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ON EXTRAPOLATION OF MOVING AVERAGE AND
AUTOREGRESSIVE PROCESSES

Pavle Mladenovié

1. Introduction

Let X (s) = (X1(s),... ,Xn(s)), s € R, be amultidimensional wide sense sta-
tionary random process with the mean value zero, spectral density matrix || f5;, (A)||
and spectral process Z%(A\) = (ZF(A),...,Z%(A)), A € R. Suppose we know the
values of the process X (s) on the finite interval [t — T,¢]. The problem of linear
extrapolation of stationary random process X (s) at the point ¢t + 7, 7 > 0, can be
formulated as follows: Find the random variable

n +00
XitnT) =) / e ®(N) dZE () (1.1)
k=1

— 00

which is the linear least-squares estimator of X (¢ + 7) given X(s), t — T < s <
t, k = 1,2,...,n. The function (®;(A),...,®,(N)) will be called the spectral
characteristic for extrapolation of the process X (s) at the pont ¢t + 7. Let H(X)
denote the Hilbert space generated by {Xj(s),—oc0 < s < +00, k =1,2,...,n},
and H(X,t,T)-the smallest Hilbert space spanned by {Xi(s)t - T < s < t,
k=1,2...,n}. Then, X, (t,7,T) is the projection of X, (t + 7) into H(X,t,T).

For the class of stationary random processes X (s) = (X1(s),... , Xn(s)) hav-
ing the nonsingular spectral density matrix || fjx(A)||, where all f;;(X) are rational
functions of A, this extrapolation problem was studied in [6].

Now, let X(s) = (X1(s),...,Xn(s)) and Y(s) = (Y1(s),...,Y,(s)) be two
multidimensional stationary random processes satisfying the following equation

N
Y(S):ZG/VX(S_VG)) G/OZ]-, G/VER, 9>0 (12)
v=0
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and let the roots of the equation
MW ta AN+ fay A+ay =0 (1.3)

be smaller than one in absolute value. Then,
o0
Xi(s) = _cYi(s —vh), k=1,2,...,n, (1.4)
v=0

when the series on the right side of (1.4) converges in quadratic mean and the
coefficients ¢, satisfy the homogeneous difference equations

aoci + aicp_1 +---+anc,_n =0, k>N (1.5)

and the initial conditions
co =1, apcg +aickp—1 +---+arco =0, 0 <k < N. (1.6)
If || ]),‘;(/\)H and || %(A)H are the spectral matrices of the processes X (s) and Y'(s),

then we have
N

a efiVG)\
E v

v=0

2

Je(A) = ). (1.7)

In this paper we shall find:

I) the linear least-squares estimator Y; (t,7,T) of Yi(t + 7) given the values
Yi(s),t =T < s <t k=12,...,n, if X(s)is a nonsingular process with a
rational spectrum,

IT) the linear least-squares estimator X, (¢, 7, T) of Xy (t+7) given the values
Xp(s), t—T <s<t, k=1,2,...,n,if Y(s) is a nonsingular stationary random
process with a rational spectrum.

For the single processes Y(s) = Yi(s) and X(s) = X;(s) this problem was
studied in [3].

The following lemma will be used:

LeMMA 1. (Yaglom, A. M., [6 275-277]): A function (B1(N),...,®p(N)) is

the spectral characteristic for extrapolation of a stationary random process X (s) at
the point t + 1, 7 > 0, given Xi(s), t =T <s<t, k=1,...,n, if and only if:

+00
1°./ | &, (\) |2 fS (V) d\ <00, k=1,2,...,n (1.8)
2°.;"he functions
(N = (€7 = B (V) fe (V) =D @;(N (N, k=1,2,...,n
j=2 (1.9)

can be represented in the form

brA) = M) + e PP () (1.10)
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where: a1) the function zp(lk) (M) is analytic in the upper half-plane and

asz) as | A |—= oo in the upper half-plane, zb(lk)()\) falls off faster than
[X]7t5, >0,

by) the function 1/11(3)0‘) is analytic in the lower half-plane and

by) as | A |= oo in the lower galf-plane, 1/11(3)(/\) falls off faster than |
A|77E e >0.

3° the functions ®r(N\), k = 1,2,...,n, are analytic functions represented
in the form

Dp(A) =) e Ry, (V) (1.11)

where Ry, (\) are rational functions and 7, € [—T,0].

For a stationary random process with the nonsingular spectral density matrix
| £i(A)]], where all f;z(A) are rational functions of A, we shall use the following
notation

D) = detl (V] = det| B2 | = B,

PA)=A—=61)-(A=0)(A=01)---(A—0L)

and we shall denote the degrees of polynomials Pj;(A), @;;(A), P(A), Q(A), by
2N;;, 2(N;j; —mj), 2K, 2L, respectively.

2. Exstrapolation of moving average processes

THEOREM 2.1. Let X(s) = (Xi(s),...,Xn(s)) be a nonsingular stationary
random process with a rational spectrum, and let Y (s) be given by (1.2) where the
roots of the equations (1.3) are less than one in absolute value. Suppose we know
the values Yyi(s), t—T < s <t, k=1,2,...,n, and suppose T /8 is not an integer.
Denote [T/0] =1 and [T/0] = S.

If S > N, then the spectral characteristic (®Y (\),...,®Y (X)) for extrapo-
lation of a stationary random process Y (s) at the point t + 7 has the following
form:

l l
o) (\) = RN Y chiem™0 4 e MTRI )Y PN k=1,2,... 0 (2.1)
7=0 i—0

where
(é)
)y _ wy,” (A)
B = ) - (- an) 22

and w,(:)()\), i = 1,2 are the polynomials of the degree 2L + my — 1.

Proof. The functions ®¢(\), k = 1,2,... ,n, given by (2.1) and (2.2) have
the form (1.11) and satisfy the condition 1°. of Lemma 1. We shall define the
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coefficients c,g ),c,(f) and the coefficients of the polynomials w,(:) (M) so that these
functions satlsfy the conditions 2° and 3°.

Using (1.7), we have

Ui (N) = (e =Y W) A (N + D B (N (V) =
k=2

= {e s +Z<I>Y W L we™ ] e
=0
Using the following equations
N 2 N N
Zaje*”‘ﬁ = Z bjeM? NeR (2.4)
Jj=0 j=—N

l

N
1 —1 7 iA]
chw ek Z bje™N? = Z apje’ (2.5)
Jj=— =—N-I

j=0
N+l
Z 1)\]9 Z b ez)\jG Z ﬁk ez)\jG (26)
=0
the functions Y (\), m = 1,2,...,n can be represented in the form

Zb A0 X (V) Zwm ) i (V)=

*“TZwkz ) i (A Zxk e (2.7)
where
I+N
'L/Jk,l()\) — Zak] ijo +R Z ﬂk] —T+j40) (28)
7=0 j=Il+1
-1 0
Yra(d) = RO (A Z ;e T 4 RO () Z Brie™?  (2.9)
~N-1 j=—
xx(A\) = R(l) Z Qkj etAif +e_’>‘TR Zﬂk (giM? (2.10)
j=—1

The condition S > N implies the following inequalities

T+j0>0,j=-N, —N+1,... ,N.
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If we define
,(/} Z b ez)\(r+39)fX Zdjk 1 fkm ) (211)
-N
Zz/ﬂk 2(A) fi, (A (2.12)
and if we put
xk(A\) =0, k=1,2,...,n (2.13)

then, the functions 1Y ()\) will have the form (1.10), and the conditions as) and bs)
of Lemma 1. will be satisfied.

The equations (2.13) imply the following equations
ap; =0, j=—1, —l+1,...,—-1, k=1,2,...,n (2.14)
By =0, j=1,2,...,0, k=1,2,...,n (2.15)

If we put c,EO) = cgw) =1, k=1,2,...,n, then, from (2.14) and (2.15) we can
determine

c%) - Céy) == £L (= §1)), J= l (2.16)
cﬁ) = Cg') == 2 (= §2)), J= sl (2.17)
The coefficients of the polynomials wk (A) i=1,2, k=1,...,n (there are

dnL + 2(my + mo + - -- + m,,) of such coefficients) can be found as in [6] so that
the conditions a4 ), Cl2) and 3° are satisfied.

Remark 1: If we consider the following equations
=Y dPX(s-u), o) =1, j=1,2,....n

instead of (1.2) and if the roots of the equations

AV 4PV A+ al) =0, 5=1,2,...,n
are less than one in absolute value, then the spectral characteristic has the form
(2.1). In this case the coefficients c,(clj),cg-), k=1,2,...,n; j=1,2,...,] may be

obtained from the equations (2.14) and (2.15) but the equalities (2.16) and (2.17)
do not hold.

THEOREM 2.2. Let the assumptions be as in Theorem 2.1. If S < N, the
spectral characteristic (&) (N\),... ,®Y (\)) has the form:

l
(I)Y Z 1) 71)\]0 efi)\TR(Q) Z (2) z)\]0 + Z (3) z)\(T+V0
= = (2.18)

l

q,y R(l) Z e~iNI0 —zATR Z (2) Wa k=2,
=0 (2 19)
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where A = {v | =T < 7+v6 < 0} and the functions R,(:) (A) are as in Theorem 2.1.

Proof . In this case we have

N
Z b] iA(T+70) fX ZC t)\(r+u9) Z bjeiAijl):n(/\)

VEA jf N
_ZI/}/@ 1 fk:m - 7ZATZI/} fk:m ZX’«: fkm (220)

where ¥ 1(A), ¥r2(A), xr(A), where given by (2.8)—(2.10). We determine the

coefficients ¢\, v € A, from the condition that the functions e*(7+i0) T <
T+ 70 < 0, are not included in the sum

N N
Z bjei)\(‘r-l—j@)fl)fn()\) _ Z C,(,3)6i>\(T+V9) Z bjeiAijf:n(A)-

j=—N veA j=—N

Then, let us represent this sum as Y, + 3", where the functions e*(7+3%) 74
j8 > 0, are included in ), and the functions M40+ 4 j§ < T, are included
in ) ,. If we define

PN =D NN (2.21)
1 k=1
PP =My - Zwkz ) fisn (N) (2.22)

and if we put again xx(A) =0, k =1,2,... n, the functions 1,,(A) will have the
form (1.10), and the proof is completed as in the previous case.

Remark. The function ®Y (\) given by (2.1), is also given by (2.18), where
A={v|-T<74+v8<0} =2

COROLLARY. If T =16, we have

Y (A ch e” N4 N "k e (2.23)
vEA
Y (A Z crje” Mk =2, (2.24)

This form of the function (®Y (\),...,®Y ())) is obtained if 7' — 16 in (2.18)
and (2.19).

THEOREM 2.3. Let the assumptions be as in Theorem 2.1. Then:
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a) If T/0 is not an integer, we have

nmkll

Yi(t,r,T) = Z{ZZ VY (e - o)+ B Y (¢ - T + )]+
k=1 7=0 j=0
T

+/wk VWelt — s) s}+Zc,(,3)Y1(t+T+V0) (2.25)

0 veA

b) If T =16, Yy(t,7,T) will have the form

n ,mp—1 1

Yi(t,7,T) Z{ S v - i)+

k=1 " v=0 j=0

T
+/wk(s)Yk(t —5) ds} + > kYi(t+ 7+ v) (2.26)
0

vEA

Proof. a) After separating the polynomials from the rational functions
R,(j)()\), i=1,2, k=1,2,...,n, the functions ®Y (\), k =1,... ,n, can be repre-
sented in the form

mk—l l
oy = > Z{Agt]{)ez,\(—w) n B£;)61A(—T+]0)}( YN+ Y e
v=0 J=0 veA (2 27)
mk—l 1
Y A) = Z Z{Alg’;)ei)\(*jﬁ) +B,(c']’.)e“‘(*T+j9)}(i)\)" oV, k=2,...n.
=0 =0 (2.28)

+o0
Then, [ | @r(A\) |> dX < oo, k=1,...,n, and as | A |= oo in the lower
— 00

halfplane, the functions () fall off not slower than | A |7, and as | A |= oo in
the upper half-plane, they behave as | A | % eT1™* k > 1. We can easily see that
the Fourier transform Wi (s) of ¢ (\) is equal to zero if s € (—oo, =T U [0, +00)
and consequently we have

T
/e Nwe(s)ds, k=1,2,...,n (2.29)
0

where Wi (—s) = 27 -w(s). The formula (2.25) can be obtained from the equations
(1.1), (2.27), (2.28) and (2.29).

3. Extrapolation of autoregressive processes

THEOREM 3.1. Let Y(s) = (Yi(s),...,Yn(s)) be a nonsingular stationary
random process with a rational spectrum, and X (s) the process given by (1.2), where
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the roots of the equation (1.3) are less than one in absolute value. Suppose we know
the values Xy (s)t — T < s <t, k=1,2,...,n, and T/ is not an integer. Denote
[T/6) =1, [r/6] = S. Then, the spectral characteristic (&% (N\),...,®X(N)) for
extrapolation of the stationary random process X (s) at the point t + 7, 7 > 0 has
the following form:

a) If 0<I< N, then

! l
OX() = RN S cMeiN0 4 =T R (1) 37 D ihit 4§ f8)ik(r—v0)
=0 i=0 veA (3.1)

~

1
(N = R,(ﬁl)(/\)zcgl)efiw +e TR (y) c§2) N0 o
= j=0 (3.2)

b) If | > N, then
N

(I>X R(l) Z a, e*MV& efi)\TR?) (/\) Z a, z)\ue + Z e z)\ (t—v0)
v=0 veB (3 3)
. N .
<I>X (1) Z a,e” M0 4 e*’)‘TR,(f) N Z a, e k=2 ... n.
v=0 (34)

The functions R,(ci)()\) are rational functions as in Theorem 2.1 and
A={v|-T<1t-v0<0}, Blv|-T<71—v8, v<N}

Theorem 3.1 can be proved in the same way as Theorems 2.1 and 2.2 and
then we have the following result:

THEOREM 3.2. Under the assumptions of the Theorem 3.1. we have:
a) If 0 <1< N, then the linear least-squares estimator X,(t,7,T) of X,
(t + 7) has the following form

nmkll

Xi(t,7,T) = Z{ZZ VXMt - j0) + BY XY (- T + j6)]+
k=1" v=0 j=0
T

+ /wk(s)Xk(t —5) ds} + > X (t+T—vh). (35)

Y vEA

b) If 1> N, then

nmkll

X (t,7,T) Z{ ST S AY X (- 38) + BY XY (¢ - T + )]+

k=1" v=0 j=0

T
+ /wk(s)Xk(t— s) ds} +> X (t+7—vh). (3.6)

o vEB
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Remark 2: f mqy = mo = --- = m = 1 then the predictor formulae (2.25),
(2.26), (3.5) and (3.6) would not involve differentiation.

Ezample. Let z;(t) and z5(t) be two independent stationary random pro-
cesses with the rational spectral densities fi(\) = (A2 +1)7%, fo(A) = (A2 +4)7!
and define X1 (t) = x1(¢) + x2(t), Xa(t) = 21(t) + x2(t). Then, (X1(¢), X2(t)) is a
stationary random process with the spectral density matrix

(}\2_'_1)71_'_(/\2 +4)71 (/\2_+_1)71_(/\2 _+_4)71
(}\2_'_1)71_(/\2 +4)71 (/\2_+_1)71+(/\2 _+_4)71
and D(A) =4\ + )71 (A2 +4)"Y 20 =0, 2k =4, m; = ma = 1.

Now, let Y'(t) be the process given by Y (t) = X(t) — X (t—-1), | 8 |< 1,
and suppose we know the values of the process Y (¢) in the interval [—1.5,0]. If we
apply Theorem 2.1. we can find for 7 > 1:

N=1,n=21=1,8S>1,2L+m—1=0

RV = Ky, RP (V) = Kz, RO = ki, RO V) = ke
=K (1+ cgll)e_“‘) +e V2R, (1+ cﬁ)e“‘)
=k(l+ cg?e*i*) +e 3N 2k, (1 4 cg)e”‘)

The equalities (2.5) and (2.6) become

(1+01(611)6*'>‘)(—ﬂ67“‘ F (145 - B = _ﬂcl(cll)€72i)‘+
H(=B+ L+ 8)e)e ™ + (14 82 - Bel)) — ge=?
(1+c](€21)ei>\)(_ﬂe—i>\ +1 +ﬂ2 . ﬂeix) _ _ﬂe—ix+
L+ 57 = BeD) + (=B + (L+ B7)c))e™ — fei) e,

From the equations (2.14) and (2.15) we can find

3 p
=) ek =

and consequently

oY (\) = K, (1 T e“) +e K, (1 t 1 fﬁ2 e“>

BY(\) =k (1 + b e‘“) + 732, (1 + b e“)
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El)()\) :{_/361)\(7'71) + (1 +ﬂ2)ei>\‘r _/Beik(‘r#»l)}{()\Z + 1)72 + (}\2 +4)71}
_{KI <1 + 6 - 1fﬂ2 —ﬁe“> — Koz fﬁ2ei>‘/2}{()\2 + )TN+

2 /62 DN /82 iX/2 2 —1 2 —1
_{k1<1+ﬁ e >—k21+526 }{(A ST (W4
él)()\) :{—ﬂeiA(T_l) + (1 +182)6i>\r _/gei)\(r+l)}{()\2 + 1)—1 _ ()\2 +4)—1}

2 B B iN/2 2 —1 2 —1

K1<1+ﬁ —1+ﬁ2—ﬂ ) Ko e }{(A I
/82 iN/2

ey 1+ﬂ—1+ﬂ2—ﬂ )—szﬂz }{

@ 8% _ixse 2 G2 _i ) 1
(\) = {K11+ﬂ26 N2k, <1+g ~rh e A)}{(A F)T N4

N+DTTEN+497Y

2
5 NPtk <1+ﬁ2 - 1f52—ﬁe“>}{(v+1)1—(A2+4)1}

)}{(A2+1)1—()\2+4)1}
+{—k1 B =N <1+52— B’ _ﬁe—l,\>}{()\ P £ 4)7Y
1+p2 1+ 32

If we define B,gj)(A) = (A2 +1)(\ +4) ,(gj), k;j = 1,2, then the constants
K1, K5, kq, ks can be found from the equations

BW @)y =BV 6E) =0, BM@i)y=-B"2i)=0
BY(=i) = BY) (i) =0, B (-2i)=-BY(-2i)=0
Then,

- 3 3 1
Y1<0;§;T>:K1Y1(0) lfﬁQKlyl( )+K2Y1<—§>+lfﬁ2K2Y1< 2)

+ k1 Y2(0) + lfﬁ2k1Y2( 1) + k2Y5 <—g> + 1fﬂ2k2y2< ;)
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