3.5) py= W, O po_y,Oe g O

ar e Oge’ @ Hoge 7 0q@
These are the Lagrangian equations in the first form for the considered systems

in this formulation of rheonomic systems. If we still decompose the generalized
forces into the potential and nonpotential ones

oV d oV
_ t t *
Qo =QE™ + QX = T + L 9g° +Qq,
where V is the generalized potential and the nonpotential forces are denoted by
Q, Lagrangian equations (3.4) by grouping the similar terms obtain the form

d OL OL

. — - = =QY+ P, +0°R =1,2,... A
(3.6) dt 0¢g>  0q“ Qo + Pa + 05 Ry, (a y 45 ,n+A),
where
(3.7) L(g%,¢*t) =T =V, Qh=Qs+TR;

These are the corresponding Lagrangian equations in the second, usual form and
they can be decomposed into two groups of equations

d 0L 0L

—_—— = ~>!< }D’L :1 2,...,

dt ¢t 0¢ @it ( ’ ")

d 0L 0L ~

— — =Q+ P, B = 1,..., A
&9 o Q:+P,+R) (a=n+ n+ A)

The first n Lagrangian equations coincide with the corersponding ones in the usual
Lagrangian formulations, obtained by A. Kosmodem’janski 1951 [18], therefore
they give the same equations of motion ¢* = ¢*(t) (i = 1,2,...,n) as in the usual
formulation of mechanics. But, the additional Lagrangian equations (the most often
only one) are specific for this formulation and they together with the first ones will
give more complete energy laws.

4. Energy relations in this formulation of mechanics

In order to examine the energy relations for the systems with variable mass

in this formulation of mechanics, let us start from the Lagrangian equations (3.6),
multiply them by dg¢® = ¢*dt and sum over the repeated index

( 0L ) o OL

I — ——dg® = ok Pa é‘aROda
6qa q aqa q (QO{+ + [e3 a) q
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If we transform the expression on the left—hand side in the following way

oL oL oL ~
AN da® — dq® = (O* + P.)dqg" ROda®
(f)qaq ) 9qa "~ ggatd” = (Ca+ Fa)dg® + Rady
and since in this case the Lagrangian depends on the masses as well
oL oL oL oL
dL = —dq® + —dg“ dm, + —dt,
o™ o T m, ™ Tl

the previous relation becomes

d(%q“) . (dL - %—fdt - %dmy) = Qadg® + Padg® + Rydq"

If we still group two similar terms

oL oL oL d
d( 5o — L) == ldt - Uiz
0g” ot om,, dt
and divide this relation by dt, bearing in mind that the expression in parentheses
represents the generalized energy of the system, it can be written in the form

dt + Q%dq™ + P.dg® + R2dq®

d¢ d /oL _(OLNT s g o p0a
(4.1) E_£<@q _L>__(8t> + QL4 + Pog” + R,q%,
where
OLN\N* OL oL dm,
(4.2) (50) =%+ omai

This relation represents the general energy change law for the systems with variable
mass in this formulation of mechanics of rheonomic systems. So defined (OL/0t)*
represents the specific dependence of the Lagrangian on time, its possible explicit
dependance as well as implicit one through the masses of particles, and the term
P, expresses the influence of the variability of these masses on the energy relations.

Here, in dependence of the structure of the two last terms, there are four
possible cases, which give the different types of the energy change law and the
corresponding conservation laws.

a) In the general case, the energy change law is given by the general relation
(4.1). The expression in parentheses, the corresponding generalized energy, if all the
generalized forces are potential, by application of Euler’s theorem for homogeneous
functions will be

_ar .,
Then, from (4.1) we immediately conclude that if (OL/t)* = 0, Q%¢* = 0, Pag® =
0 and RY¢® = 0, the energy conservation law will be valid in the form

oL
=—¢*—L=T+U = const.,

ol

which differs essentially from the corresponding Painlevé’s energy integral & =
To—T,+U = const. in the usual Lagrangian formulation for the rheonomic systems.

£ —L=2T—(T-U)=T+T,

&
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b) If the quantities P, can be presented in the form

P
(4.3) P,=—— & P,d¢®=—-dP(q"),

0q®
the energy change law (4.1) by grouping the similar terms, can be written as

de™t d oL OLN*
_ = .a_L/ — _(Z= * .y Ro.a

(4.4) it dt (aqaq )=~ at) T Qad” + Rad”,
L'(¢*,¢*t)=L-P=T—(U+P)

This generalized energy, bearing in mind that P, is independent from ¢“, by ap-
plication of the Euler’s theorem will be

or .,
91
and from (4.4) we see that if (OL/dt)* = 0, Q%¢* = 0 and R%G* = 0, the energy
conservation law will have the form

ext aLl ¥e% /
EX=—¢*—L =T+U+ P = const.
g
So defined quantity P, can be named the mass potential, since from here we see
that it has an important role in the energy laws.
c) If the quantities RO can be presented in the form

IR
0 _ i
(4.5) Rl=—5n

the energy change law will be

£t = —L=2T—(T-U-P)=T+U+P

& RYdg" = —dR(q")

Li=L-R=T-(U+R)

In a similar way we can see that this generalized energy is EXY =T +U+ R,
from where follows that if (OL/0t)* = 0, Q%¢™* = 0 and P,¢* = 0, the energy
conservation law will be valid in the form

L
bqalezTJrUJrR:const.

ext _
1 Br
So introduced quantity R is named the rheonomic potential (V. Vujic¢i¢ [1]),
it coincides with the quantity P in the relation (2.7) in the mechanics of particles
with permanent mass.
d) If both quantities P, and R} can be presented in these forms (4.3) and (4.5),
the corresponding energy change law will be presented as

wo e on) () e

age L ot
LL=L-(P+R)=T—(U+P+R)
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and if (OL/0t)* = 0 and Q%¢® = 0, the corresponding energy conservation law
will be
- oL} .
(4.7) £t = aq; q
So obtained energy laws differ essentially from the corresponding ones in the
usual Lagrangian formulation for such systems, where except the unnatural Pain-
levé’s energy integral the quantities P and R do not exist. This means that in the
usual Lagrangian formulation, in contrast to the corresponding vector formulation,
the influence of nonstationary constraints is absent, and the explicit appearance of
the variability of the masses is also absent. These differences arise from the fact that
in the mechanics of rheonomic systems the chosen generalized coordinates always
refer to a moving frame of reference, in distinction from all the dynamical quantities
and the energy laws themselves, which refer to an immobile frame of reference.
This inconsistency is removed by introduction of this formulation, where all the
quantities, including extended generalized coordinates refer to a same frame of
reference. For that, the obtained energy laws in this formulation are more complete
and natural than the corresponding ones in the usual Lagrangian formulation of
such systems, including the influence of nonstationary constraints. This will be
affirmed by the fact that this formulation of rheonomic systems with variable mass
is in full accordance with the corresponding vector formulation of such systems,
where all the quantities also refer to a same frame of reference (see section 5).
However, let us remark that because of very strong conditions for the validity of
the energy conservation law only in rare cases this conservation law is valid, except
some trivial or artificial cases. But, in the absence of this conservation law these
energy change laws can give some information how the energy of the considered
mechanical system changes in the course of time.

— L =T+U+P+R = const.

5. Connection with the vector formulation of mechanics

Let us examine how these energy laws refer to the corresponding ones in the
usual vector formulation of mechanics, and in this aim start from the correspon-
ding kinetic energy law, which is independent from the type of the formulation of
mechanics. In order to demonstrate this law for the systems with variable mass,
let us depart from the corresponding fundamental equation of dynamics

dﬁ — — -
myd—t” =F,+R,+®, (v=12,...,N)
and multiply it by dr, = v, dt, which gives

m,U, - dv, = F,, -d7, + R, - d7, + ®, - dr,
Since in this case we have

1 1
d(§myq73) = S02dm, +m, 5, - i,

by inserting m, v, - dv,, from this relations into previous one we obtain

1 _ _ - 1
(5.1) T = d(im,,v?,> = F,-dr, + B, -dF, + &, - dF, + 5dm, ;]
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and this represents the kinetic energy law for the systems with variable mass (see
Kosmodem’janski, [17, p. 112-114]).

Let us transform this law, with the aim to obtain the corresponding energy
change law, expressed through the quantities introduced in this formulation of
mechanics. Let us suppose that the components of metric tensor do not depend
explicitly on time, that the masses of particles are dependant only on time and the
potential forces are usual. Since in this case

ou ou ou

— T dF, + ——dm, +

=277 T o, ™ T i

the potential part of the first term in the relation (5.1), the elementary work of the
potential forces will be

dt,

. ou ou ou
pot = _ _ dr = — - —
FPot . drF, o7 dr, dU + 5 dt + o dm,,,

The fundamental part of the second term, the elementary work of the ideal forces
of constraints can be found bearing in mind that the elementary displacements dr,
are limited by the conditions
0 0
{“ -dr, + Ou
or, ot
obtained by differentiating the nonstationary constraints f,(7,,t) = 0. Then this

dt=0 (u=1,2,....k),

elementary work of the ideal forces of constraints B9 = X, (8f,/dF,) can be pre-
sented as

. af . af
id | g2 _ 2 _ ok
Ry -dr, =\, o7, dry, = =X\, o dt

and the coeflicient next to dt, according to (2.6) and the terminology introduced in
this formulation of mechanics can be interpreted as the quantity RO for ¢* =t

R’id

v

af,
AR 0 0 1
dry = Ry, —pdt, Ry = _()‘u = )Ta .

The sum of the last two terms in (5.1), if we write explicitly the first term according
to (3.1), can be presented as

ldm, , _dmw<_, 1
vo

s 1 d Vo ;- — — — —
¢,,-dﬁ,+§dml,v3: ZLt (u,,g—vl,)-dr,,—l—iwv,/dr,,— o §Uy>~d7”,,

In this manner, by adding of the elementary work of the nonpotential active forces
and the nonideal forces of constraints, the kinetic energy law (5.1) obtains the form

ou ou .
(52) dT = —dU + Edt + demy + Ra(.,.a:t)dt

= % — dmug — 1 — N

+(F}+R})-dr, + g <uw — ivy) - dr,

This law can be presented in the generalized coordinates as well, putting dr, =
(07, /0q*)dg™ and introducing a new added generalized coordinates ¢® = t. Then
the fifth term will be transformed as

- - - Or ~ Or, ~
F* R* 'd_'V:<F*'7V R*iy>da: *da,
(F) + R)) - dr ”aqa+”aqa q“ = Qhdq
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with Q¥ given by (3.7) and if we put in the fourth term dt = dq®, the relation (5.2)
passes to

ou ou
d(T+U) = Edt +5- dmy, + R (ga_pydq®
ok o] dml/a — 1“ —
+ QLdg™ + 7 (uw — 51)”) - dr,

If we still transform the sum of second term and the second part of the last term
in the following way

aagudm” - i = (aiily - 57
= (aagy B a(?i)dt - _38WIL; i
and the previous relation gets the form
(5.3) AT +U) = %L;dt - a‘% dz;‘” dt + R yu_ydg”
+Qndg”™ + d?% o - %dq“

Let us now divide this expression by dt and bear in mind that in the vector formu-
lation of mechanics the kinetic energy does not depend explicitly on time, therefore
OL/0t = —0U/0t. So obtained relation can be written in the form

d¢ d

OLN* o L] el )
E = %(T—FU) = _(E) +Qaq +Paq +R2(qa=t)q y

where in accordance with (3.5) and (4.2)

dmys or (8L>* B oL OL dm,

Py=—— voe ' [ o v = =T s
¢ a7 e ot ot om,, dt

This relation represents the corresponding energy change law, obtained from the
kinetic energy law in the vector formulation of mechanics, it is in full accordance
with the corresponding law (4.1), in this formulation of mechanics.

If P, and RZ( go—) CAN be presented as the partial derivatives of some functions

with respect to ¢® and ¢“ = t respectively, we can interprete these functions, in
accordance with (4.3) and (4.5), as the quantities P and R(q* =t)

AR (ga—

_ 0 _ (g*=t)

Pa= =g+ Bl =g

Then the sum of two last terms in the relation (5.3) will be, putting again ¢% =t

aP Qo dR(qa:t) - d

e 0 ~a
Pad™ + Raqenyd” = =5 4 a4 = gl Rl
and the energy change law (5.3) by grouping the similar terms obtains the form
dgext d oLN* ~
= Sr+u Rion) = (%) +Qud®
i =@ L HUFP A R gr) Tt
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From here follows: if (L/dt)*=0 and Q*¢* = 0, the energy corresponding law
is valid in the form

Eext — T +u + 7) + Ra(q“:t) = COnSt.,

what coincides with (4.7).

Therefore, the energy change laws, obtained in the vector formulation of me-
chanics for rheonomic systems and expressed through the terms introduced in this
extended Lagrangian formalism, are in full accordance with the corresponding laws
in this formulation of mechanics.

6. An example

Let us consider the motion of a rocket, which moves upwards in the Earth’s
gravitation field along an inclined straight line on an oblique plane, gliding in the
horizontal direction uniformly according to the given law x4(¢t) = V¢ (Fig. 1).
Simultaneously, this rocket ejects the gasses backwards, in the same direction, but
opposite sense, with the constant relative velocity u = —ug with respect to the
frame of reference Ax’y’z’, with the origin in the moving point A, so that the mass
of this rocket decreases according to the law m = mge Pt

ql):‘xA (t): Vt

FiGURE 1. The particle, ejecting the gasses on a gliding inclined line

Treating this rocket as a mass point, in each instant it is necessary to be

tga = —oF
za(t) — 2’

so that this motion is limited by a nonstationary constraint
fi(Ft) = (xa(t) —z)sina—ycosa =0, fo(Ft)=2=0

This motion has only one degree of freedom and the position of the rocket can be
determined by the generalized coordinate ¢' = p, presented on the figure. As the
additional generalized coordinate it is necessary to take ¢> = ¢° = z4(t) = Vt,
since it is such quantity, suggested by the form of nonstationary constraint, which
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changes according to the law 7 = x4(t) = Vt. Therefore, the complete set of the
generalized coordinates in this case will be

“={¢"=p, ¢"=24=V1},

where the dependance on time of the additional generalized coordinates is given in
advance.
The relations between the rectangular and these generalized coordinates are

(6.1) r=¢"—pcosa, y=psina, z=0

and if we denote the unit vectors of the z-axis and p-axis by €, and é,, the position
vector and velocity of this rocket will be

(6'2) T= qogz + pgpa 7= qogm + p'é'p

The absolute velocity of the ejection of gasses, as the sum of the corresponding
relative and transport velocity is

(6.3) i@ = —ugé, + &,

Then, according to (6.1), the kinetic energy of this rocket will be, since €, - €, =

— COos &

1 1
T = §m(ab2 + 924 2% = 5m[p2 —2p¢" cosa + (¢°)?]

and its Lagrangian, whereas U = mgy

1
(6.4) L=T-U-= 5m[/')2 —2p¢" cos o + (40)2] — mgpsin a

Let us find the characteristics of variability of masses, the quantities P, defined
by (3.5). Since the mass of this rocket changes according to the law m = mge™ ",
from where follows dm/dt = —fm, the quantities P, and P,o, according to (6.2)

and (6.3) and since €, - €, = — cosa will be
dm _ OF S0 oy =
p = i o = —Bm(—upé, +¢° - &) - €,
dm _, OF

0= g U g = ~Bml-ud, +4°%) - &

ie.,
(6.5) P, = pm(ug + ¢° cosa), P = —pm(ugcosa+¢°)

The quantity RY can be found either according to its definition (2.6) or by
means of the corresponding Lagrangian equations (3.6). We shall here choose the
second manner and in this aim let us form the corresponding Lagrangian equations,
according to (6.4) and (6.5).

d
< (mp = mg° cos ) + mgsina = Bm(ug + ¢° cos a)
(6.6) ¢

d
%(mq'0 —mpeosa) = —Bm(ugcosa + ¢°) + Ry
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In order to find Ry, let us resolve the first Lagrangian equation (6.6) with
respect to %(m,o')7 bearing in mind that ¢° = V = const. and d¢"/dt = 0

d d
a(mp) = d—qu cos o — mgsina + fm(ug + ¢° cos a)
and insert this expression into the second one, putting dm/dt = —fm
d d
d—n:(jo —Cos (d—Tq'o cos a—mg sin a+fm(ug+¢° cos a)) = —Bm(ug cos a+4¢°)+ R

Since in this case dm/dt = —m, this relation passes to
—Bmq® — cos a(—pmg° cos o — mgsina + Bmug + fmg° cos o)
= —Bm(ugcos a4+ ¢°) + Ry,
from where follows
Ry =mgsinacosa

From here we see that the process of separation has not any influence on Ry,
which expresses the influence of nonstationary constraints to energy relations.

Let us now study the energy relations for this rocket, and in this aim form the
corresponding expression P,dq* according to (6.5),

P.dq® = P,dp+ Py dq® = Bm(ug+¢° cos a)dp— Bm(ug cos a+¢°)dq’ = Adp+ B dg

This is a total differential, since the necessary condition A/9q" = OB /dp is satis-
fied, whereas the coefficients A and B do not depend on p and ¢". Therefore, the
mass potential exists, and according to (4.3) it is given by

P = —/Padqo‘ = —/Bm(uo + " cosa)dp + /ﬁm(uo cos a + ¢%)dq°
ie.,
(6.7) P = —pm[(uo + ¢° cos a)p — (ug cos a + ¢°)q"]
Let us still form the expression R0¢% = Ryq)
Rodq’ = mgsinacos adq’ = d(mgsin a cos aq®),
from where we see that it is a total differential. Therefore the quantity R also exists
and it is determined by (4.5)
(6.8) R=-— / Rodq® = —mgsin a cos a ¢°

In this case both the expressions P,dq® and Rodq® are the total differentials of
some functions, therefore the conditions for the existence of the energy change law
(4.6) are satisfied (but not for the existence of the corresponding energy integral
(4.7) as well), this energy change law has the form

d&ext d oLy ., , OLN* ~, ..
a %(aqaq - L) = _(E) T Qad
In this case the generalized energy according to (6.4), (6.7) and (6.8) is given by
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oL} . 1 .. . .
ﬁ.iq“ —L\=T+U+P+R= im[pQ —2p¢° cosa + (¢°)?]

+mgpsina — fm[(ug + ¢° cos a)p — (ug cos a + ¢°)¢°] + mgsin a cos a

(6.9) & =

and since in this case Qj; = 0, the expression on the right-hand side according to
(6.4) is equal to
<8L)* _ OLdm {1

oL _ gL am 1122 9::0 -0\2] L -
B B 2[,0 266° + (¢°)?] gpblna}( Bm)

and the energy change law (6.9) obtains the form

déext
=—(T+U R
7 dt( +U+P+R)
1

1
= fﬁ{im [/52 —5 - 2p° cos a + (qo)ﬂ — mgpsin a}

In order to analyze the possibility of existence of conservation law of generalized
energy £ = T + U + P + R and the behavior of this generalized energy in the
course of time, let us depart from the first Lagrangian equation (6.6) putting ¢° = V
and dm/dt = —fm

%(mp) = %V cosa —mgsina + fm(ug + V cos a)

= —mpe P [BV cosa + gsina — B(ug + V cos )]

(6.10)

or more concisely

d . _
SH(mp) = —moac "

a= BV cosa+ gsina— B(ug+ V cosa)

By integration with respect to time we obtain
moa
mp = —moa/e_ﬁtdt = —ﬂo e Pty

and for t = 0 we have
. / moa
mo(p)o = movy = —— + 1

from where ¢; = movj — =4 Then the previofs relation will be
mp =mv = —M(l — e PN+ mov})
ie.,
= —%(1 —e Pt + %ﬂé = —%eﬁt(l — 7Pt + ypef?

Thus, the relative velocity of the rocket with respect to the frame of reference
Ax'y'2" attached to the pole A is

(6.11) g — <v6 _ %) n %

From here we see that the rocket move more quickly in the course of time.
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Let us return now to the formula (6.10), where we must distinguish two cases,
in dependance on the initial velocity v{, of the rocket.

a) Case of the relatively small initial velocities v - In the neighborhood of the
initial position of the rocket, when the values of p are small, the potential energy of
the rocket is smaller than its kinetic energy, from where according to (6.10) follows

dgext
dt
then the generalized energy £ = T + U + P + R decreases. When p increases,
the potential energy of the rocket also increases and for some value p = p; becomes
equal to its kinetic energy, then it will be d€¢**/dt = 0.
With further increasing of p the potential energy of the rocket will be greater
than its kinetic energy, what gives as a consequence according to (6.10)

dgCXt

dt
in this interval of p the generalized energy £ increases. At the same time the
kinetic energy of the rocket increases more rapidly than its potential energy. For
some value p = p it will be again equal to its potential energy, when d€¢*/dt = 0,
and when p further increases, the kinetic energy of the rocket will be greater than
its potential energy

1
mgpsina < im[p2 —2p¢° cosa + (q0)2] for 0<p<py = <0,

1
mgpsina > am[/)Q —2p¢" cos o + (qO)Q] for p1<p<py = >0,

1 d&ext
mgpsina < §m[[)2 —2p¢" cos o + (q-0>2] for p>py = 7 < 0.
A Eezt A Eezf
0 1 P2 /; O p‘
Case a Case b
FIGURE 2

Therefore, in the case of relatively small values of v}y the generalized energy £°**
firstly decreases, then increases and finally again decreases, tending asymptotically
to & = _ﬁL;qu + const. that is presented in Fig. 2.

b) Case of the big relative velocity v(. - In this case in the neighborhood of the
initial position of the rocket, when the values of p are small, the potential energy
of the rocket will be also smaller than its kinetic energy. However, because of the
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great values of v}, the kinetic energy of the rocket now according to (6.11) will
be very great, considerably greater than in the previous case. For that reason, in
distinction from the previous case, when p increases the potential energy of the
rocket never can overtake and surpass its kinetic energy. Thus, in the total domain
of p the potential energy of the rocket will be smaller than its kinetic energy, from
where follows according (6.10)

1 dges
mgpsina < im[[)Z —2p¢° cosa + (¢°)?] for all values of p = 5 < 0.
Therefore, in the case of big values of v{ the generalized energy £t with the

increasing of p always decreases, tending asymptotically to & = —%p + const.

that is presented also in the Fig. 2.
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ITPOIINPEHU JIATPAH2KEB ®OPMAJIN3AM 3A
PEOHOMHE CUCTEME ITPOMEHJ/BMUBE MACE

PE3SUME. ¥ oBom pajy npormupenn Jlarpam:kes (popMaan3am 3a peOHOMHE CH-
creme (B. Mymmngu 2004), koju notude on mogudukanuje taksux cucrema y (B.
Byjuuuhi 1987), uporupen je 3a cucreMe ca IPOMEH/bUBOM MAaCOM, Ca HALJIACKOM
Ha oxrosapajyhe enepercke omunoce. KoncTpykimja je 6azupana Ha IPOIIUPEHY
n3a0paHUX YOIIITEHNX KOOPIMHATA HOBUM BEJIMYIMHAMA, KOje OJrOBAPAjy HECTAIU-
OHAPHUM Be3aMa.

Kao nocnenura, dopmynucan je npomupenn cucreM JlarpankeBux jeHadnHa,
I7e J1o/aTe jeTHA4YMHE O/IN0BAPajy JOJATHM YOIIITEHIM KOOPANHATaAMA, KOjU YKJIbY-
gyje u npomeny mace. KopunihememM patux jepnadnza J100HjeHa Cy 9€THPHU TUIIA
3aKOHA O4dyBama eHnepruje. JlobujeHn 3aKOHU Cy KOMILJIETHUJU W MPUPOIHUJU HETO
onroBapajyhu 3akonu y yobuuajenoj Jlarpamxesoj dopMynanujun TaKBUX CUCTEMA.

Tlokazamno je ja cy 3aKOHU IIPOMEHe €Hepruje y MOTIIYHO] CATJIACHOCTH Ca OJIN0-
BapajyhioM BekTOpCKOM (bopMmyianmjoM Ipodsema.

Jlobujenn pesysiTaTé Cy UIyCTPOBAHH IIPUMEPOM: KpeTambe pakeTe Koja m3ba-
mmyje racoBe u Kpehe ce Ay MOKpeTHE CTPMe PaBHHU.
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