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ON SUMS INVOLVING RECIPROCALS OF CERTAIN
LARGE ADDITIVE FUNCTIONS

Tizuo Xuan

Abstract. Let B(n) = Y p,B(n) = > ap,Bi(n) = > p*. Sums of reciprocal of these
pln p*|In p*[In
functions are evaluated asymptotically. Asymptotic formulas for some related sums, involving the
function 2(n) and w(n) (the number of distinct and total number of prime factors of n) are also
derived.

1. Introduction. Let p(n) denote the largest prime factor of an integer
n > 2, and let p(1) = 1. Let B(n), B(n) and B;(n) denote the additive functions

B(n) =Y p, Bn)= Y ap, Bi(n)= > p°,
pln p*|n p*|n

where as usual p denotes primes and p®||n means that p® divides n but p**! does
not.

In 1981, Ivi¢ [7] proved that
(1.1) Zl/p(n) = zexp{—(2log z - log, )*/% + O((log x - log x)*/?)},
n<z
where log, x = loglog z, log; x = logloglog z. The formula above remains true if
p(n) is replaced by S(n) or B(n).
In 1984, Ivi¢ and Pomerence [9] proved that
Zl/p’"(n) = zexp{—(2r log zlog, z)'/*(1 + gr_1 () + O(log3 =/ log3 x))},
n<z
where r > 0 is fixed and

go(x) = Bz7 Hlogl+r) =2 -log 2() | 2\ (logyz +log(l+r) ~log2)”
2log, x log,

8logs
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The proofs of results above depend on estimates for ¢)(z,y). the number of positive
integers not exceeding z all of whose prime factors do not exceed y.

Recently Hildebrand [4] and Maier (unpublished) obtained independently
much better results concerning ¢ (z,y) (see Lemma 2 below). With the help of
these results, Erdos, Ivi¢ and Pomerance [3] obtained a precise estimate for the
sum in (1.1), where it was shown that

S (eo((3) )

n<z
¥ [log z\ dt
d(z) = —
@= [ (125 %

and the function p(u) is defined for u > 0 as the continuous solution of the equations

where

p(u) =1, 0<u<l),
(13) W) = —plu—1),  (u>1).

It is well-known that (see [6] or [2])

(1.4) p(u):exp{—u(logu+log2u—l+log2u+0< L ))}

logu log u

In [3], it was shown that
§(x) = exp{—(2log zlogy ©)'/*(1 + go() + O(log; z/ log; z))}

Very recently, Ivi¢ [8] proved that

a5 Y ()T (o(per)) v L

nse n<z
(1.6) ;W _ <zp:pz;_p +O<<11(z)gg2§>1/2>> nqﬁ,
and
o E () )5

where w(n) and (n) denote the number of distinct prime factors of n and the total
number of prime factors of n, respectively, and u(n) is the Moebius function.

Moreover, it was shown in [10] that

o (o) Sty 5 sty (o2 E

n<z 2<n<z ﬁ(
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The following result occurs as a remark in [3]:
(19) D~ 1/B(n) = (1+exp{~Cllog xlogy ) *}) 3" 1/p(n),
2<n<z <z

From (1.8) we known that (1.9) is not true.
The purpose of this paper is to give estimates for the analogous sums in (1.2),
(1.5), (1.6) and (1.7) with p(n) replaced by B(n).

2. Statement of results.

THEOREM 1. (D +0 <1°g§ x)) >
5 logs (

2<n<z n<z

where 1/2 < D < 1 denotes an absolute constant which will be described precisely
in section 4.

THEOREM 2.

(n) 2log x 1/2 log; = 1
> S o(hes) (o (105;3;));(—

2<n<z

where D is as in Theorem 1.

The last formula remains true if w(n) is replaced by Q(n).

THEOREM 3.
= (0(E55) o (5) S

THEOREM 4.

Moreover, it was shown in [11, 12] that

2Szn£x<ﬁrtn) N Brl(n)> :xexp{—(Z(r+1)log x log, 33)1/2_
r+11log z\"? log &\ /?
_ ( 2 10g2x> log3w+0<<10g2m> )}7
: ! 1/2
Z <ﬂr(n) - B{’(n)) :xexp{—(2(r+1)log zlog, ) /" —

2<n<z
o9+ 11 1/2 1 1/2
_(2r+1llogz logs & + O og T ’
4 logyz log,

and
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respectively, where r is any fixed positive number. From the two results above, we

known that Theorems 1, 2, 3, and 4 remain true if 3(n) is replaced by B(n) or
B1 (n)

3. Several Lemmas.

1/2
LEMMA 1. Let L, = exp{ (% log zlog, m) (1 - 2_1252 ;) }’

1/2
L, :exp{ (% log xlog2x> (1—21g§2i>};

1 1 1 T
,;m - <1+O<10gA:r>> ngzhgzp(;,p),

Then we have

for any fixed A > 0.

Proof . See [8, formula (4.3)].

LEMMA 2. [4]. For any fized ¢ > 0 and x > 3, exp{(log, z)%/3*¢} <y < x,
we have uniformly

U(z,y) = zp(u) (1 + 0(@)) y = g

log y ~logy’
LemMA 3.[1, 5]. Uniformly for u>1 and 0 <t <1 we have

(3.1) plu 1) = p(w)e'™ (1+ O(1/u)),

where & = £(u) denotes the positive solution of the equation

(3.2) et =ué+ 1,

and satisfies

(3.3) &(u) =log u+ O(logy(u +2)), u>2.
LEMMA 4. [5]. Uniformly for u>1 and 0 <t < u we have

plu — 1) < p(u)e®),

LEMMA 5. For any fized e > 0 and 1 < d < y, exp{(log, z)?/?t°} <y <
, we have uniformly

lﬁ(g,y) = (x,y)d" <1 + O(i) + O<7logliugz 1)>>,
where

(3.4) B = B(z,y) =1 - ¢((log )/ (log y)) /(log y),

21/2
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and &(u) is defined as in Lemma 3.
Proof. Let t = log d/log y. In view of Lemmas 2 and 3 we have

()= (220) (roo(5252)
g 1-of3) o552
s (of3) (25552

The Lemma is proved.

LEMMA 6. For any fized € > 0, and 1 < d < z/y, exp{(log, z)?/3*tc} <y <
x, we have uniformly ¢ (z/d,y) < 1 (x,y)d 5. where ¢ = ¢(z,y) is given by (3.4).

Proof . Using Lemma 4 instead of Lemma 3, the proof of this result is analo-
gous to the proof of Lemma 5.

4. Proof of Theorem 1. By Lemma 1 we have
1

(4.1) = > ﬁ > 5w T O(R),

2<n<z 2<n<z,L1<p(n)<L>

where R = log - W’ for any fixed A > 0. Writing

n<lz
1
STy
2<n<z,L1<p(n)<Ls p(n)lln  p*(n)|n

we then obtain

1
Gl@) = Z P1 +[3(ml)Jr

Li<pi<L>mi<z/p1,p(m1)<p:

+0<L1<§<L plzﬁ( 2,101)) +O(R).

Again, writing
1
DRI D S o
mi <a/p1p(m1) <pi Li<p(m1)<p1,pmi)||m1  Li<p(mi)<p1,p?(mi)|mi pm)<Lq
we have

1
= Y 3 > P+ s+ Bma)

L1<p1<L> L1<p2<p1 ma<z/pi1p2,p(m2)<p2

o, 2 7 dGr ), 2w

Li1<p1<L> L1<p2<p1 Li<p1<L2

of £ L i) eom

L1<;D1<L2 P2<L
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Proceeding as before, finally we have

(42)
1
2 2 X 2 P+ s+ B(my)

Li<p1<L2 L1<p2<p1 Li1<ps<ps—1 ms<z/pi---ps,p(ms)<ps

s s
+0 (Z G1j> +0 (Z G2j> +O(R),
j=1 j=2
where 2 < s <logs = is a large number which will be chosen latter, and

43)  Gy= Y oo N ltﬁ(ﬁ,p])

1 1
Li<p1<Lz L1<p2<p1 L1<pj<pj— p Pj-1Pj

44) Gy= > Y > Z ( -pj’pj>'

Li1<p1<Lz L1<p2<p1 Li<pj—1<pj—2 pj <L1
Further, from (4.2) we have

Gx)= > )OS p1+-%-+ps¢<p1-g-n-ps’ps>

Li<p1<Lz L1<p2<p1 L1<ps<ps-—1

of ¥ ¥ - % > o )

Li1<p1<La L1<p2<p1 L1<ps<ps—1 m<z/p1-ps,p(ms)<ps P

+0 (Z Gl,]-> +0 (Z GZJ-> +O0(R)

j=1 j=2

=G3+(G4)+ 0 (i G17j> +0 (i: G2j> + O(R), say.

Now we come to the estimation of G3. Changing the order of summation
gives

1 T
D I s (et}

L1<ps<L2ps<ps—1<L2 p2<p1<L2
Nothing that p; > pg > - > pg, we get

(4.5)

_ Z p1 + -+ ps_1 _ps)kl

pt- ps =, kA1 (py + -+ py_y) 1t
_ Pyt
klz:o 2k1+1 1"1220 p1 +opey)tY

and

1 = 1
_ T,
(pr+ - -+ ps_q)r2tt - Z Ckz 2k2+1

ko=r1

k2—r1

Z (_1) ro Pbs_q
ka—r1 (pl 4+ e+ ps_2)7"1+7"2+1 ’

7‘2:0
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where we used the following two formulas:

(4.7)

1 o0
:Zxk, (-l<z<1),
— T

(4.8) ZC”“ k=r (ml<az<1).

(]_ —lL’ r+1

Proceeding as before, finally we have

X e 0 Y
. 2k1+1 1 2 Qka+1
2 R r1=0 ka=r1
kz*T‘l o0 1
o YT2 . ritetrs—a
(4'9) Z ( ) C’»z 7 Z Cks—l 2ks—1+1
v2=0 ks—1=ri+-+rs—2
ks—1—r1——rs_2 e rs_1
Z ( )rs 107‘s 1 . ps c Do _
ks—1—T1——Ts_2 ri4otrs 1+l T
rs—1=0 b
rs—1,_—(rid-4rs—14+1)
ZF(kl, ,k‘s_l,’l"l,... ,rs_l)pgl---p2 pl , Say.
k,r

From (4.6) and (4.9) we get

ZF (kiy.oo s kso1,m1,000m51) Z ps Z Py

L1<ps<L-> Ps<ps—1<La2

1 x
(410) . Z p"" -1 Z T1+"'+’“s—1+1¢<p1 -p 7ps>-
1 s

p3<p2<L2 p2<p1<L>

Let 1
- og(a:/pi+1"'p3), 5i:§(ui), i=1,2,...,5—1,
log ps log ps

Note that s <loggz and L; < p; < Ly. We then get

2log x 1/2 logs 1
(4.11)  w; = 1+0 , logu;= 3 log, x + O(logs ).

log, log,

Thus from this and (3.3) we obtain
(4.12) &(ur) = (1/2)log, « + O(logs x), i=1,2,...,s—1

From (3.2), (4.11) and (4.12) we have exp(§(u;) —&(us—1)) = 1+ O(logs x/ log, ).
So &(u;) = &(us—1) + O(logs x/logzx), and therefore §; = 0 + O(logs x/(log ps -
log, x)), where § = §;_;. Hence for Ly < p < Ly we have

(4.13) p’ = p’ (1 + O(logz v/ log, z))
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By Lemma 5 and (4.13) we have

» D
;‘1+ +rs—1+1 P Ps s

p2<p1<L>

— T Z 1 1 140 log, L/2
Yl p, P I R log =

p2<p1<L2

T L2 1 log, 1/2
() [, g (1ro((225) )

T 1 1
=y »Ps R R S
pl...ps 7'-1+...+7'-s_1+1 p21 s—1 M

rietrs_1+1—0
(o) +o((2) )
log, x Lo

where M = ((1/2)log z - log, )'/?, So (4.10) becomes

o F(k‘l, ,k:s,l,rl,... ,Tsfl) r
G3_Z PiA e 4req+1 Z ps’ Z

k,r L1<ps<L-> Ps<ps—1<L2
Z 1 T
rz DR Tls 2 .
ps_l Z p T1+"'+7’s—2+1*6M,¢} p2 ...ps’ps
pa<p3<Lo p3<p2<Ly 2

1 ri+-trs—1+1-0
(o) ~o((2) )
1 0gs T L2

Proceeding analogously, finally we have

F(kl,...,k‘s_l,rl,...,7“3_1) 1 (CE )
Gs = LolZ ).
3 Z(7”1+--'+T3_1+1)-'-(7“1+1) Z psw p

k,r L1<p.<Ls Ps
pgr—l)d 10g3 .
B (1 0(sp)) o (S e
where

F(kl,... ,k‘s,l,rl,... ,7'371)
4.14 j = -
( ) G3J Z(r1+ "+7'371+1)"'(7°1+"‘+7's—j+1)M]

kyy
r r rs—j+1
oo > P > Pi
Li<ps<L> Ps<ps—1<L2 pj+3<pj+2<Lo
1 T )
E . . rit4rs—j+1—340
’l“1+---+7“s,j,1+17j5,¢} Pyt ___psaps (7"]+1/L2) .

pj+2<pj+1<Ls Pjt+1

From (3.2) and (3.3) we have pi* "% - M—(=1) = 1 4 O(slog, =/ log, z), so that

1 T logs x
(415)  Gs=D, > p—d}(p—,ps> (1+0< - g3 )) +O<ZG31>
Li<ps<L*? 8 2 ®
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where
) k1 riry 00 r1 ka—r1 ro VT2
1 ( ) 1Ck1 Ckz (_ ) 2Ck2 r1
(4.16) D, = Z ok1+1 Z 1 Z oka+1 Z Mt t+1
k1=0 ko=r1 ro=0
ritotrs—2 kg_1—ri——rs_ . Ts—
f: Cki—l ’ ' 7’12: e ( )T IC 1 ri——Ts_2
ks—1+1 - ’
ks—1=ri+-+rs_2 2t rs—1=0 mt + s+l
Next we show
s—1)

(4.17) Gy <R, (j=1,2,...,

1/2
Let L) :exp{<%log xlog, a:) <1+19%2§3§>},

D:{(ps:---:pj+1)|L1 <ps< ‘<Pj+1SL2},

Dy = {(ps;--- ,pj+1) | L1 <ps < -+ < pjy1 < L},
Doy = {(ps,--- »pj+1) | L1 <ps <+ < ps—py1 < Loy, Ly <psyp < -+
< Pjy1 < Lo},
D3 ={(ps;.--,pj+1) | Ly <ps < -+ <pjs1 < Lo}
So we may put
s—j—1

YT Y Ty

(D)  (D1) t=1 (D2:) (Ds)

Now we come to the estimation of ), . Since pji1/L2 <1, by using Lemma 6

we obtain
kl; .. ks larla"'yrsfl) r
> <<Z =D DI A
(Dar) (oo dre b D) b H DM, S

1 T
Z T1+---+Tt71+17(57t)6,¢} Ps—t+1 """ Ps 'Ps

Ps—t+2<ps—t4+1<Lh Fs—t+1
i 1—(s—t)d
(Dot /L)1 = (0709,

From this we know that
kl: e 7’957177“17 e ;7‘871)

Z<<Z T1+ +7-871+1)...(7-1_+_1)st1'

(D21) k,r

1 D ri+1—(s—1)4
Z 1—(s— 161/} i
Li<p.<L'2 Ps 2
1 /(= Lo\ e=e 1 [z
<0 ¥ () (B ) 0, % (L) <n
S S LI S s
Li<pn <L”p p p p
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1/2
where L, = exp{ (% log z log, a:) (1 + 1.89;352 i) }

By the same argument as before, we obtain that Z(D2i) < R. Also, it is evident
that

1 T LI riteetrs—j+1—j—0
Z < DS Z _1/} —Ps =2 < R7
(D1) Ps Ps L2

Li<p, <L}
1 T
(D) Ly<po<L, Vs \Ps

Thus it follows that (4.17) is true. So (4.15) becomes

1 1
(4.18) G:=D, Y. —zﬁ(i,ps) (1 + 0<sl(”5—3”3>>.
Li<p.<Ls Ds Ds 08y T

Next we come to the estimation of G4 in (4.5). By the definition of 3(m), we have
1 T
ZEED YD S D SETED DD S L
L1<ps<L2p<ps ps<ps—1<L2 p3<p2<Lzp2<p1<L: P1 h1 Ps,P

Let

o= log(z/pit1 - psp) 5 — §(u)
i log ps Y log ps’

As for p% of (4.13) we similarly obtain p% = p? (1 4+ O(log, / log, x)), for L; <
p < Lo. By this and Lemma 5 we have

1 x . 1
Z E¢<m:ps>—l/’<m;ps> Z 3f{si(l-ﬂ)(l))

p2<p1<Lz p2<p1<Lo P1

T 1
= ,Ds . 7 1+01 .
¢<m-~mpp> 2@*¢M( )

Proceeding as before, we have finally

1 1 L
(419)  Gi= 5 > WZW<

Li1<ps<Ls Ps P<ps

5 =6 .

) (L o(1)

Ly <p.<Lo P5 p<ps
1 1 T
<z X ov( ) asom)
Li<p.<L, s \Ps

Now we show

(4.20) Gy € R, (1 =2,3,...,5).
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We have

o X E M)

L0 e p, D<pi<La b1 \P1p2
1
P Y Y pe(pmm) =Xy
pzSL}/m Li<p1<L->
By Lemma 6 we get

1 Ly
21:<< > w(i,m) Y. E < ‘/’Q ’pS>L110gL1

Ly <pa<Ly Li<p<L,P1 1/10< 2<Ly

where A; = ;5<M>. From (3.2) and (3.3) we have

log p2 log p2
Lyt 1 [logz 1 (log L2)/(log pa)
| 1 Cl_
log Ly < log L, <log Py 2 082 a:) < (logy )

By Lemma 1 we have
c 1 z
S<tonn® Y Lo(Znm)<r
1 1710 p2 b2
L) "<p2<Ly
Using Lemma 2 and (1.7) we obtain

LIPS iu}(%i/w)

pa<LM/10 Li<pi<Ls P11 \P1P2

< zexp{—4(log zlog, z)'/?} Z

1/10

1
> p—%<<R.

p Li<p1<L>

p2<L;
Hence, we have

(4.21) G2 < R.

Let Aj = 10g1pj£<10g(ic0/’gp;;--pj)>_ By Lemma 6 we have

Goj= > > Y ilﬁ( = ,:Ib‘)

o
p;<Lipj<p; <Lz  pa<p<Ly P1 P17 Pi

<<EZ---Z¢<$,pj>Z%

(4-22) P <L1pj<pj—1<L2 p3<p2<L> P2 pj p2<p1<Ls P1

SN S M Lk

pi<Lip;<pj—1<L2 p3<p2<L2> P2 P2 P

< (10g2 CE)CI G27]’_1.
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From (4.21) and (4.22). we can derive (4.20).
Next we come the estimation of G'1;. Changing the order of summation gives
1 x
Guy= 2, > X o)
L1<pj<Lspj<pj—1<Ls  p2<pi<La® ' ! J=1Fj
Using Lemma 6 repeatedly, we get
1S 1 x
G1j < (log, x) > 171/1 R

J

Li<p;<Ly*J
(4.23) st

1 T 1
< (logy 2)5 )~ flﬁ(f,pj) T KR
L1<p;<L- Pj pj p;

From (4.5), (4.18), (4.20) and (4.23), and noting that 1/2 < Ds; < 1 (see (4.30)
below), we obtain

1 1 1
G@)=D, ¥ —1/1<£,ps> <1+0<1°g—3”“°> +0<§>>.
Li<ps<Ls Ds Ds 0go T

Now if we put s = sp = [logg 2/ log 2], we have

(4.24) G(x)=Ds Y %‘ﬁ(%’p) (HO(izii))’

Li<p<L>

where Dy is defined as in (4.16).

To finish the proof of the theorem is remains to simplify the expression for
D,,. We shall use the following three formulas:

— ghirtt ¢ k—h_h
4.2 -)'Cp_,——— = 1- - d
(4.25) SV Gy = [, (e,
k—h 1
4.26 )" Cr_p——— = (k+ 1) (O
(4.26) > Oy = kD ED
e’} 1
1 2 "
4.27 _ = dx.
(4.27) ];2k+1(k+1) /0 1—z""
By (4.26) and (4.27), we have
Pl e o kg q—T1——Ts_ e re_
f: ki_z ’ ' 7"12: o2 (_1) 10193_1_“_..._“_2
ko_1+1
ks—1=r1+-+rs_2 28 rs—1=0 et tretl
00 1 %mTH—"'-H‘s—z
1
_ _ da; .
O e I A e

ks—1=ri1+-+rs_2
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y (4.25) and (4.8) we further have

0o r14-+rs—3 ks_o—ri—-—rs_3
> a2
ks —2+1
ks _o=r14--+rs_3 rs—2=0

dl‘l

re_os—2 5 it trso2
(=1)r Crl s /2 ] -
0

P | 1—a

Pty 1
2ks—2+1 zi(l—z
ks_2=ri+--+rs_3 0 1( 1)

Tl
/ (1 _ 1.2)10572*7‘17---7r373m;1+"'+7‘s—3d1_2
0

1 d, z1 7"1+ +rs—3
= dzs
/; "rl(]- — 1’1) /; (1 + 1-2)T1+ +rs—3+1

Proceeding as before, finally we have

1 xs—3 2g—2
D 2 dzy /ml d$2/1+m2 d5l73 /1+”s—3 d$3_2/1+“”s—2 dCUS_l >
- e — “ e [ — . 8
s I -
o r1(l—=1)Jo 0 Ts—2 Jo L+z,
If we put
Il ol 2!
g =2, 2y = 22, 25 = Tita®s ) 1 s—1
=T = T1Ty = 5—
’ ’ 1+ a2z, 7 L+ afay + oy aly
we then have
(4.28)
i 1 1 1
2 dxy drs_1
Ds:/ / dl’z/ dl'sfz/ § 7323
o L—2z1 Jp 0 o l+zi2 4421245

From this, it is easy to see that

1
2

0<Ds+1<Ds<D2:/
o 1—2x

Hence

(4.29) D = lim D,

§—00

exists. Obviously, we have

=log 2, (s=3,4,---

53

3.

1
Ds—Dgyq </2 dzy /dmz /dar:S 2/:1:1 -Ts_1dTs 1—<10g2——> —(s—1)
1— 2

Hence
Dg > D3 — (log 2 — (1/2)) - 271
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Since

1 1

2 log(1l + =1) /5 1 2?2 2} oz} b 2f
D3 = ———=dz; > —_— ——+———4+———|dz = 0.6140
3 /0 (o) ™2 mi—a\"T 23 T T T ) ’
so that
(4.30) 05174 < D < D, <log 2, (s>3).

Also, it is evident that

e > 1 1 s—1
0<D80_D: Z(Ds_Ds-i-l)S Z<10g2—§> . <§>

s=50 s=s0
= (4log 2 —2)-27%.

Recalling that Sy = [logs 2/ log 2] we obtain

(4.31) D,, = D+ O(1/ log, ).

From this and (4.24), the theorem follows.

5. Proofs of Theorems 2, 3 and 4. Proof of Theorem2. We shall only
sketch the proof of Theorem 2. As for G(z) in (4.5) we obtain similarly

_ wn) _ 1
W(m)._zw_ 3 > oy P

2<n<zx L<p1<Lz L1<p2<p1 Li1<ps<ps—1

> w(m)+0< ) D DT S i%

m<z/p1--ps,p(m)<ps L1<p1<Lz L1<p2<p1 L1<ps<ps—1 p
S wmpn)) +O(SR =W+ 0(s) + OSE), sa.
m<z/p1+ps,p(m)<ps
where R is defined in Section 4. By[8], Lemma 6, we have
1
TRSED DD DERRIND pEeL
L<pi <Lz L1<p2<p1 L1<ps<ps—1
1/2 1/2
" x " 2log x / 140 logs —Gy 2log x / 140 logs .
P Ps log, logax log, logax
By the definition of 3(m) and by Lemma 6 of [8], we have

(5.3) W< Y oo > pi%Zp-

Li<p1<Lz2 L1<p2<p1 Li<ps<ps—1

log z 1/2
Z w(m') < G4< ) .
log,

m/<z/p1--psp,p(m')<ps
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From (5.1), (5.2) and (5.3) the theorem follows.

Proofs of Theorems 3 and 4 are similar to the proof of Theorem 2, but they

use Theorem 1 of [8] and Lemma 5 of [8] instead of Lemma 6 of [8], recpectively.

1]

(10]
[11]

[12]

I express my thanks to Professor A. Ivi¢ for his valuable help.
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