TEORIJSKA I PRIMENJENA MEHANIKA 7, pp. 83—87, 1981, UDK 532

A GENERALIZATION OF THE CONTACT TRANSFORMATION AND
THEIR APPLICATION IN CONTINUUM MECHANICS

Stevo Komljenovié
(Received December 20, 1980)

1. Introduction

It is well known that the research of the infinitesimal transformation which
maps the set of solutions of a differential equations into itself and together with
considering the invariant of the tangent structure equations, on the one hand, and
their applications on geometry and mechanics on the other, leads us to the idea
devloped by S. Lie and F. Engel [1]. A direct generalization of these ideas and for-
mulations was given in [2] and [3].

In this paper we try to generalize these results in the sense initiated in [4],
namely, we wish to generalize these results to a so-called isoperimetric
problem and its applications in continuum mechanics.

2. The contact transformation
Let x={xt|n}={x1, %2, ... 2"} € R*, ut = {u | my={ul,u2, ..., um}SRM,

i={ (n) and a=1 (m) where s=1{ (k), mean that indices have the range 1, 2,.. .,
k. A comma (,), will denote partial differentiation with the following conven-

i of (x : " of (x
tions fi= _f_(f)_ In this sense we can Wwrite fi; ip= ) and
X! Jxil xi2
?E{u,l, Uy ... Un)s "= {th305 Ugps igs - -opsth={thiy i ... - .
s

Let us consider a r-parameters group G of a point transformation:

xi = xi (%5 ty W5 Wy ovs § G)
1" 2

(1) G: t;“:;“(x,u,u,u,...;a)
i 2

~a ~ .
u,«--,-,uf(x:u:u:;‘:-ﬂﬂ a)
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In the infinite dimensional space €757 " A ) and together with another group
I
G of the point transformations in the space of independent variafiles (x, u, u, . . . >
|
dx, du, du, . . .). The group G is obtained by the exten sion of the action of
1

the gfoup G on the differentials by means of the formulas

T R, I Oxi
del=— dxI+ — dut+ — du,f+...
OxJ x4 ou,,
~ out C oun ou
(2) dut =— dxi-+ g - — dusi+ ...
ox! oul o,
-, Ou, ou,! ou,?
duy; = —2 dxd 4 —2 Qub ’;- du,[} bos
oxJ ou® o,

It is convenient to express our formulas (2) in terms of the operator
~ ) 0 0
(3) D =dxi—+dut — + du,! - = gia

ox! ou” ou,,
when equations (2) become
dxi=Dxi, dut—Dut,  dil—Dul, Dl

or in the compact form
(4) {dxi, dut, duf .. }=D {5, e, af, .. ).

At present, the most general definition of contact transfo mation is:

DEFINITION. A group of contact transformation is called group G it the
system of the equations
(5) Dw=0, Duy;=0, . . ., .,

is invariant with respect to the operator G which is an infinite extension of G.
It is known from [2] that infinitesimal transformation is characterized by
infinitesimal operators of the group G
' wi 0 ¥  am O
(6) Xo=Za —Afa tlu o+
0x' ou" ou';
where
vi oxt | . a ou” . wa a”)? ‘
- ’ Mo == > = - |
ox* [9%=0 00" a*=0 da® ¢ =0
and which satisfy the following relations
"
(7) [xx xg] =Cyp xy
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where Ly, Jg are structural constants. We know that operator of the extended group
which denoted by X, is given by

) ~q O ~g O

® Bimt V2 g et gn B
o(dx?) o(du®) o(du,;)
where
) B =DE, na= D, D
s S

and where operator D, has the form
5

0 0
_—|~du“---——+....—'rdu?lig...:‘s =
Oxi ous Otjy s . .

(10) D = dxt
S

s

Now the criterion for the invariance of the equations (5), is given by condi-
tions:

(11) XDuw=0 XDul=0 XDupp=0 ..
IT ‘we express di®, dn, . s i s » , in terms of independent quantities u,%;,
TN I , and these expressions and (9) are substituted in (11), we have

~a a - i a
Ta™ Coi dx* — E_m ty = 0
(12) lai_ Zau d-x] -o: u:u - O
>a wa - Fi a
t.a i112.. 468 ‘sai1i2..i8f dxj_E,nx Uyiy...isi — 0

Finally, after all sufistitutions (9) are carried out, we have

‘-au = Dy (V]a)_"'uu D; CJ
)13) ‘-m i1i2 = - D2 ta: i1 u)ilj D2 E;c

. a0 g @ o #

where Di:—.—{— Uy — FUsij Uik T T
Oxt ou® U,j du,jg-
The functions {2, Yﬁtl ., » Tepresent cordinates of extension operators (8).

3. Generalization and Application

A discussion of the group theoretical analysis of diftferential equations of
mechanics which are Euler-Lagrange equations of some variational formulation,
leads to the idea of considering the invariance of the tangent structure (5) in conjuc-
tion with a given Lagrangian in the form

(14) To= | (% 1y %y ...) dw
1

Q



86 Stevo Komljenovié

with s derivatives occurring in the integrand. In more complicated cases we can
consider a group theoretical analysis for some so-called isoperimetric profilem [4].
In these cases we consider the invariance in conjunction with a given Lagrangian
and constraint integral in the form

(15) Ko=[k (x, uy u, ...) do
Q

1

In these cases we have a generalized theory of contact transformation applied to
the so-called isoperimetrical problem.

If we continue in a similar way as in [4], and after longer calculation we can

state that if all functions «® and for all transformations (2) which for the following
relation

(16) JI(x uyuy..) do= [1(x, uy u,...) J(x %) do
Q 1 Q 1
are valid, then the valid are a following relation, to,
S 0
(17) {( X+%, )g} -0
0(dw) | (5)
where X is operator given by (8), and
(18) L=1+Nk
and whefe (4), Cu=Di(.)dw, and coordinates £, Ne® Cai® ... Eol, ;ia“,
Cais .. Cay ..., satisfy the equdtions (12) and (13). After some calculations
and rearrangements, express ion (16) can be written in the form
a 3 )
(19) (J.a'—£+Di (A42)=0,
Su®
where we have used the relations (8); A is Lagrange’s multipler. The expression
ili 1; given by
du?
3L oL 0L
20 = + —1y Din... Dy ————,
(20) du¥  Ou z =EF D ' Uy ... s
v=]1
and where
x ’ % z 8!£
© Ho=LEt 8£a+z Da Dy . .. Dy ————,
8“,,‘ 8“:‘, i ... 65
s=1
’ a i a%
1) LNV —2 (—1) Dyy ... Dy, (.__ )
8“1‘, f1 . IS aun', 11 §2..05 o aul',j,jv i1 12 15

The vector Afy is known as conserved-quantities vector, and when the equa-
tions of motions are Euler-Lagrange’s equations and are valid, then from (19) we

have as follows:
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oL

22 -
( ) Suu 0
and

(23) Di (43)=0

The expression (23), is the generailization of Noether’s theorem for contact
transformations and for the isoperimetric problem.
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OBOITIIEHUE KACATEJIbBHUX TIPEOEPA30BAHUIN M HUX HCIIOJIb-
30BAHUE B MEXAHUKE CIUJIOITHOU CPEIBI.

Pesmwome

B pabote paccmaTpuBaeTcs 0600LIeHEe TEOPHH C. JIu Ha ciIyyaii HECKOJIBKHX
(YHKIMII ¥ HA U30IIEPHMETPUIECKH npo6JieM B MEXaHUKE CIUIOLIHOM CPEBI.

ITon3ysachk rpymnoi KacaTeJIbHUX npeo0pa3oBaHuif ¥ M0JI3ysICh HHBAPHAHTHO=
CTIO MHTErpasa JeHCTBHA KaK M HHTErpasia ,, IPHHY>KIeHHsT” (POPMHUPYIOTCS 3aKOHU
COXpaHEHHA .

GENERALIZACIJA KONTAKTNIH T RANSFORMACIJA I N THOVA
PRIMENA U MEHANICI KONTINUUMA

Izvod

U radu se proucava moguénost uopStenja Liove teorije kontaktnih transfor-
macija na slu¢aj funkcija vise promenljivih i na slu¢aj kontakta beskonatnog reda.
Proucava se takode ,,ograniceni” varijacioni problem, definisan izrazima (14) i (15)
pa se tako problem svodi na izoperimetrijski problem mehanike kako je definisan
u [4). Formiraju se konstituutivne jednacine grupe (12) koje uz zahtev (17) daju
jednacine (19). Odavde se lako dobiva (23), generalisana Netereva teorema.
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