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A PROPERTY OF GENERALIZED RAMANUJAN’S SUMS
CONCERNING GENERALIZED
COMPLETELY MULTIPLICATIVE FUNCTIONS

Pentti Haukkanen

Abstract. Let A be a regular convolution in the sense of Narkiewicz. A necessary
and sufficient condition for a multiplicative function to be A-multiplicative (i.e. such that
f(n) = f(d)f(n/d) whenever d € A(n)) is given in terms of generalized Ramanujan’s sums.
(With the Dirichlet convolution A-multiplicative functions are completely multiplicative.) In ad-
dition, another necessary and sufficient condition for a multiplicative function to be completely
multiplicative is given in terms of generalized Ramanujan’s sums as well. As an application a
representation theorem in terms of Dirichlet series is given. The results of this paper generalize
respective results of Ivi¢ and Redmond.

Let A be a mapping from the set N of positive integers to the set of subsets
of N such that for each n € N, A(n) consists entirely of divisors of n. Then the
A-convolution of arithmetical functions is defined by

(fAg9)(m) = > f(d)g(n/d).
deA(n)
Narkiewicz [3] defined an A-convolution to be regular if

(a) the set of arithmetical functions is a commutative ring with unity with
respect to the ordinary addition and the A-convolution,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the function 1, defined by 1(n) = 1 for all n, has an inverse pu4 with
respect to the A-convolution, and p4(n) = 0 or —1 whenever n is a prime power.

By [3] it can be seen that an A-convolution is regular if and only if
(i) A(mn) = {de:d € A(m), e € A(n)} for all (m,n) =1,
(ii) for every prime power p® > 1 there is a divisor ¢t = 74 (p®) of a, called the

type of p®, such that
A(pa) = {l,pt’th,_ "t ,prt},
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where rt = a, and
A@p™) ={1,p",p*,...,p"} foralli=0,1,2,...,r—1.

The prime powers p! are called A-primitive prime powers.

We assume throughout this paper that A is an arbitrary but fixed regular
convolution. For example, the Dirichlet convolution D, where D(n) is the set
of all positive divisors of n, and the unitary convolution U, where U(n) =
{d >0:dn, (d,n/d) =1}, are regular.

Yocom [6] defined an arithmetical function to be A-multiplicative if for each
n €N

f@)f(n/d) = f(n) forallde A(n).

For example, the D-multiplicative functions are the well-known completely or (to-
tally) multiplicative functiona and the U-multiplicative functions are the well-
known multiplicative functions. All A-multiplicative functions are multiplicative.

Yocom [6] proved that the following statements are equivalent:
(I) fis A-multiplicative,

(I) for each n € N, f(n) = [] f(»")*/*, where n = [[p® is the canonical
factorization of n and t = 74 (p®),

(ITI) f(gAh) = fgAfh for all arithmetical functions g, h.
The inverse of an arithmetical function f with f(1) # 0 is defined by

FAfT = fTAf =e,

where e(1) = 1 and e(n) = 0 for n > 2. Yocom [6] proved that a multiplicative
function f with f(1) # 0 is A-multiplicative if and only if

fh=naf

The generalized Mobius function p4 [3] is the multiplicative function such that for
each prime power p?(# 1)
-1 if 74(p?) = a,

pa(p®) = {

0 otherwise.

Ramanujan’s sum C(m;n) is defined by
C(m;n) = Zexp(?m’am/n),

where a runs over a reduced residue system modulo n. A well-known evaluation of
Ramanujan’s sum is

Clmin)= 3 du(n/d),

d|(m,n)
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where p is the Mébius function. This formula suggests that we define (cf. [1]) a
generalization of Ramanujan’s sum as follows:

SAk(mlam27"' )mu;n): Z f(d)g(n/d)7
d*€A((m1,...,mu),n*) 4

where (a,b) 4, is the greatest k-th power divisor of a which belongs to A(b). In
other words,

ShGmi,ma, . omain) = Y f(d)g(n/d),
deAg(n)
d*|ma,...,ma

where Aj(n) = {d > 0:d" € A(n")}.

It is known [5] that the Aj-convolution is regular since the A-convolution is
regular.

In [2] A. Ivi¢ gave necessary and sufficient conditions for a multiplicative
function to be completely multiplicative in terms of Ramanujan’s sum. He also
gave a Ramanujan-expansion of a generalization of von Mangoldt function. In [4]
D. Redmond generalized the results of A. Ivié¢ [2]. The purpose of this note is to
generalize further these results. We assume throughout that f is multiplicative.

TueoREM 1. (a) If f is Ag-multiplicative, then for all positive integers n and
non-negative integers mi,msa, ... ,My,

Z f n/d ShuAk(mlam%"')mu;d)
deAk(n)
_ { f(n)h(n) if nFimy,ma, ... my,

0 otherwise.

(1)

The converse holds if h(p®~t) # h(1), t = Ta,(p®), for all prime powers p® such
that a # t.

(b) If f is completely multiplicative and f(1) # 0, then for all positive integers

ni, m and non-negative integers No, ... ,MNy
Zf nl/d)SA (nl/d>n2)"' )nu;m)
@ "
— { f(nl)h(a’)g(m/a’) Zf ny = a'ka ac Ak(m),n1|n2, cee Ny,
0 otherwise,

f~1 being the Dirichlet inverse of f. The converse holds if k =1, A = D, g is of
the form pg and g(p)h(p®~1) # 0 for all prime powers p°.

THEOREM 2. Suppose a,ns, ... N, are non-negative integers and k, m,u are
positive integers. Define

e=0if Z W =0, and =1 otherwise.
de Ay (m)
dk|n27"'7nu
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Then
ja g(m/d)h(d)log"d Sﬁ’yi(n,nm--- ;M) S pu(r) log®(
Z dk(1+¢) - Z nlte Z T'1+E
dE Ay, (m) n—1
dk|n2,...,nu

D. Redmond [4] proved the teorems for A = D, k = u =1, g = p. Further,
we obtain the theorems of A. Ivi¢ [2] if we assume in addition that h(n) = n for all
n. Ivi¢ [2] and Redmond [4] presented formulas (1) and (2) in terms of Dirichlet
series.

Proof of Theorem 1. Throughout the proof we shall use the notation:

1 if d e A(m),
0 otherwise.

xatmi ) = {
(a) Suppose f is Ag-multiplicative. Then, by (III), we have

S Hf(/d)SEEA (my, . magd) = (FARFSIE (ma, . s ) (n)
d€ Ay (n)
n) (lAkSZ’fZA’“ (mi,...,my;"))(n)
n) (1Ax (xp(m1; (%) . oxo (mu; ()*)h) Aepa,) (n)
= f(n)xp(mi;n*) - xp(mu;n*)h(n),
which proves (1).

Conversely, suppose (1) holds with h(p®~t) # h(1), t = 74, (p®), for all prime
powers p® such that a # t. We proceed by induction on a to prove that

(3) f") = f(h)*

for all A-primitive prime powers p! and integers a with 74, (p®) = t. It is clear
that (3) holds for a = 1. Suppose (3) holds for a < s and 74, (p**) = t. (Note that

at)

then 74, (p?t) = t for a < s.) Taking n = p*, m; = --- = m,, = p*®* in (1) gives
s—1
FERQ) +>° FEM £ (R(p™) - h(piTH")
i=1

+ F®*) (A(p*) — (DY) = F*)h(p™),

which can be written as

s—2

S (FEH FEEI) = fUTIY F(p 0TI A(p™)

+ UV FHREETIE = £ FETVR(L)
+ f(*h() — F*)h(p 1Y) = 0.
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By the inductive assumption

FEF@EE) = FETIYF YY) = 0

hence we have

(P66 = 1)) (A1) = h(1)) =0,

which completes the induction. So (3) holds. Thus, by (II), f is Ag-multiplicative.
(b) Suppose f is completely multiplicative with f(1) # 0. Then, as f~! = uf,
we have

S FHA fna /d) S (na fdyma, . i m)

d|n1

= fn) 3 St (ena, ... muim)

cd=ny
= f(n1) dZ: u(d)zk:XAk(m;a)XD(m;ak)"'XD(nu;ak)h(a)g(m/a)
= f(m) kg: p(d)xa, (m; a)xp(nz;a®) - xp(ne; a*)h(a)g(m/a)

= f(n1) ;:_ 1XAk (m; a)xp(na;a®) -+ xp(ny; a*)h(a)g(m/a) bdz; p(d)
= f(n1) ;—: | xay, (m; a)xp(na;a®) - xp(na, ak)h(a)y(m/a)e(;)-

This proves (2).
Conversely, suppose (2) holds when k =1, A = D, g is of the form pg and
g(p)h(p®~1) # 0 for all prime powers p®. Then we prove that

(4) f*) = f(p)*

for all prime powers p®. Clearly (4) holds for a = 1. Suppose a > 1. Taking
ny =---=mn, =m=p*in (2) gives

S )00 SR ) () = R e(1),
i—0 =0

that is,

F) (h(p*)g(1) = h(p*Hgp)) — f~ () FP* (P )g(p) = F(P*)h(p*)g(1).
Therefore
f*) =) fe* ),

which proves (4). Thus f is completely multiplicative. Now the proof of Theorem
1 is complete.
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Proof of Theorem 2. Writing (2) in terms of Dirichlet series gives

Zf Zf( )Sﬁ’i(n,n%... Mg m)n 8
= Z F(d)h(d)g(m/d)d=*s.
deAg(m)

dk|n27"'7nu

Take f = 1. Suppose Re(s) is large enough and differentiate the above equation a
times with respect to s. Then we obtain

Z() S (~1)u(r)r log' rZ YIS (g muim)n " log® i n

i=0 r=1

(5) = (—k)" Z h(d)g(m/d)d=**log® d.
de A (m)
d*|na,... ;N

Ass—= (1+e)t

Zu( “*log'r — Zu =(42) Jogl r,
r=1

Moreover
2527,79(”7”27"' s My T Z Z h(d)g(m/d)
n<z n<z deAi(m)
d*|n,nz,... ,ny,
= Y hdgm/d) Y 1= Y h(d)g(m/d) (5 +O(D))
deAk(m) dki<z d€ Ak (m)
d*|ng,... ;N d*|na,... ;N
=z Y h(dg(m/d)d*+0(1).
dEAk(m)
dk|n2,...,nu

Now, we are in the position to prove that
o0
(6) Z Sﬁ’f,’c (n,n2,...,ny;m)n" 1+ 1og?=in

converges. By Abel’s identity, we have

Z SA B2y Ny m)n*(1+€) loga—i n
ngz

— lo aiim
) (m 2. h(d)g(m/d)d™" +O(1)> §1+s

de Ay, (m)7 dk |n27--- N
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¢ ok d (log" 't

k

_/1 t }k: h(d)g(m/d)d~* + O(1) dt( pae )dt.
d€Ak(m),d” no,... Ny

If
> h(d)g(m/d)d =

de Ay (m)
dk"nz,... N

then ¢ = 0 and we obtain

Z SZ’% (n,n2,... ,ng;m)n" log® ‘n
n<z
log® "tz 2 d [log" 't log® 'z

On the other hand, if
Y. hld)gm/d)d™* = K #0,

de Ay (m)
d*[na,... ,ny

then ¢ = 1 and we obtain

E SAk NyN2,y. .. ng;m)n "2 log" ' n

n<z

- (Km+0(1))7 —K/ <1°ga ”) dt — /j%(bgz%it>0(l)dt

—1 a—1
:O<log a:) K/ log t n

which converges as £ — 0o. So we have proved that (6) converges.
Now, letting s — (1 +¢)* in (5) we get Theorem 2.
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