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NOETHER’S THEOREM FOR NONCONSERVATIVE

SYSTEMS IN QUASICOORDINATES

Djordje Mušicki

Abstract. In this paper the generalized Noether’s theorem is given in qua-
sicoordinates for the systems of particles, the motion of which can be pre-
sented in quasicoordinats and quasivelocities. After a systematic review of
the calculus with quasicoordinates and the corresponding Boltzmann–Hamel’s
equations of motion, the total variation of action is given in quasicoordinates.
Then, the corresponding generalized Noether’s theorem is formulated, valid
for nonconservative systems as well, which is obtained from the total variation
of action and corresponding Boltzmann–Hamel’s equations.

So formulated Noether’s theoerm in quasicoordinates is valid for all con-
servative and nonconservative systems without any limitation. It is applied to
obtain the corresponding energy integrals in quasicoordinates for conservative
and nonconservative systems, in the latter case these are energy integrals in
broader sense. The obtained results are illustrated by a characteristic example,
where the corresponding energy integral is found.

This generalized Neother’s theorem is equivalent, but not in the form
and with some limitation, to the corresponding Noether’s theorem formulated
by Dj. Djukić [13], which is obtained from the invariance of total variation
only of element of action ∆(Ldt). However, for nonconservative systems the
Lagrangian L, appearing in this relations, represents not the usual, but an
equivalent Lagrangian, which completely determines the considered system,
including the influence of nonpotential forces. Therefore, the cited Noether’s
theorem is valid only for these nonconservative systems for which it is possible
to find such equivalent Lagrangian, (what for the natural systems is mostly
possible).

1. Introduction

As it is known, Emmy Noether has formulated a theorem, well known under
her name, where the problem of invariants in physical theories is analyzed, utilizing
theory of groups [1]. In this way she has given a general algorithm for finding a
complete set of the invariants of any physical theory represented in terms of La-
grangian or Hamiltonian formalism. This theorem has been adopted and applied to
the classical mechanics and theory of flelds by E. Hill [2] (see also Dobronravov [3]).
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integrals (in usual and broader sense).
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Later this theorem was formulated also in modern mathematical language by W.
Sarlet and F. Cantrijn [4], and applied in the quantum mechanics and quantum
theory of fields as well. Afterwards, many studies are dedicated to this theorem in
order to deeper and generalize it, presented in the classical and modern mathemat-
ical language.

Restricting oneself to the systems of particles in classical mechanics, Noether’s
theorem can be formulated in the following way. If only the potential forces act
on the particles of system, then for every transformation of the generalized coor-

dinates and time which conserves the action W =
∫ t1

t0
L(qi, q̇i, t)dt invariant, or

changes it up to so-called calibration term, there is an integral (or constant) of
motion. So formulated Noether’s theorem is limited to the systems with poten-
tial forces, and only a small number of papers consider its generalization to the
nonconservative systems, but only in special cases (for example L. Bahar and H.
Kwanty [5], L. Duan [6]).

A complete generalization of Noether’s theorem to the nonconservative sys-
tems was done by B. Vujanović and Dj. Djukić [7–9]. This generalized Noether’s
theorem is obtained by generalization of the transformation functions of generali-
zed coordinates and time, and by transformation of the total variation of action
element ∆(Ldt), or by transformation of d’Alembert–Lagrange’s principle into sui-
table form, expressed in form of total variations. Using this theorem, it is demon-
strated that certain nonconservative systems have energy integrals in broader sense,
so-called energy-like conservation laws. They have the form of product of an ex-
ponential factor, which expresses the influence of allowed nonpotential forces, and
the sum of energy of the system and some additional term. Later, this Noether’s
theorem was extended to the systems with variable mass by L. Cvetićanin [10,11]
and the obtained energy integrals have the analogous form. The equivalent results
can be obtained by introduction of pseudoconservative systems (Dj. Mušicki [12]),
which are defined as such nonconservative systems, whose Lagrangian eauations can
be reduced to Euler–Lagrange’s equations by introduction of a new Lagrangian.

In one of these papers Dj. Djukić [13] has formulated Noether’s theorem in
quasicoordinates, which is of special interest for this considered problem. It is
obtained from invariance of total variation only of element of action ∆(Ldt) in
respect to transformation of generalized coordinates and time up to a total dif-
ferential. However, here is implicitly supposed (what is evident from examples)
that for nonconservative systems L is not usual Lagrangian, but an equivalent
Lagrangian, which completely determines the considered system of particles, in-
cluding influence of nonpotential force. Then, such formulated Noether’s theorem
and its inverse one are applied to certain conservative and nonconservative systems
to obtain the corresponding energy integrals.

In this paper we shall formulate generalized Noether’s theorem in quasicoordi-
nates in direct way, by analogy with corresponding proof in the usual formulation
(Dj. Mušicki [14]). It is obtained starting from the multiparametric transformation
of quasicoordinates and time, and from the corresponding total variation of action,
where Boltzmann–Hamel’s equations of motions are applied. So obtained Noether’s
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theorem is formulated in the variables (πi, ωi), where πi are quasicoordinates and
ωi quasivelocities, but it is always possible to connect all the quantities which figure
in these relations with the real, defined quantities. This is in essence equivalent to
the cited Djukić’s Noether’s theorem [13], but only for such nonconservative sys-
tems for which it is possible to find such Lagrangian which completely determines
the motion of system, including the influence of nonpotential forces.

2. Quasicoordinates and quasivelocities.

Boltzmann–Hamel’s equations

Introduction of quasicoordinates. Lat us consider a set of generalized co-
ordinates qi (i = 1, 2, . . . , n), which determines the position of a mechanical system
of particles and let us form a linear combination of differentials of these generalized
coordinates, supposing that it cannot be presented as differential of some function
(see e.g. Lur’e [15, p. 22–26], Teodorescu [16, p. 423–427])

d′πi = aikdq
k (i = 1, 2, . . . , n),

where the summation over the repeated indices is understood. Let us still suppose
that the coefficients aik depend on the generalized coordinates, but not explicitly
on time and here the symbol d′ denotes that the quantity on which this symbol
is applied is not a total differential (what is not usual). If we divide this quantity
by dt

(2.1) ωi =
d′πi

dt
= π̊i = aik q̇

k (i = 1, 2, . . . , n),

so obtained quantity is not a derivative, it is only quotient of d′πi and dt. However,
it can be considered formally as a symbolic (or quasi) derivative with respect to
time, denoted here by the symbol ◦ over πi. So introduced quantities πi, defined
only through d′πi, are named quasicoordinates, and the corresponding quantities
ωi quasivelocities. If the determinant |aik| 6= 0, the system of equations (2.1) can
be resolved with respect to the quantities q̇k,

(2.2) q̇k = bki ω
i ⇔ dqk = bki d

′πi (k = 1, 2, . . . , n)

If we insert this expression into the relation (2.1), we have

ωi = aik(b
k
jω

j) = (aikb
k
j )ω

j

and this relation will be satisfied only if

(2.3) aikb
k
j = δij =

{
1 if i = j

0 if i 6= j
,

where δij is Kronecker’s symbol.
A typical example of such quantities is the angular velocity of the rigid body,

defined as quotient of the vector of elementary rotation ~d′α = dα ~ω0, and the
corresponding time interval dt

−→w =
~d′α

dt
=
dα

dt
~ω0.
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Here dα is the rotation angle of the rigid body about the instanteous axis of rotation
in time interval (t, t+ dt) and ~ω0 is the unit vector of this axis of rotation.

Symbolic operations. In order to establish a complete accordance with the
usual Lagrangian formulation, where all the relations and equations must be ex-
pressed in the variables (qi, q̇i), by using the quasicoordinates all relations and
equations should be expressed in the variables (πi, π̊i = ωi). However, one employs
often an equivalent formulation in the variables (qi, wi), since they are immediately
determined quantities. In this paper we shall employ the first formulation, but with
comprehention or formulation of main results in the variables (qi, wi) as well.

In this aim it is necessary to introduce some symbolic operations, which can be
defined in the following way. If we have the function ϕ(q1, q2, . . . , qn), its differential
according to (2.2) can be written in the form

dϕ =
∂ϕ

∂qi
dqi =

∂ϕ

∂qi
bikd

′πk =
(
bik
∂ϕ

∂qi

)
d′πk

and if we desire to present this expression in the variables (πi, ωi), we shall define
the expression in parentheses as ∂ϕ/∂πk

(2.4)
∂ϕ

∂πk

def
= bik

∂ϕ

∂qi
⇒ dϕ =

∂ϕ

∂πk
d′πk

This relation defines partial derivative of any function with respect to quasicoor-
dinate, and if we multiply it by akj and sum over the repeated index, according to
(2.3) we obtain

(2.5)
∂ϕ

∂qj
= akj

∂ϕ

∂πk

Then, by utilizing (2.4) the relation (2.2) can be written in the form

q̇k = bkiw
i = bjiδ

k
jw

i = bji
∂qk

∂qj
wi =

∂qk

∂πi
wi,

which can be interpreted as the decomposition of the generalized velocity q̇k in the
base of vector fields ∂qk/∂πi with the corresponding components wi.

If we consider again this function ϕ(q1, q2, ..., qn), its total variation as the
difference between corresponding values on the varied and real trajectory in the
near instants t+∆t and t can be presented in the form

∆ϕ = ϕ̄(t+∆t)− ϕ(t) = ϕ̄(t) + ∆t
(∂ϕ̄
∂t

)

0
+ · · · − ϕ(t) ≈ δϕ+

∂ϕ

∂t
∆t,

where the first term is developed into Taylor’s series and higher order terns ne-
glected. If we now introduce the dependences of the function ϕ on the variables qi,
we have

δϕ =
∂ϕ

∂qi
δqi,

∂ϕ

∂t
=
∂ϕ

∂qi
∂qi

∂t
and the previous relation obtains the form

∆ϕ =
∂ϕ

∂qi

(
δqi +

∂qi

∂t
∆t

)
=
∂ϕ

∂qi
∆qi
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Here the derivative ∂ϕ/∂qi can be substituted by the expression (2.5)

∆ϕ ≈
∂ϕ

∂qi
∆qi = aki

∂ϕ

∂πk
∆qi =

∂ϕ

∂πk
(aki∆q

i)

and if we again desire to present this expression in the variables (πi, ωi), we shall
define the expression in parentheses as ∆πk

(2.6) ∆πk def
= aki∆q

i ⇒ δπk = aki δq
i (for ∆t = 0)

Since the operations of differentiating and varying are independent, we consider
that this relation must be treated as a definition, independent from other relations
in the calculus with quasicoordinates (what is not usual), similarly to the definition
of partial derivative with respect to quasicoordinates (2.4). In this way, there would
be two fundamental symbolic operations: symbolic partial derivative with respect
to quasicoordinate defined by (2.4), and symbolic total variation (including partial
one) of quasicoordinate defined by (2.6).

These relations define the variations of quasicoordinate, and if we multiply the
first one by bjk and sum over the repeated index, using again (2.3) we get

(2.7) ∆qj = bjk∆π
k ⇒ δqj = bjkδπ

k (for ∆t = 0)

As a consequence, the elementary work of the active forces can be presented in
the form

δA = Qiδq
i = Qib

i
kδπ

k = (bikQi)δπ
k,

where Qν = ~Fν(∂~rν/∂q
i), or more concisely

(2.8) δA = Πkδπ
k, Πk = bikQi

This elementary work can be presented in the other form as well, putting δ~rν =
(∂~rν/∂π

k)δπk

δA = ~Fνδ~rν =
(
~Fν ·

∂~rν
∂πk

)
δπk

or more concisely

(2.9) δA = Πkδπ
k, Πk = ~Fν

∂~rν
∂πk

So formulated generalized forces in quasicoordinates Πk by the first relation are
connected with the real generalized forces Qi, and the second relation shows that
ΠK can be interpreted as the generalized force which corresponds to the quasico-
ordinate πk.

One of the main characteristics of quasicoordinates is the noncommutativity of
the operations δ and d/dt. Let us form the derivative of simultaneous variations of
quasicoordinate δπi = aikδq

k with respect to time, and afterwards these operations
in the inverse sequence: the simultaneous variation of symbolic time derivative
of quasicoordinate π̊i = ωi = aikq̇

k. Their difference can be presented in the
following form, bearing in mind that coefficients aik depend only on the generalized
coordinates (see e.g. Lur’e [15, p. 32–33])

(2.10) (δπi)• − δπ̊i = γijlω
jδπl (̊π = ωi),
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where so-called Boltzmann’s threeindices symbol is given by

(2.11) γijl = bmj b
k
l

( ∂aik
∂qm

−
∂aim
∂qk

)

From here we see that (δπi)• 6= δπ̊i, i.e. the operations δ and d/dt for quasico-
ordinates are not commutative and so introduced symbols γijl depend only on the
liasion between quasicoordinates and true generalized coordinates.

On the basis of this relation (2.9) one can find total variation of quasivelocity.
If we start from the liason between the total and simultaneous variation of quasive-
locity and substitute simultaneous variation δω = δπ̊i by corresponding expression
from (2.10), we have

∆ωi = ω̄i(t+∆t)− ωi(t) = δωi + ω̇i∆t = (δπi)• − γijlω
jδπl + ω̇i∆t

Let us now pass from simultaneous to total variations

∆ωi = (∆πi − ωi∆t)• − γijlω
j(∆πl − ωl∆t) + ω̇i∆t

and since due to the property γilj = −γijl the term γijlω
jωl is equal to zero, the

previous relation will be reduced to

(2.12) ∆ωi =
d

dt
(∆πi)− ωi d

dt
(∆t)− γijlω

j∆πl

Boltzmann–Hamel’s equations. In order to obtain the corresponding dif-
ferential equations in the Lagrangian form in quasicoordinates, let us start from
d’Alembert–Lagrange’s principle

(~Fν −mν~aν) · δ~rν = 0

with the usual notations. Let us now transform this principle into the generalized
coordinates putting δ~rν = (∂~rν/∂q

i)δqi, and in this way one obtains
(
Qi −

d

dt

∂T

∂q̇i
+
∂T

∂qi

)
∆qi = 0,

where Qi = ~Fν(∂~rν/∂q
i) and T is the kinetic energy of system. Afterwards, let us

express this principle in the independent variables (πi, ωi) (i = 1, 2, . . . , n′), where
n′ is the number of independent quasicoordinates, and in this aim substitute δqi by
the expression (2.7) (compare with Lur’e [15, p. 253–259, 363–372], Whittaker [17,
p. 41–44])

(2.13)
(
bikQi − bik

d

dt

∂T

∂q̇i
+ bik

∂T

∂qi

)
δπk = 0,

The first term in the parentheses according to (2.8) represents generalized force Πk

expressed in quasicoordinates, and the other terms must be transformed expressing
kinetic energy into the form T ∗(qi, ωi, t). In this transformation we must bear in
mind that T depends on q̇i through all the variables ωk, and depends on qi or
directly from the explicit dependence of components of metric tensor or through
the variables ωk = akj q̇

j , where coefficients aki depend on qi
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∂T

∂q̇i
=
∂T ∗

∂ωk

∂ωk

∂q̇k
,

∂T

∂qi
=
∂T ∗

∂qi
+
∂T ∗

∂ωk

∂(akj q̇
j)

∂qi

After expressing the terms bik(d/dt)(∂T/∂q̇
i) and bik(∂T/∂q

i) in the variables
(πi, ωi), the d’Alemberet–Lagrange’s principle (2.13) obtains the form

(
Πk −

d

dt

∂T ∗

∂ωk
− γjlkω

l ∂T
∗

∂ωj
+
∂T ∗

∂πk

)
δπk = 0,

where the symbols γjlk are given by (2.11). Because of the independence of variations

δπk from here immediately follows

d

dt

∂T ∗

∂ωk
+ γjlkω

l ∂T
∗

∂ωj
−
∂T ∗

∂πk
= Πk (k = 1, 2, . . . , n′)

If if we still decompose the generalized forces Πk into the potential and nonpotential
ones

Πk = −
∂U

∂πk
+ Π̃k, Π̃k = Πnpot

k = bikQ̃i,

the previous equations by grouping the similar terms obtain the form

(2.14)
d

dt

∂L∗

∂ωk
+ γjlkω

l ∂L
∗

∂ωj
−
∂L∗

∂πk
= Π̃k (k = 1, 2, ..., n′),

where

L∗(qi, ωi, t) = T ∗(qi, ωi, t)− U(qi, t)

These are seeked differential equations of motion expressed in quasicoordinates,
obtained by L. Boltzmann [18] and G. Hamel [19], in a more general form, when the
coefficients aik depend explicitly on time as well (see Lure’s [15, p. 32–33, 368–372]).
These equations are consequently formulated in the variables (πi, ωi), where the

symbolic terms ∂L∗/∂πk and Π̃k must be comprehended in the sense of their defi-
nitions (2.4) and (2.6). For the holonomic systems the number of these equations
is equal to the number of independent quasicoordinates πi, i.e. to the number of
degrees of freedom n′ = n, and if the motion of system is limited by l nonholonomic
constraints, the number of these equations will be n′ = n− l.

3. Total variation of action

As a first step, in the corresponding proof of Noether’s theorem, let us formulate
total variation of action in quasicoordinates. In this aim, let us form this quantity
in the variables (qi, ωi)

∆W =

∫ t̄1

t̄0

L∗(q̄i, ω̄i, t̄)dt̄−

∫ t1

t0

L∗(qi, ωi, t)dt,

where

q̄i = qi +∆qi, ω̄i = ωi +∆ωi, t̄ = t+∆t,

and decompose the first integral into three parts
∫ t̄1

t̄0

L∗(q̄i, ω̄i, t̄)dt̄ =

∫ t0

t0+∆t0

L̄∗dt̄+

∫ t1

t0

L̄∗dt̄+

∫ t1+∆t1

t1

L̄∗dt̄



8 MUŠICKI

Because of little intervals of integration the first and the third integral can be
neglected with respect to the second one, on condition that Lagrangian in these
intervals is a regular function. In this way the total variation of action is reduced to

(3.1) ∆W =

∫ t1

t0

L̄∗(q̄i, ω̄i, t̄)dt̄−

∫ t1

t0

L̄∗(qi, ωi, ti)dt

If we put in the first integral

dt̄ = d(t+∆t) = dt+
d

dt
(∆t)dt

and develop function L∗(q̄i, ω̄i, t̄) in Taylor’s series

L∗(qi +∆qi, ωi +∆ωi, t+∆t) ≈ L∗(qi, ωi, t) + ∆qi
(∂L∗

∂qi

)

0

+∆ωi
(∂L∗

∂ωi

)

0
+∆t

(∂L∗

∂t

)

0

neglecting the terms of higher order, the total variation of action (3.1) obtains the
form

∆W ≈

∫ t1

t0

[
∂L∗

∂qi
∆qi +

∂L∗

∂ωi
∆ωi +

∂L∗

∂t
∆t+ L∗

d

dt
(∆t)

]
dt

If we here substitute ∆ωi by the corresponding expression (2.12) and put according
to (2.7) and (2.4)

∂L∗

∂qi
∆qi =

∂L∗

∂qi
(bik∆π

k) =
(
bik
∂L∗

∂qi

)
∆πk =

∂L∗

∂πk
∆πk,

the previous relation becomes

(3.2) ∆W =

∫ t1

t0

{
∂L∗

∂πk
∆πk +

∂L∗

∂ωi

[
d

dt
(∆πi)− ωi d

dt
(∆t)−

− γilkω
l∆πk

]
+
∂L∗

∂t
∆t+ L∗

d

dt
(∆t)

}
dt

Let us now set apart these terms in this relation which can be partially written
in the form of a total derivative with respect to time

∂L∗

∂ωi

d

dt
(∆πi) =

d

dt

(∂L∗

∂πi
∆πi

)
−
d

dt

(∂L∗

∂πi

)
∆πi

∂L∗

∂ωi
ωi d

dt
(∆t) =

d

dt

(∂L∗

∂ωi
ωi∆t

)
−
d

dt

(∂L∗

∂ωi

)
ωi∆t−

∂L∗

∂ωi
ω̇i∆t

L∗
d

dt
(∆t) =

d

dt
(L∗∆t)−

dL∗

dt
∆t =

d

dt
(L∗∆t)−

( ∂L
∂πi

π̊i +
∂L∗

∂ωi
ω̇i +

∂L∗

∂t

)
∆t

If we insert these expressions into relation (3.2), we have

∆W =

∫ t1

t0

{
∂L∗

∂πi
∆πi +

d

dt

(∂L∗

∂ωi
∆πi

)
−
d

dt

(∂L∗

∂ωi

)
∆πi −

d

dt

(∂L∗

∂ωi
ωi∆t

)

+
d

dt

(∂L∗

∂ωi

)
ωi∆t+

∂L∗

∂ωi
ω̇i∆t+

∂L∗

∂t
∆t+

d

dt
(L∗∆t)
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−
(∂L∗

∂πi
ω̇i +

∂L∗

∂ωi
ω̇i +

∂L∗

∂t

)
∆t− γilkω

l ∂L
∗

∂ωi
∆πk

}

and after grouping similar terms, this expression can be written in the form

∆W =

∫ t1

t0

{
d

dt

[
∂L∗

∂ωi
(∆πi − ωi∆t) + L∗∆t

]
(3.3)

+
(∂L∗

∂πi
−
d

dt

∂L∗

∂ωi

)
(∆πi − ωi∆t)− γilkω

l ∂L
∗

∂ωi
∆πk

}
dt

This formula represents total variation of action in quasicoordinates presented
consequently in variables (πi, ωi), where the symbolic expression ∂L∗/∂πi and ∆πi

have to be comprehended in the sense of their definitions (2.4) and (2.6), by which
they are connected with the real, defined quantities.

4. Generalized Noether’s theorem in quasicoordinates

Formulation of the problem. If the motion of the considered system of par-
ticles can be presented in the variables (qi, ωi) or (πi, ωi), let us formulate the cor-
responding Emmy Noether’s theorem in quasicoordinates. Here we shall generalize
the usual proof of this theorem to the nonconservative systems, by analogy with the
corresponding proof in the usual Lagrangian formulation (Dj. Mušicki [14]), start-
ing from corersponding total variation of action and applying Boltzmann–Hamel’s
equations of motion.

Let us choose the total variations of quasicoordinates and time ∆πi and ∆t in
total variation of action (3.3) in the following form with r infinitesimal parameters
Em (m = 1, 2, . . . , r),

(4.1) ∆πi = aik∆q
k = Emξim(qk, ωk, t), ∆t = Emξ0m(qk, ωk, t)

Let us now formulate in a usual way the problem: find such transformations of
quasicoordinates and time (4.1) which conserve the Hamilton’s action invariant or
change it up to so-called calibration term

(4.2) ∆W = 0 or ∆W =

∫ t1

t0

d

dt
Λ(qi, ωi, t)dt,

where Λ, so-called calibration function is an arbitrary function of the variables qi, ωi

and t. So formulated second condition is more general and includes the first one
for Λ = 0

Generalized Noether’s theorem in quasicoordinates. . Let us start from
the second condition (4.2) and in order to include the speciality of the conside-
red problem, let us substitute variational derivative in the expression (3.3) for
total variation of action by the corresponding expression from Boltzmann–Hamel’s
equations (2.14)

∫ t1

t0

{
d

dt

[
∂L∗

∂ωi
(∆πi − ωi∆t) + L∗∆t

]
+
(
γjliω

l ∂L
∗

∂ωj
− Π̃i

)

× (∆πi − ωi∆t)− γjliω
l ∂L

∗

∂ωj
∆πi

}
dt =

∫ t1

t0

dΛ

dt
dt
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Here, because of the property γikl = −γilk we have γjliω
lωi ≡ 0 and this relation is

reduced to an equivalent form

(4.3)

∫ t1

t0

{
d

dt

[
∂L∗

∂ωi
∆πi +

(
L∗ −

∂L∗

∂ωi
ωi
)
∆t− Λ

]
− Π̃i(∆π

i − ωi∆t)

}
dt = 0

On the other side, we can transform ∆W in the following way, bearing in mind
that ∆(dt) = d(∆t)

∆W = ∆

∫ t1

t0

L∗dt =

∫ t1

t0

∆(L∗dt) =

∫ t1

t0

[
∆L∗ + L∗

d

dt
(∆t)

]
dt

and let us insert this expression into the second condition (4.2)

(4.4)

∫ t1

t0

[
∆L∗ + L∗

d

dt
(∆t) −

dΛ

dt

]
dt = 0

If we now develop ∆L∗, substituting ∆ωi by the corresponding expression (2.12),
we have

∆L∗ =
∂L∗

∂πk
∆πk +

∂L∗

∂ωi

[
d

dt
(∆πi)− ωi d

dt
(∆t)− γilkω

l∆πk

]
+
∂L∗

∂t
∆t

and if we insert this expression into (4.4), we get

(4.5)

∫ t1

t0

[(∂L∗

∂πk
− γilkω

l ∂L
∗

∂ωi

)
∆πk +

∂L∗

∂ωi

d

dt
(∆πi)

+
∂L∗

∂t
∆t+

(
L∗ −

∂L∗

∂ωi
ωi
) d
dt

(∆t)−
dΛ

dt

]
dt = 0

Let us now subtract relation (4.5) from relation (4.3), what can be presented
in form

∫ t1

t0

{
d

dt

[
∂L∗

∂ωi
∆πi +

(
L∗ −

∂L∗

∂ωi
ωi
)
∆t− Λ

]

−

[(∂L∗

∂πk
− γilkω

l ∂L
∗

∂ωi

)
∆πk +

∂L∗

∂ωi

d

dt
(∆πi) +

∂L∗

∂t
∆t

+
(
L∗ −

∂L∗

∂ωi
ωi
) d
dt

(∆t) + Π̃i(∆π
i − ωi∆t)−

dΛ

dt

]}
dt = 0

and if we substitute ∆πi and ∆t by the corresponding expressions (4.1) and put
Λ = EmΛm, we obtain

∫ t1

t0

Em

{
d

dt

[
∂L∗

∂ωi
ξim +

(
L∗ −

∂L∗

∂ωi
ωi
)
ξ0m − Λm

]
(4.6)

−

[(∂L∗

∂πk
− γilkω

l ∂L
∗

∂ωi

)
ξkm +

∂L∗

∂ωi
ξ̇im +

∂L∗

∂t
ξ0m

+
(
L∗ −

∂L∗

∂ωi
ωi
)
ξ̇0m + Π̃i(ξ

i
m − ωiξ0m)− Λ̇m

]}
dt = 0

From here we can conclude: if the following condition is satisfied
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(∂L∗

∂πk
− γilkω

l ∂L
∗

∂ωi

)
ξkm +

∂L∗

∂ωi
ξ̇im +

∂L∗

∂t
ξ0m +

(
L∗ −

∂L∗

∂ωi
ωi
)
ξ̇0m(4.7)

+ Π̃i(ξ
i
m − ωiξ0m)− Λ̇m = 0,

the relation (4.6) will be reduced to
∫ t1

t0

Em d

dt

[
∂L∗

∂ωi
ξim +

(
L∗ −

∂L∗

∂ωi
ωi
)
ξ0m − Λm

]
dt = 0

and because of the arbitrarity of the parameters Em and the limits of integration
from here immediately follows

(4.8) Im =
∂L∗

∂ωi
ξim +

(
L∗ −

∂L∗

∂ωi
ωi
)
ξ0m − Λm = const. (m = 1, 2, . . . , r)

These results can be expressed by means of immediately determined quantities
as well with aid of (2.4) and (2.8). In this way the condition for existence of energy
integrals (4.7) obtains the form

(
bik
∂L̃

∂qi
− γilkω

l ∂L̃

∂ωi

)
ξkm +

∂L̃

∂ωi
ξ̇im +

∂L̃

∂t
ξ0m +

(
L−

∂L̃

∂ωi
ωi
)
ξ̇0m(4.9)

+ bki Q̃k(ξ
i
m − ωiξ0m)− Λ̃m = 0,

and the form of integrals of motion (4.8) remains unchanged.

Conclusion. For every transformation of the quasicoordinates and time (4.1),
for which there is at least one set of particular solutions (ξim, ξ

0
m,Λm) which sa-

tisfies the condition (4.7) or (4.9), there are r mutually independent integrals (or
constants) of motion of the form (4.8). So formulated Noether’s theorem in quasi-
coordinates is valid in general, for all the conservative and nonconservative systems
without any limitation. It is formulated in the variables (πi, ωi) as well as in the
variables (qi, ωi), starting from the multiparametric transformation of these vari-
ables, in the form where the influence of nonpotential forces appears explicitly.

This generalized Noether’s theorem is in essence (but not in the form) equi-
valent to the corresponsing Noether’s theorem given by Dj. Djukić [13], but with
some limitation. Namely, this equivalence exists only for such nonconservative sys-
tems for which it is possible to find some equivalent Lagrangian, which completely
determines the motion of considered system, including the influence of nonpoten-
tial forces (as can be seen from his examples), what for the natural systems is
mostly possible.

5. Energy integrals for the conservative systems in quasicoordinates

Energy integrals as a consequence of the translation of time. Let us
demonstrate how from this generalized Noether’s theorem one can obtain the energy
integrals of any system whose motion can be presented in the quasicoordinates (for
example the rigid body) of the considered conservative systems, i.e. corresponding
energy conservation laws. In this aim, let us consider the translation of time, i.e.
choose the functions ξim, ξ0m and Λm in form

(5.1) ξim = 0, ξ0m = A = const., Λm = 0.
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Then the condition for the existence of the integrals of motion (4.7) obtain form

(5.2)
∂L∗

∂t
·A− Π̃iω

iA = 0,

which is analogous to the corresponding condition ∂L/∂t− Q̃iq̇
i = 0 in the usual

Lagrangian formulation. This condition can be expressed in terms of the usual
quantities as well, according to (2.7) in variables (qi, ωi)

(5.3)
∂L∗

∂t
− bki Q̃kω

i = 0.

Then the corresponding integral of motion (4.8) on the basis of (5.1) will be

(5.4) Im =
(
L∗ −

∂L∗

∂ωi
ωi
)
A = const. ⇔ E =

∂L∗

∂ωi
ωi − L∗ = const.

and so defined quantity E represents generalized enery expressed in quasicoordi-
nates.

Therefore, as a consequence of translation of time, which according to (5.2)

and (5.3) is equivalent to the satisfied conditions ∂L∗/∂t = 0 and Π̃iω
i = 0 or

bikQ̃kω
i = 0, the energy integral (5.4) appears, i.e. energy conservation law in the

course of time.

Energy integrals in the usual Lagrangian formulation. In order to
present the energy integrals of such systems in the variables (qi, ωi), let us write
their kinetic energy in the general case as

T =
1

2
djlq̇

j q̇l + ej q̇
j + f

and putting according to (2.2) q̇j = bjiω
i and q̇l = blkω

k, we can present this kinetic
energy in the quasivelocities ωi

(5.5) T ∗(qi, ωi, t) =
1

2
aikω

iωk + biω
i + c = T ∗

2 + T ∗

1 + T ∗

0 ,

where
aik = bji b

l
kdjl, bi = bjiej , c = f.

In the case of the free or scleronomic systems, where time does not figures
explicitly, the kinetic energy (5.5) has only the first term and their Lagrangian for
the usual forces, dependant only on generalized coordinates and time, will be

L∗(qi, ωi, t) =
1

2
aikω

iωk − U(qi,t) = T2 − U,

where U is the potential energy of the system. If we choose again the transformation
functions in the form (5.1), the corresponding integral of motion (4.8), which now
becomes energy integral obtains the form

Im =
(
L∗ −

∂L∗

∂ωi
ωi
)
A =

(
T ∗

2 − U −
∂T ∗

2

∂ωi
ωi
)
A = const.

and by application of Euler’s theorem for homogeneous functions we get energy
integral of such systems in quasicoordinates

E∗ = −Im =
∂L∗

∂ωi
ωi − L∗ = T ∗

2 + U = const.
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But, for rheonomic systems the kinetic energy (5.5) has all three terms, and
Lagrangian is equal to

L∗(qi, ωi, t) =
1

2
aikω

iωk + biω
i + c− U(qi,ωi) = T ∗

2 + T ∗

1 + T ∗

0 − U.

Then the corresponding integral of motion (4.8), i.e. the coresponding energy
integral will be

Im =
(
L∗ −

∂L∗

∂ωi
ωi
)
A =

(
T ∗

2 + T ∗

1 + T ∗

0 − U −
∂T ∗

2

∂ωi
ωi −

∂T ∗

1

∂ωi
ωi
)
A = const.,

i.e., applying the cited Euler’s theorem

E∗ = −Im =
∂L∗

∂ωi
ωi − L∗ = T ∗

2 − T ∗

0 + U = const.,

this is Painlevé’s energy integral for such systems in quasicoordinates.
From here we see that the specific term γilkω

l(∂L∗/∂ωi) is absent in the energy
integrals, they have the same form as in the case of true generalized coordinates,
this term figures only in the condition for existence of energy integrals.

6. One example

Formulation of the problem. Let us consider the motion of a rigid body
in a viscous medium without influence of the exterior forces about a fixed point,
which coincides with the centre of masses. The position of this rigid body can
be determined by Euler’s angles (ψ, θ, ϕ), which then represent the generalized
coordinates. As it is known (see e.g. Goldstein [20, p. 198–205], it is the most
suitable to study the motion of rigid body in a coordinate system whose origin is in
the centre of masses and whose axes are the principal axes of inertia. In this frame
of reference the motion of the rigid body can be determined by Euler’s equations

I1

(dω1

dt

)

rel
− (I2 − I3)ω

2ω3 = L
(c)
1

I2

(dω2

dt

)

rel
− (I3 − I1)ω

3ω1 = L
(c)
2

I3

(dω3

dt

)

rel
− (I1 − I2)ω

1ω2 = L
(c)
3 ,

where I1, I2 and I3 are the moments of inertia with respect to the principal axes
of inertia, ω1, ω2 and ω3 the corresponding contravariant components of angular

velocity, and L
(c)
1 , L

(c)
2 and L

(c)
3 the components of the moment of all the forces

which act on the rigid body in respect to the center of masses. In this frame of
reference the kinetic energy of rigid body has the form

T ∗(qi, ωi, t) =
1

2
Iigikω

iωk =
1

2
Iiωiω

i,

where gik is the corresponding metric tensor, and between the components angular
momentum and angular velocity, there are the simple relations

M
(c)
1 = I1ω1, M

(c)
2 = I2ω2, M

(c)
1 = I3ω3.
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Let us suppose that the components of resistance force, by which the viscous
medium opposes to the motion of rigid body, are proportional to the corresponding
components of angular momentum

(6.1)

F̃1 = −µM
(c)
1 = −µI1ω1,

F̃2 = −µM
(c)
2 = −µI2ω2,

F̃3 = −µM
(c)
3 = −µI3ω3.

So formulated components of resistance force are proportional to the corre-
sponding components of angular velocity, similarly to the corresponding resistance
force by which a viscous medium opposites to the motion of a particle F̃i = −µmvi
(i = 1, 2, 3).

The manner of representation of all results in this paper is given in the variables
(πi, ωi) or (qi, ωi) and all the quantities and relations must be presented in this way.
So the Lagrangian, which because absence of the active forces is reduced to kinetic
energy is equal to

(6.2) L∗(qi, ωi, t) =
1

2
Iiωiω

i (U = 0)

and it is immediately given in these variables, but without explicit appearance qi

or πi. In a similar way, the quantities F̃i in the relations (6.1) can be considered as

the components Π̃i of nonpotential part of generalized forces in quasicoordinates,
defined by (2.7), but without explicitly figuring πi or qi

Π̃1 = F̃1 = −µI1ω1, Π̃2 = F̃2 = −µI2ω2, Π̃3 = F̃3 = −µI3ω3.

Application of generalized Noether’s theorem. Let us now apply this
generalized Noether’s theorem to this problem. In this aim, let us start from the
condition for existence of integrals of motion (4.7) and choose the functions ξim, ξ

0
m

and Λm in the form

ξim = 0, ξ0m = ϕ(t), Λm = 0.

Since here generalized coordinates are Euler’ angles (ψ, θ, ϕ) and Lagrangian (6.2)
does not depend on Euler’s angles, the term ∂L∗/∂πk in (4.7) according (2.4) is
equal to

∂L∗

∂πk
= bik

∂L∗

∂qi
= b1k

∂L∗

∂ψ
+ b2k

∂L∗

∂θ
+ b3k

∂L∗

∂ϕ
= 0

Bearing in mind that the energy of the rigid body is (∂L∗/∂ωi) ωi −L∗ = 1
2Iiωiω

i

and ∂L∗/∂t = 0, the cited condition (4.7) gets the form

−
1

2
Iiωiω

i ·
dϕ

dt
− µIiωi(−ω

iϕ) = 0

and this equation gives immediately one particular solution

dϕ

dt
− 2µϕ = 0 ⇒ ϕ(t) = e2µt.

In this way, the condition for existence of integrals of motion is satisfied, and
the corresponding integral of motion (4.8) will be
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Im =
(
L∗ −

∂L∗

∂ωi
ωi
)
ϕ(t) = −

1

2
Iiωiω

ie2µt = const.

and this is one energy integral in a broader sense

I ′

m =
1

2
e2µtIiωiω

i = const.

This result is in full accordance with the result obtained by Dj. Djukić [13], by
means of his generalized Noether’s theorem, starting from the corresponding in-
variance only of element of action ∆(Ldt) up to a total differential, but with the
Lagrangian L = e2µtIi(ω

i)2.
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8. B. Vujanović, Conservation laws of dynamical systems via d’Alembert’s principle, Int. J.

Non-Linear Mech. 13 (1978), 185–197.
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12. Dj. Mušicki, Analysis of a class of nonconservative systems reducable to pseudoconservative

ones and their energy realtions, Acta Mech. 223 (2012), 2117–2133.
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НЕТЕРИНА ТЕОРЕМА ЗА НЕКОНЗЕРВАТИВНЕ СИСТЕМЕ У

КВАЗИКООРДИНАТАМА

Резиме. У овом раду дато jе уопштење Нетерине теореме за системе мате-
риjалних тачака, чиjе кретање може бити представљено у квазикоординатама
и квазибрзинама. Након детаљног подсећања рачуна у квазикоординатама
и одговараjућих Болцман-Хамелих jедначина кретања, дата jе тотална вари-
jациjа деjства у квазикоординатама. Затим jе из тоталне вариjациjе деjства
и Болцман-Хамелових jедначина изведено одговараjуће уопштење Нетерине
теореме.

Тако формулисана Нетерина теорема у квазикоординатама важи за све
конзервативне и неконзервативне системе без икаквих ограничења. Теорема
jе примењена на извођењу одговараjућег интеграла енергиjе у квазикоорди-
натама за конзервативне и неконзервативне системе. У другом случаjу то су
интеграли енергиjе у ширем смислу. Добиjени резултати су илустровани ка-
рактеристичном примером, где jе пронађен одговараjући интеграл енергиjе.

Овако уопштена Нетерина теорема jе еквивалентна, са извесним ограниче-
њима, са одговараjућом Нетерином теоремом формулисаном од стране Ђ. Ђу-
кића [13], коjа се добиjа из инвариjантности укупне вариjациjе само за елемент
деjства ∆(Ldt). Међутим, за неконзервативне системе Лагражиjан L коjи се
поjављуjе у овим релациjама, представља не уобичаjени, већ еквиваленти Ла-
гранжиjан, коjи у потпуности одређуjе посматрани систем, укључуjући утицаj
непотенциjалних сила. Стога, наведена Нетерина теорема важи само за оне не-
конзервативне системе за коjе jе могуће да се нађе еквивалентни Лагранжиjан
(што jе за природне механичке системе углавном могуће).
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