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Let (M, d) be a metric space and T a mapping of M into itself. A
mapping T is said to be locally contractive on M iff for each u in M there
exists S(u, r(w)={v:d(u, v)<r(u)} such that d(Tx, Ty)<d(x,y) for all x,y
in S, r(w), x#y. If r(u)==e>0 for each u in M, then T is called e-contra-
ctive. M. Edelstein [3], E. Rakotch [5] and S. Naimpally [4] have constructed
some examples which show that locally contractive mapp ngs may be without
fixed or periodic points. M. Edelstein [3] has proved some f xed-pont or
petiodic-point theorems of e-contractive mapp.ngs which have a property that
a sequence {I"x},_o contains a convergent subsequence for some x n M.
In [2] is introduced a class of mappings which satisfy the follow ng cond:tion:
for every x, y in M there exists an integer m =m(x, y) such that

) x#y implies d(T"x, T"x)<d(x, y) for all n>=>m(x, y).

Such mappings are called eventually contractive operators, and if they are

orbitally cont nuous and {T"x},_o contains a convergent subsequence, then they
have t xed-point. . :

In this paper a class of mappings which satisfy a locally contractive
condition of the type (1) is intioduced and f xed-point and per od.c-point
theorems for such mappings are proved.

Definition. A selfmapping T of a metric space M into itself we call
a locally eventually contractive mapping iff for each u in M there exists a
spherical nbd S(u, r(u)) of u such that for every x, y=S(u, r(u)), x#y, there
exists a positive integer m(x, y) such that (1) holds, i.e.

d(T"x, T"y)<d(x, y) for all nZ=m(x, y).

It is clear that a class of locally eventually contractive mapp'ngs includes
eventually contractive mappngs with r(u)= o0, and locally contractive mappings
with m(x,y)=1. The following exampe shows that the discovered class of
mapp ngs is extensive.
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Example. For each positive integer n let

M, ={x=(x,, x,): x, = 2'"" cost, x,=2"""sint: 0<£<2 ™}

be a subset of the Euclidean plane. Put M= |J M, and let (M, d) be a metric
n=1

space with usuall metric. Define T: M — M by

T@)=21, if o<r<§,
T T
=t+—, if —<Lt<m
2" 2
=—;_+7r, if n<t<2m.

Then T is continuous and has infinite many fixed-poits: (1, 0), 277, 0),...,

(21_", 0), ... Therefore, T is not eventually contractive on M. Also, T is not
locally contractive at every point x with ;<7 and t,=2x. But T satisfies (1),

as for every u&M, we may put r (u)=2""and then for x, y< S (u, 27" choose

corresponding m (x, y), which is large only in the case when Q'"", 0 is
between x and y.

Now we shall indicate sufficient condition for the existence periodic
points of locally eventually contractive mappings.

Theorem 1. Let T be a locally eventually contractive selfmapping of a

metric space M into itself. If for some x in M the sequence {T"x}n_o contains
a convergent subsequence and T is orbitally continuous, then T has a periodic
point in M.

Proof Let x and u in M be such that lim T" x=u. Suppose that

i—o0
T"x#T°x whenever n#s, since otherwise the Theorem follows. Choose fixed
positive integers s and k£ such that Tsx and T°+fx are in S (u, r (w)) and

d(Ts x, T‘+"x)<—;—r(u). Then by (1) for every n>=m (T*x, Ts+kx)+ 5 one has

2) d(T"x, Tr+*x)=d(T"—*T* x, Tr=sTs+kx)<d(T* x, T‘+"x)<—;—r(u).
Hence

lim d(T" x, T"+* x) = d (u, T"u)g%r(u),

>0

as lim T"i*+* x=T*u by orbitally continuity of T. Therefore,

i—>w

Thucs (u, %} (u)) CS (G, r ().
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Now we shall -show that T%u=u. Assume that T*u=£u. Since lim T x=u,
i—o

d(u, T*x)<r(u) and T*uES (u, r(u)), by (1) we may choose a positive inte-
ger p=>m (u, T¥u) such that d(T* x, T°+? x)<-;— r () and

3) d(T?u, TP T*uy=d (T? u, TP**u)<d (u, T*u).
Let now n>m (T*x, T**2x)+s+m(T*x, T**kx) be any positive integer such

that d(u, T"x)<%r(u). Then
d(u, T"?x)<d @, T"x)+d(T" T x, T"~*T5+? x)
1 2
<?r(u)+d(T‘x, T’”’x)<?r(u),
du, Tr+P+kx)<d (u, T"+? x)+p (T"+P=2Tsx, Tr+r=sTs+kx)
<%r(u)+d(Tsx, T+k x)y<r (u).
Therefore, for sufficiently large n

“ Tr+P x, T"+P+* xS (u, r(u)) whenever d(u, T" x)<% r(u).

Since lim T" x=u, there eXists a positive integer N such that d(u, T" x)<%r(u)
whenever i>N. Then for any fixed n,=>m (T* x, T*+# x) + s+ m (T* x, T*+* x) with
i>N we have

d(T" x, T+ x) = d(T"~"P T"+ x, T~ p Tnito+k x)
<d(T"¥P x, 7+ x)
for every n=m(T"+" x, T"*P*k x). Hence
® d(u, TFu)<d (T x, TPtk ),
as d(u, TFu) is a claster point of a sequence {d(T"x, T"**x},_s. But (5)
implies
d(u, Tu)< I'm d (T2 x, T"P4E x) = d(T? x, TPtk x),

which is a contradiction w:th (3).
The proof is complete.

Now we bring suff cent condition for the existence of a fixed point. We
recall that a mapping T is sad to be asimptotically regular at x in M
iff imd(T"x, T"y)=0.

n—oe

3+
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Theorem 2. Let T be a locally eventually contractive mapping and let

for some x in M the sequence {T"x},_o contains a convergent subsequence. If T
is orbitally continuous and asimptotically regular at x, then T has a fixed point,

Proof. Let u in M be such that lim 7" x=u. Since T is asimptotically
i~>00

regular at x, there exists a positive integer K such that n>K implies
1
d(Tnx, T**' x) <? r (u). Hence

i—>o0

lim d(T" x, T"+1 x) =d (u, Tu)é%r ).

Therefore, in this case T*u<S (u, r (u)) for k=1. Then, as in Theorem 1, it
follows that Tu=u. The proof is complete.

Note that if a locally eventually contractive mapping is not orbitally
continuous, then T may be without periodic points. The following example
shows it.

Example 2. Let M=[0, 1] be a compact subset of the Euclidean
plane. Define T: M — M by Tx=—;i, if x#0 and T(0)=1. Then T satisfies
(1) with r(u) =diam (M), m(x,y)=1 for x#0, y#0 and m ©, x) =
=F (log2 %) (E(a)— the greatist integer not exceeding a). But T has not a

periodic or fixed point.
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