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O RAZREXIMOSTI NELINE�NYH URAVNENI�

I. M. Lavrente~v, R. Xqepanoviq

Rez�me. V danno� stat~e rassmatrivaets� vopros razreximosti neline�nyh
uravneni� tipa Gammerxte�na v gil~bertovyh prostranstvah.

Pust~ H vewestvrnnoe gil~bertovo prostranstvo, F neline�ny� op-
erator iz H v H i S line�ny� ograniqeny� operator de�stvu�wi� v H.
Uravnenie

(1) x+ SF (x) = 0

nazyvaets� uravneniem tipa Gammerxte�na. V danno� stat~e pri izu-
qenii uravneni� (1) ispol~zovzn variacionny� metod. Pri �tom my
otkazyvaems� ot trebovani� slabo� polunepreryvnosti snizu funkcio-
nala f , gradf = F i ograniqeni� na spektr operatora S (sm. raboty M.
M. Va�nberga, F. Braudera, H. Brezisa, V. Petrixina).

Pust~ H = H1 � H2, gde H1 i H2 podprostranstva H. Uslovims�
pisat~ z = (x; y), esli z = x + y, x 2 H1, y 2 H2. Pust~ F : G ! H,
Gi = G \Hi 6= ;, i = 1; 2 i z0 = (x0; y0), x0 2 G1, y0 2 G2.

Opredelenie 1. Otobra�enie F : H ! H nazyvaets� monotonnym
na mno�estve � � H, esli dl� l�byh x; y 2 � vypol�ets� neravenstvo
(F (x)�F (y); x�y) � 0, i strogo monotonnym, esli ravenstvo vypoln�ets�
lix~ pri x = y.

Opredelenie 2. My ska�em qto operator F obladaet svo�stvom (�) v
toqke z0, esli vypolneny uslovi�: kakovy by ne byli posledovatel~nosti
fxng � G1 xn ! x0, x0 2 G1 ftng � R, tn ! 0 i vektor y0+�k 2 G2, 0 � � < Æ,
F (xn; y0 + tnk) * F (x0; y0), n ! +1. Operator F obladaet svo�stvom (�)
na mno�estve G, esli on obladaet svo�stvom (�) v ka�do� toqke �togo
mno�estva.
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Opredelenie 3. Operator F : G ! H, G � H nazyvaets� slabo
ograniqennym na mno�estve G, esli dl� vs�kogo fiksirovannogo u 2 H
suwestvuet posto�]nna� Lu taka� qto j(F (z); U)j � Lu.

Opredelenie 4. Funkcional F (z) nazyvaets� hemiograniqennym na
mno�estve G prostranstva H, esli dl� l�byh z; u 2 G takih qto z+tu 2 G,
0 � t � 1 suwestvuet posto�nna� C > 0 taka� qto jf(z + tu)j � C, 0 � t � 1.

Pust~ F (z) = gradf(z). Polo�im F1(z) = P1(z), F2(z) = P2(z)
gde P1 i P2 operatory proektirovani� na podprostranstva H1 i H2

sootvetstvenno.

Teorema 1. Pust~ vypolneny uslovi�:
1) Dl� l�bogo y 2 H2 : F (x+ h; y)� f(x; y)� (F1(x; y); h) � �y(khk), x; y 2 H1,
gde funkci� �y(t) > 0 priqem iz togo qto lim

n!1
sup�y(tn) � 0 sleduet tn ! 0.

2) Dl� ka�dogo x 2 H1 funkcional f(x; y) slabo polunepreryven sverhu po
y 2 H2.
3) Dl� ka�dogo y 2 H2 suwestvuet DRy(ay) � H1 takoe qto (F1(ay +
h; y); h) > 0, esli khk � Ry, priqem funkcional Ry hemiograniqen i Dr(a) =
fx : kx� ak � r; r > 0; x 2 H1g.
4) sup

kxk�Ry

f(x; y) � !(y) gde !(y)! �1, kyk ! 1.

5) Operator F2(x; y) obladaet svo�stvom (�) v H, priqem na ka�dom
ograniqennom mno�estve G � H operator F2(x; y) slabo ograniqen.

Togda suwestvuet z0 2 H takoe qto F (z0) = 0.

Dokazatel~stvo. Pust~ y 2 H2 fiksirovan. Polo�im '(x) = f(x; y),
x 2 H1. Netrudno videt~ qto funkcional '(x) na podprostranstve H1

slabo polunepreryven snizu. V silu uslovi� 3) teoremy sleduet (9�(y) �
H1; �(y) 2 DRy (ay))('(�(y)) � '(x), esli kx � ayk � Ry). Ots�da sleduet
qto F1(�(y); y) = 0.

Pust~  (y) = f(�(y); y), y 2 H2. Polo�im qto funkcional  (y)
slabo polunepreryven sverhu na podprostransrve H2, priqem  (y)! �1
kyk != 1. De�stvitel~no, pust~ fyng � H2, yn * y0 2 H2. Togda
lim
n!1

sup (yn) � lim
n!1

sup f(�(y0); yn) � f(�(y0); y0) =  (y0). Dalee

 (y) = f(�(y); y) � sup
n!1

f(x; y) � !(y):

Tak kak !(y) ! �1, kyk ! +1 to  (y) ! �1, kyk ! +1. Takim obrazom
utver�denie dokazano.

Ots�da sleduet qto suwestvuet vektor y0 2 H2, tako� qto dl�
ka�dogo y 2 H2 imeet mesto neravenstvo  (y) �  (y0).

Poka�em teper~ qto dl� l�byh y0; k 2 H2 i l�bo� posledova-
tel~nosti tn 2 R, tn ! 0, n! +1, �(y0 + Tnk)! �(y0). V samom dele
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(2)

 (y0 + tnk)�  (y0) = f(�(y0 + tnk)� f(�(y0); y0)+

+f(�(y0 + tnk); y0 + tnk)� f(�(y0 + tnk); y0) = f(�(y0 + tnk); y0)�

�f(�(y0); y0)� (F1(�(y0); y0); �(y0 + tnk)� �(y0))+

+f(�(y0 + tnk); y0 + tnk)� f(�(y0 + tNk); y0) �

� �y0(k�(y0 + tnk)� �(y0)k) + +tN (F2(�(y0 + tnk); y0 + �ntnk); k);

�n 2 [0; 1]:

Tak kak dl� ka�dogo n 2 N k�(y0 + tnk)k � Ry0+tnk � C, to v silu
uslovi� 5) teoremy suwestvuet posto�nna� Lk taka� qto jF2(�(y0+tnk); y0+
�ntnk) � Lk. Po�tomu tn(F2(�(y0 + tnk); y0 + �ntnk)f)! 0, n!1. Oc�da i
iz (2) poluqaem

lim
n!1

sup�y0(k�(y0 + tnk)� �(y0)k) � lim
n!1

sup( (y0 + tnk)�  (y0)�

� tn(F2(�(y0 + tnk); y0 + �ntnk)k)) = lim
n!1

sup( (y0 + tnk) (y0)) � 0;

t. e. k�(y0 + tnk)� �(y0)k ! 0, n! +1.

Doka�em qto F2(�(y0); y0) = 0. De�stvitel~no, pust~ vektor k 2 H2

proizvol~no fiksirovan i ftng � R proizvol~na� posledovatel~nost~
taka� qto tn ! 0, n!1. Imeem

0 �  (y0 + tnk)�  (y0) = f(�(y0 + tnk); y0 + tnk)� f(�(y0)y0) �

� f(�(y0 + tnk); y0 + tnk)� f(�(y0 + tnk); y0) =

tn(F2(�(y0 + tnk); y0 + �ntnk); k);

ili (F2(�(y0 + tnK); y0 + tnk); y0 + �ntnk); k) � 0. Pust~ n ! 1. Togda
�(y0 + tnk) ! �(y0), y0 + �ntnk ! y0. Tak kak otobra�enie F2 obladaet
svo�stvom (�), to (F2(�(y0 + tnk); y0 + �ntnk); k)! (F2(�(y0); y0); k), po�tomu
(F2(�(y0); y0)k) � 0. Ots�da v silu proizvol~nosti vektora k 2 H2,
poluqaem F2(�(y0); y0) = 0. Polo�im z0 = �(y0) + y0. Tak kak dl� l�bogo
z = (x; y), x 2 H1, y 2 H2, F (z) = F1(z) + F2(z), to F (z0) = 0. To teorema
dokazana.

Zameqanie 1. Esli v uslovi�h teoremy 1 zanenit~ uslovie 3)
usloviem 30): Dl� ka�dogo x 2 H2 suweatvuet DRy (ay) � H1 i xy 2 DRy (ay)
takie qto f(x; y) > f(xy; y) dl� l�bogo x 2 @DRy (ay), gde @Dr(a) granica
ot DR(a), togda utver�denie teoremy sohran��ts�.

Primer. Rassmotrim v prostranstve R2 funkcional f(x; y) = x2 �
xy=4 � y2. Poka�em qto �tot funkcional udovletvor�et vsem uslovi�m
teoremy 1. Netrudno videt~ qto proverki nu�da�ts� lix~ uslovi� 1),
3) i 4). Imeem f(x+ h; y)� f(x; y)� (1(x; y); h) = h2, t. e. �y(t) = t2. Dalee,

polo�im ay = 0, Ry =

�
jyj=8; y 6= 0

Æ; y = 0(Æ > 0)
, �(y) = 0. Ots�da sleduet
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(F � 1(h; y); h) = 2h2 � hy=4 = 2(h2 � hy=8) > 0, esli jhj > Ry. Pust~
!(y) = 63y2=64�yjyj=32, y 6= 0. Togda f(x; y) � !(y), dl� jxj < jyj=8. Tak kak
!(y)! �1, jyj ! +1 to uslovie 4) teoremy vypolneno.

Pust~ vypolneno uslovie 30). Polo�im ay = 0, xy = 0 i Ry =�
jyj=2; y 6= 0

Æ; y = 0 (Æ > 0)
. Proverim qto dl� vs�kogo x 2 @DRy (0) f(x; y) >

f(0; y). De�stvitel~no, x 2 DRy(0) sleduet x1 = jyj=2 ili x2 = �jyj=2,
f(x1; y) > (f(0; y), y 2 R. Analogiqno mo�no proverit~, qto f(x2; y) >
f(0; y), y 2 R.

Zameqanie 2. Mo�no pokazat~, qto uravnenie F (z) = 0 imeet edin-
stvennoe rexenie, esli:
a) Dl� ka�dogo x 2 H1 operator �F2(x; y) strogo monotonny� po y 2 H2,
b) Dl� ka�dogo y 2 H2 operator F1(x; y) strogo monotonny� po x 2 H1.

Pust~ S line�ny� ograniqenny� samosopr��enny� operator de�-
stvu�wi� v prostranstve H, priqem � = inf(Sz; z) < 0, � = sup(Sz; z) > 0,
kzk = 1. Oboznaqim qerez Et razlo�enie edinicy operatora S. Togda
E(�) = E� � E0 = P1 est~ operator ortogonal~nogo proektirovani� iz
H na invariantnoe podprostranstvo H1 � H kotoroe privodit S. Pust~
P2 operator ortogonal~nogo proektirovani� iz H na H 	 H1. Polo�im
A = (jSj+ S)=2, B = (jSj � S)=2, T = A2 �B2.

Teorema 2. Pust~ vypolneny uslovi�:
1) f(x+ h; y)� f(x; y)� (F (x; y); h) � 
y(khk), x; h 2 H1, y 2 H2; t2=(2kAk2) +

y(t) > 0, esli t > 0; 
y nepreryvno ubyvaet i 
y(0) = 0.
2) Dl� ka�dogo y 2 H1 funkcional �kyk2=2 + F (Ax;By) slabo polunepre-
ryvven sverhu po y 2 H2.
3) Dl� ka�dogo y 2 H2 suwestvuet Ry > 0 : (F1(Ax;By); AX) > �kxk2, esli
kxk � Ry).
4) sup

kxk�Ry

f(x;By) � !(y), gde R2
y=2� kxk2=2 + !(y)! �1, kyk ! 1.

5) Otobro�enie �2(y) = �y + BF2(Ax;By) obladaet svo�stvom (�) v H,
priqem na ka�dom ograniqenom mno�estve G � h �2(x; y) slabo ogra-
niqeno. Togda suwestvuet z0 2 H takoe qto z0 + TF (z0) = 0.

Dokazatel~stvo. Rassmotrim funkcional '(x; y) = kxk2=2 � kyk2 +
f(Ax;By) x 2 H � 1, y 2 H2. Dl� ka�dogo y 2 H2 imeem

'(x + h; y)� '(x; y)� (x+AF1(Ax;By); h) = khk2=2 + f(Ax+Ah;By)�

� f(Ax;By)� (F1(Ax;By); Ah) � khk2=2 + 
y(kAhk) � khk2=2 + 
y(kAk � khk):

Polo�im �y(t) = t2=(2kAk2) + 
y(t). Togda funkci� �y(t) udovletvor�et
uslovi� 1) teoremy 1.

Pust~ �1(x; y) = x+AF1(Ax;By). Imeem: Dl� ka�dogo y 2 H2 suwest-
vuet Ry > 0, takoe qto (�1(x; y); x) = kxk2=2 + (F1(Ax;By); Ax) > 0, esli
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kxk � Ry. Dalee

sup
kxk�Ry

'(x; y) = sup
kxk�Ry

fkxk2=2� kyk2=2 + f(Ax;By)g � (R2
y � kyk2)=2 + !(y):

Tak kak R2
y=2 � kyk2=2 + !(y) ! 1, kyk ! +1, to sup

kxk�Ry

'(x; y) ! �1,

kyk ! +1.

My pokazali qto vypolneny vse uslovi� teoremy 1. Sledovatel~no
suwestvuet: (x0; y0) 2 H : x0 + AF1(Ax0; By0) = 0, �y0 + BF2(Ax0; By0) =
0. Primen�� k dannym uravneni�m operator A � B poluqim Ax0 +
A2F1(Ax0; By0) = 0, by0 �B2F2(Ax0; By0) = 0. Ots�da sleduet Ax0 +By0 +
(A2�B2)F (Ax0; By0) = 0. Polaga� z0 = Ax0+ by0, poluqim z0+TF (z0) = 0,
Teorema dokazana.

Zameqanie 3. Uslovie 2) teoremy 2 mo�no zamenit~ usloviem (8x 2
H1)((F2(Ax;By1)�F2(Ax;By2), By1�By2 � ky1�y2k2, y1; y2 2 H2). Poka�em
qto operator �2(x; y) = y�BF2(Ax;By) monotonny� po y. De�stvitel~no,

(8x 2 H1)(8y1; y2 2 H2)((�2(x; y1)��2(x; y2); y1 � y2) =

= ky1 � y2k
2 � (F2(Ax;By1)� F2(Ax;By2); By1 �By2) � 0):

Tak kak operator �2(x; y) { monotony�, to funkcional �kyk2=2+f(Ax;By)
slabo polunepreryven sverhu po y.

Zameqenie 4. V uslovii 2) teoremy 2 my trebovali slabu� pol-
unepreryvnost~ sverhu funkcionala �kyk2=2+ f(Ax;By) po y. �to budet,
naprimer, v sledu�wem sluqae: a) Funkcional kyk

2=2 + f(y) slabopol-
unepreryven sverhu po y 2 H2. b) Qast~ otricatel~nogo spektra op-
eratora B le�awa� levee �1, sostoit iz koneqnogo qisla sobstvennyh
znaqeni�, ka�doe iz kotoryh imeet koneqnu� kratnost~.

De�stvitel~no, pust~ yn ! y0, n!1. Togda

�kyk2+ f(Ax;Byn) = �kAx+Bynk
2=2+ f(Ax;Byn)�kyk

2=2+ kAx+Bynk
2=2:

Tak kak Ax +Byn * Ax+By0, n! +1, to

lim
n!1

sup(�kAx+Bynk
2 + f(Ax;Byn)) � �kAx;By0k

2=2 + f(Ax;By0):

Dalee, polo�im yn = y0 + hn, hn * 0. Sleduet

�kynk
2=2 + kAx+Bynk

2 = �ky0 + hnk
2=2 + kAx+By0 +Bhnk

2=2 =

= �ky0k
2=2� (y0; hn)� khnk

2=2 + kAx+By0k
2=2+

+ (Ax+By0; Bhn) + kBhnk
2=2 =

= �ky0k
2=2 + kAx+By0k

2=2� (y0; hn)+

+ (Ax+By0; Bhn) + 1=2 � (�khnk
2 + kBhnk

2):
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Tak kak (y0; hn)! 0, (Ax +By0; Bhn)! 0; B = B(�1;�1) �B[�1;0), to

Bhn = B(�1;�1)hn +B[�1;0)hn; kBhnk
2 = kB(�1;�1)hnk

2 + kB[�1;0)hnk
2:

Tak kak kB[�1;0)hnk
2 � khnk2 i kB(�1;�1)hnk

2 ! 0, to lim
n!1

sup(�khnk2 +

kBHnk2 � 0. Po�tomu

lim
n!1

sup(�khnk
2=2 + f(Ax;Byn)) � �kAx+By0k

2=2 + f(Ax;By0)�

�ky0k
2=2 + kAx+By0k

2=2 = �ky0k
2=2 + f(Ax;By0):
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