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EXPERIMENTAL STUDY OF A NON-NEWTONIAN FLOW
M. Jovanovié, D. Komatina
(Received 25.02.1994)

1. Introduction

Hyperconcentrated water-clay mixtures exhibit non-Newtonian behaviour,
and in order to describe the flow characteristics of such fluids, rheological re-
lationships need to be established. In the present paper such a relationship
is presented for water-clay mixtures in terms of volumetric concentration of the
solid phase. The well-known Bingham model can be used to describe these fluids,
and the two parameters of the model — the yield stress and the plastic viscosity,
are to be determined by laboratory measurements. These parameters can be
subsequently used to calculate the friction coefficients for the pressurized and
free-surface one-dimensional flows. The method of calculation will be illustrated
by numerical examples, using the measured rheological characteristics of the
analysed water-clay mixtures.

2. Rheological characteristics of investigated fluids

The considered fluids are water-kaolinite clay mixtures with different concen-
tration of the solid particles with the mean diameter of 0.006 mm. The specific
density of the clay material is 2.65, and its chemical composition: S;0; (= 50 %),
Al,03 (37 %), CaO (< 5 %) and FezO3(< 3 %). Nine liquid-solid mixtures have
been investigated, whose density (p,), and concentrations (by volume C,, and
by weight C,,) are presented in Table 1.

|  Cs (%) 20 | 40 | 6.2 | 86 | 11.2 [ 139 | 16.9 | 20.1 | 23.6
Cuw (%) 5 10 | 15" | 20 | 25 30 35 | 40 45
pm (kg/m”) | 1032 | 1066 | 1103 | 1142 | 1184 | 1230 | 1279 | 1332 | 1389

Table 1. Basic physical characteristics of investigated mixtures
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Fig. 1 Rheological relationships for water-clay mixtures:

(a) volumetric concentrations up to 8.6%
(b) volumetric concentrations above 11.2%

The rheological properties have been determined by the coaxial cylinder
rotary viscometer, a Couette flow type of device, used to measure torque which
resists rotation at a known angular speed [3], [13]. The rheological diagrams
depicted in Fig. 1 show the relationship between the applied shear rate, specified
by the angular speed of the viscometer, and the shear stress, determined from
the recorded torque®. The shear stress (v) and the shear rate () are obtained

as [13]:

(1)

(2)

where M and {2 are the moment at the rotary cylinder and its angular velocity,
while ry, 7o, and h, are the radii of the inner (rotary) and the outer (stationary)
cylinder, and the height of the inner cylinder, respectively. The given relation-
ships are of the "integral type”, which means that are valid for a small control
volume — annular gap of the viscometer, and are for this reason, called ”pseudo-

shear” diagrams [13).

1The measurements have been obtained by a commercial "Rheotest 2" rotary viscometer
in the Labaratory for Physical Chemistry and Electro-Chemistry, Faculty for Technology and
Mining, University of Belgrade.
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3. Rheological model of investigated fluids

Considering the theoretical principles of rheological modelling and the results
of laboratory experiments, it has been decided to describe the investigated water-
clay mixtures by the simple Bingham model [2], [10], which gives a linear shear
stress — shear rate relationship:

T=Te+ N7 .I (3)

In the above equation, the two parameters — the yield stress 7, and the plastic
viscosity 1, are to be determined experimentally. These parameters are depen-
dent on the concentration of the solid particles in water.

The empirical relationships in Fig. 1-(a) are linear, without an apparent yield
stress. This means that the water-clay mixtures with volumetric concentrations
of up to 8.6% can be considered as Newtonian fluids. A closer inspection of la-
boratory results pertaining to mixtures with concentrations above 11.2%, Fig. 1-
(b), reveals a nonlinear behaviour in the zone of small shear rates. However,
if this narrow zone of nonlinearity is neglected, the given relationships can be
considered linear, and the Bingham model can be assumed to be valid. The slope
of each linear relationship represents the plastic viscosity of the given mixture
(), while the intercept on the ordinate is its yield stress (r.). Both values are
concentration dependent (Table 2):

Concentration Cy (%) 11.2 [ 139 | 16.9 | 20.1 | 23.6
Yield stress 7. (Pa) 0.10020| 0.69 | 1.96 | 6.19
Plastic viscosity 1 (mPas) | 3.30 | 6.90 | 12.10 | 20.10 | 43.00

Table 2. Parameters of the Bingham model for the investigated mixtures

These results, analytically represented by exponential curves:

n = 0.621exp(0.173C,) . = 0.002exp(0.342C,) (4)
are shown in Fig. 2.
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Fig. 2 Dependence of Bingham model parameters on concentration of

solid particles
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Fig. 3 Dependence of effective viscosity of the mixtures on
the rate of shear [6)

The coefficient of effective viscosity (g, = 7/9) can be calculated from the
experimental data. Its dependence on the rate of shear, i.e. concentration of
solid particles, is shown in Fig. 3.

4. Pressurized flow analysis

The flow of hyperconcentrated water-clay mixtures is laminar, and the esti-
mation of the friction coefficient
-

f 1= 1 i {5}
e

18 crucial for practical flow computations. A few basic relationships will be
recalled from the abundant literature that exists on the subject (for instance [5],
[11], [12]), before showing how the results of the specific investigations can be

used.

The friction coefficient of Bingham fluids (f;) is generally dependent on the
following values:
h=¢(D,V,pm.n,Te) (6)
where D is the pipe diameter, V' the mean cross-sectional velocity, and ppm, 7., 7,
are the already defined properties of the Bingham fluid. The function (6) can
be expressed in a dimensionless form:

fi = ®(Req, He) (7)
where Re; and He, are the Reynolds and Hedstrém numbers [5]:
m D m CDz
By B He=fm™ (8)
n n

Using the Buckingham relationship for Bingham fluids:

B s b 9]
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the relationship (7) can be explicitly defined in the following manner [13]:

1 _Ah_lHe 1He
Rey, 16 6 Re? * 3 fPRe®

(10)

The criterion for the laminar-turbulent flow transition of the Bingham fluids
is the value of the "critical Reynolds number” (Rei.), which can be determined
from ihe diagram n Fig. 4.
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Fig. 4. The critical Reynolds numbers for Bingham fluids [4].

An alternative way for estimation of the friction coefficient would be to use
the Moody diagram which is widely used in hydraulic engineering for Newtonian
flow analysis [13]. In this case, the Reynolds number Re; needs to be expressed
in terms of the effective viscosity u.:

VD
Rey = 22 (11)
He
_ D
pe=n+ (12)

If this approach is used, the friction coefficient for the laminar flow can be
calculated from the well-known simple relationship

f2 = 16/ Re, (13)

However, slightly different values would be obtained from those resulting from
iterative solution of equation (10), because it is assumed that the last, fourth
power term in the relationship (9) can be neglected. The exact and the approx-
imate methods of solution are illustrated by the following numerical example.
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Numerical example. The friction coefficient for the homogeneous water-
clay mixture flow in a straight pipe is to be determined for the following char-
acteristics of the mixture: density p,,=1389 kg/m®, volumetric concentration
Cy=23.6 %, and the parameters of the Bingham model 7.=6.19 Pa, n=0.043 Pas
(Tables 1 and 2). The pipe diameter is D=200 mm. The results are presented
in Table 3.

V| Re f e Rez f2 | A= L"%
(m/s) | (-) ) (Pas) | (-) (-) (%)
eq.(10) | eq.(12) eq.(13)
0.50 | 3230 | 0.0280 | 0.456 305 | 0.0525 87.3
1.00 | 6460 | 0.0135 | 0.249 | 1114 | 0.0144 6.7
1.35 | 8721 | 0.0080 | 0.196 | 1915 | 0.0083 3.7

Table 3. Friction coefficient for the pressurized flow of the given
water-clay mixture

The values of the Hedstrom and the critical Reynolds numbers are in this
particular case He=186000, and Re;. ~ 9000, the first determined by (8), and
the latter from Fig. 3. If the second approach is applied, the value of the critical
Reynolds number would be about 2100, which corresponds to the Newtonian
fluids. Comparing the values of the critical Reynolds numbers with values of
Re; and Re; in Table 3, the assumption of the laminar flow is verified. Notice
that the relative difference (A) in calculated friction coefficients according to the
two methods is extremely high for small velocities, when the exclusion of the
fourth power term in equation (9), applied in the second approach, is obviously
not justified.

5. Free-surface flow analysis

Contrary to the pipeline flow, the literature on the free-surface non-
Newtonian flow is relatively scarce, and for this reason an original laboratory
installation has been set up at the Hydraulic Laboratory of the Faculty of
Civil Engineering in Belgrade, in order to investigate the free-surface steady and
unsteady flow of the water-clay mixtures [7]. The experiments have been carried
out in a 4.5 m long, 0.15 m wide laboratory flume with adjustable bottom slope
(Fig. 5). The steady circulation of investigated mixtures has been ensured by
a sludge pump. The concentration of any particular mixture has been constant
throughout the experiment. Two kinds of electrical probes have been used for
continuous measurement of water depth and velocity in the flume®,.and a system
for automatic data acquisition and processing.

2The membrane probes "DRUCK" have been used for water depth measurement, and the
electromagnetic probes "UECM 200" for point velocity measurement.
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Fig. 5 Laboratory flume and measuring equipment: (1) flume (2) lower
tank for preparation of the mixture (3) pump (4) upper tank (5) control
weir (6) fluid supply rubber tube (7) depth-measurement probes
(8) velocity measurement probe (9) system for data acquisition and
processing

It can be shown by dimensional analysis that the friction coefficient for the
steady, uniform, laminar flow of Bingham fluids depends (as in the case of the
closed-conduit flow) on two dimensionless parameters:

Pth s .‘Jl'l'l""'t;-,"2

Rey = —— He= 14
: n n? \24)

where h is the flow depth, and V is the mean cross-sectional velocity of the
channel flow. Using the expression for the free-surface flow similar to the Buck-

ingham’s formula (9):
s li-iG)+ ()] 19

a relationship between the friction coefficient and the Reynolds and Hedstrém
numbers can be derived:

1 _fi_1He 2 He
Rei 6 2Re ' 3fIRe . (6)

Fig. 6 depicts graphically this relationship for two investigated water-clay
mixtures.
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Fig. 6 Friction ceefficient for heavily concentrated water-clay mixtures

(a) C,=13.9%, (b) C,=20.1%
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The relationship (20) for the considered water-clay mixtures is shown in

The critical Reynolds number can be expressed in terms of the Hedstrom
j T A

number according to the method presented in [13]:

For the laminar flow:
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Fig. 7 Friction coefficient for water-clay mixture free-surface flow
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Numerical example. Using the experimental data, estimate the friction
coefficient for the free-surface flow of the water-clay mixture with the following
characteristics: p,=1230 kg/m?, C,=13.9 %, 7.=0.2 Pa, and n=6.9 mPas (Ta-
bles 1 and 2). The bottom slope of the flume in this particular experiment was

0.1%. The results of calculation are presented in Table 4.

Q | %4 h Req He Re. f1
(1/s) | (m/s) | (m) | () (-) (-) (-)
eq.(14) | eq.(14) | eq.(17) | eq.(16)
27 0.24 | 0.074 | 31357 28142 6586 | 0.0093
et 0.31 | 0.059 | 3244 17804 5499 0.0065
5.1 0.48 | 0.071 | 6118 26415 6420 0.0029

Table 4. Friction coefficient for the free-surface flow of the given
water-clay mixture

pe | Rex | £ |a=10pAl
(Pas) | () =) (%)
eq.(19) | eq.(18) | eq.(20)
0.0376 | 579 | 0.0103 11.5
0.0258 | 866 | 0.0069 6.5
0.0218 | 1937 | 0.0031 6.8

Table 4. (continued)

6. Conclusion

The water-clay mixtures exhibit non-Newtonian behaviour if the concen-
tration of the solid phase is sufficiently high — for the analysed kaolinite clay
suspensions, at the volumetric concentrations over about 10%. The rotary
viscometer measurements have been used to define the viscosity-concentration
correlations for the specific mixtures, and the obtained results indicated that the
Bingham model can be used to describe such fluids. The two parameters of this
model, the yield stress and the plastic viscosity, can be estimated by laboratory
measurements in terms of the concentration of solid particles, and subsequently
used to calculate the friction coefficient for the closed-conduit (pressurized), and
free-surface laminar flows. The specific data obtained for the analysed mixtures,
are presented and used in two numerical examples.
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EKCIEPUMEHTAJBHOE U3YYEHUE IIOTOKA
OIHOTI'O HEHBIOTOHOBCKOT' O ®JIYHIA

B HacTosmeil cTaThe MNPUBOAATCA pe3yAbTaThl JabopaTopHbIX Hccie-
AoBaEMit raMAMCTEIX ruapocmeceit. Ha ocHoBaHmM M3MepeHMid, NpoBOIWMEIX
Ha POTARIMOHHOM BHMCKO3MMeTpe, 3aMeyaeTcAd 4YTO CMecH C BBICOKOH KOH-
HeHTpalMeil TBEPAHIX YACTHMU NPOABJAIT CBOWCTBA HEHBIOTOHOBCKMX day-
MIoB. PaccMaTpMBaIOTCA BO3MOXKHOCTM OMMCAaHMA TaKUMX CMeceil H3BecT-
HEIM peoJlorMueckuMm momeiom Bumrama. B craThe ompenensAloTcA mapame-
TPH Monenu (HalpsKeHWe NPU HAYAJBHOM CHBMIE M CTPYKTYPHaA BA3SKOCTD)
M yCTaHABAMBAIOTCA 3aBUCHMOCTH MApamMeTpoOB OT KOHUEHTPALMW TBEpPIOH
daser. Ilocie aTOro NPMBOIATCA METOXLl ompelefieHMA KoedduumeHTa co-
IPOTUBIEHNA MCCIeNOBAaHBIX cMeceit B HanopHoMm u GesHamopHoMm moTokax. B
KOHIIe, JaHHEIE IPUEMBI MPOUANIOCTPHPOBAHHEI YHMCIEHHBIMH IIPUMED aMH.

EKSPERIMENTALNO ISPITIVANJE JEDNOG NENJUTNOVSKOG FLUIDA

U ovom radu su prikazani rezultati laboratorijskih ispitivanja mesavina vode
i kaolinske gline, pri razlicitim koncentracijama &vrstih Zestica. Utvrdeno je da
ove medavine pokazuju svojstva nenjutnovskih fluida pri zapreminskim koncen-
tracijama iznad 10%. Viskoznost ispitanih mesSavina odredena je pomoéu rota-
cionog viskozimetra i dobijeni rezultati su ukazali da se na date meSavine moze
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primeniti Bingham-ov reoloski model. Parametri ovog modela - grani¢na nosivost
1 plastiéna viskoznost, utvrdeni su u funkciji koncentracije ¢vrste faze, a zatim
su koriSéeni za odredivanje koeficijenata trenja za tecenje pod pritiskom 1 tecenje
sa slobodnom povrsinom. Postupak je ilustrovan sa dva brojna primera.
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