PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 31 (45) 1982, 23—25

DEFECT AND RADICALS OF A-ENDOMORPHISM NEAR-RINGS
Vuci¢ Dasié¢
(Received October 9, 1980)

In this note we consider some properties of the defect of A-endomorphism
near-rings. It is shown that, if for all f€End, (G) the restriction of f to A is
an endomorphism of the subgroup (A, +), then P2={0}. Let G be a finite direct
sum of minimal E,-invariant subgroups B; (1) and ACB; for some icl. We
show, if every f&End, (G) is of the form f=t+8 (1€End (G), 8&9D), where the
restriction of f to A is an endomorphism of the subgroup (A, +), then the radi-
cals J,, J1, Jo and nil radical v of the near-ring E, (G) are equal to the defect 9.
This generalizes a results of M. Johnson ([3], Prop. 3).

Let M, (G) be a set of all zero preserving mappings of the group (G, +)
into itself and let A be a fully invariant subgroup of G. The mapping f& My (G)
with (A)fCA is called A-endomorphism of the group (G, +) if for all x,yeG
there exists d&=A such that

E+y) =)+ f+d.

IfA={0}, then A-endomorphism f becomes an endomorphism of (G, +).

Denote by End, (G) the multiplicative semigroup of all A-endomorphisms
of (G, +) for which every fully invariant subgroup of (G, +) is invariant. We say
that these subgroups are E-invariant. Let E, (G) be the near-ring whose additive
group is generated by End 4 (G). The normal subgroup < of the group (EA(G),+)
generated by the set

8:8=—-(m+)+"+N)t, h, fEEA(G), t&End,(G)}

is a defect of distributivity of the near-ring E5(G). It is shown in [2] that the defect
of every near-ring R is an ideal of R. The defect 9 depends upon the choice
of the normal subgroup A. It is clear that DC(G, A)y, where (G, A)g is the set
of all zero preserving mappings f : G—A.

Let G be a group and BCG. We define the right annihilator of B by
A(B)={fEE,(G): (b)f=0, for all b&B}. If Bis any Ej-invariant subgroup
of (G, +), then A4 (B) is an ideal of E,(G), that is, an annihilator ideal. The ra-
dical J,(E,(G)) of EA(G) is the intersection of all annihilating ideals of the mi
nimal E,-invariant subgroups. The nil radical v (E,(G)) of EA(G) is the sum of
all nil ideals of E, (G). For definitions of the radicals J; and Jj see [4].

Theorem 1. Let A be a fully invariant subgroup of the group (G, +).
If for all t&End,(G) the restrction of tto A is an endomorphism of (A +), then
2={0}.
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Proof. If &9 and x&EG, then (x)3=d,EA. For all §, ¥ and
xEG, where 8 =2 (fi+0,—f) and 0,= — (ht;+g1)+(h+g)t, (h, g EE,(G),

t,EEnd, (G)), we have
()8 = (d) & = (@) 2 (fi+ 0~ £).

But, (d;)8:=0, because the restriction of #; to A is an endomorphism of A, +).
Thus, (x) 83 =0, i.e. 2?={0}.

Proposition 2. Let A be a fully invariant subgroup of the group
(G,+). If for all t&End, (G) the restriction of t to A is an endomorphism of (A, +)
then EN(G)[n (Ex(G)) is a distributively generated near-ring.

Proof. Using Theorem 1 it follows that the defect 9 is nilpotent. The
nil radical of the near-ring R contains all the nilpotent ideals of R ([4], 5.66
Summary). Hence DC v (E, (G)) and by Corollary of the Theorem 2.6 of [2]
it follows that E,(G)/n(E,(G)) is a distributively generated near-ring.

Theorem 3. Let G be a direct sum of a non-empty collection of minimal
E,-invariant subgroups B; (icB;) and ACB; for some i [. If for all 1= Endy (G)
the restriction of t to A is an endomorphism of the subgroup (A, +), then
N (E5(G))={0}, if and only if A={0}.

Proof. If 7(E,(G))={0}, then by Theorem 1 it follows that DC(EAG))
i.e. 2={0}. Hence A={0}, for if As{0}, then it must be that 95-{0}. Namely,
the mapping f&(G, A)y with

_ (0, if xEG\A
)7 {x, if x€A

is a nonzero A-endomorphism, but is not an endomorphism of the group (G, +)
Conversely, if A={0}, then E,(G)=E(G). Hence, by Proposition 3 of [3],
it follows that n(E, (G))={0} and the theorem is proved.

If Ais a fully inveriant subgroup of (G, +), then the mapping fE My(G)
of the form f=t+3, (t€End(G), $CD) is a A-endomorphism of (G, +). Indeed,
(A)fCA because A is a fully invariant subgroup of (G, +). Also, for all x, y&G
there exists d’< A such that

GANS=x )+ )=+t + (x+3) 3= () 1+ () t+ d,
where (x+y)8=d'CA. Since DC(G, A),, we have
+NE+) =)+ ) - () S+ M E+8)— () S +d’
FENEE)=X)E+)+ () +8)+d, (dEA),
i.e. the mapping f=¢+8 is a A-endomorphism.

Theorem 4. Let G be a finite direct sum of a non-empty collection of
minimal E,-invariant subgroups B; (icI) and ACB; for some i<I. If every
JEEnd,\(G) is of the form f=t+8 (tCEnd(G), &) and the restriction of f
to A is an endomorphism of the subgroup (A, +), then the radicals Jy, Jy, J
and v are equal to the defect P of the near-ring Eo(G).
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Proof. We first prove that J,(E,(G))=<D. By Theorem I it follows that
DCH(ES(G)), ie. DCS,(Ex(G)). If fEJ,(Ex(G)), where f=1+8, (tCEnd(G),
3€ D), then 1€ J,(Ex(G)), ie. t&NA(B), because 8 J,(Ex(G)). For all x&G,

where x=b, + - .- +b,, (b,=B, i-——l I,...,n), we have
)=+ -+ - +b)(1+9)
=)+ + @)+ B+ +5)3
(f=b+---+b)d

because 1< (A (B). Thus, (x)f=(x)3, i.e. J,(Es(G)) CD. Hence, J, (Ex(G)) =D.

Since the defect %), by Theorem [, is nilpotent, it follows that the radical
J2 (E5 (G)) is nilpotent too. By using the fact that the above mentioned radicals
contain all nilpotent ideals ([4], 5.66 Summary) we obtain

JL(Ex(@)=J, (Ex(G)) =T, (Ex (G) =1 (EA(G)=D.

The previous theorem generalizes a result of M. Johnson ([3], Prop. 3).
Namely, if A={0}, then all these radicals coincide with the zero ideal.

Theorem 5 Let A be a minimal fully invariant subgroup of the finite
group (G,+). If the interesection of all nilpotent E(G)-subgroups contains the

defect D, then
J,(Ea(G)) =V, (Er(G)) =J, (EA(G)) =0 (EA(D))-

Proof. Let </ be a nilpotent E, (G)-subgroup. By assumption DC /4.
Since the near-ring E, (G) has the identity, the right ideal W generated by /4
has the elements of the form ([1], Prop. 1.2)

w‘_"Z(f;'ihini Rfi), (f;a h:EEA(G)a niEC/y)'

It was proved (see [1], Prop. 3.10) that W is a nil ideal. Thus, <4 (£, G)).
By using the Corollary of Theorem 2.6 of [2] it follows that E, (G)/n (EA(G)) is
a distributively generated near-ring which contains no nonzero nilptotent E, (G)-
-subgroups. The remaining part of the proof is similar to the proof of Theorem 3.11
in [1].

The previous theorem generalizes a result of M. Johnson ([3], T16).
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