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ON SOME INTERCALATIONS IN ORDERED SETS*
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0:0. In doctoral Thesis (Kurepa, P. 1939) were considered various extensions
and intercalations, in ordered sets, among other maximal ones (§3:VII, §4,
§10:4, 11:5). In this connexion there are many works by Krasner, Dokas, ...
on ,,Kurepa completions*, semi-reals. . .

In Kurepa [1963] n°4, n°6 the following two intercalation conditions
for any ordered set (O, <) were published:

0:1. Condition C(x): Any ordered subset of cardinality <<, admits in the
set an extension in every direction in the sense that for any X O such that
| X[<%N, and for any ordered set X, such that X,DX, X,\ X={x,} (irrespec-
tive whether x,&O holds or not) there exists a point p& O such that the
identity mapping on X plus the mapping x,+>p(x,)=p be an isomorphism
between the ordered sets X,=XU{x,} and XU{p}.

0:2. m-intercalation (or=I, (n)) (n any given cardinal number). For any 3-un
(= ordered triplet) (4, B, C) of subsets of O, each of cardinality <u, the
conditions

0:3) A<B and B|C
imply the existence of a point p: =p(4, B, C) in O such that
(0:4) A<p<B, p|C.

Consequently, the subsets 4, B, C are in the left - half - cone O(-, p): =
={x.".x€0, x<p} of (0, <), in the right half cone O(p, -): ={x. .x€0,
p<x} and in the complement of the p-cone O[p]: ={x. . xS0, x<pVx=p},
respectively.

Since the requested point p in the n-intercalation condition satisfies (0 :4)
one has necessarily

04NC= 2z =1BNC

where

(0:5) 04:= U (-, a, 1B=U]Ib, -)
acAd beB

* Supported by Republitka zajednica za nauku SR Srbije, through Matemati¢ki institut.
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and o
0:6) (-, dl={x.".xE0, x<a}, [b, -): ={x.".xE0, b<x}.

Therefore we can formulate following.

0:7. Intercalation 01 (n) (or I(n)). For any 3-un (4, B, C) of subsets of (0, <)
each of cardinality <<r and such that

0.8) VAUIB)NC= o
there exists a point p: =p(4, B, C) of O such that
0:9) . A<p<B and plC.

1. Theorem. For any ordinal number o the conditions C(x), 01 (N,) are
equivalent, i.e. an ordered set (O, <) satisfies C(x) if and only if (O, <) satis-
fies T(R,).

1:1. Proof of =. Let x,: =(4, B, C) be any 3-un like in the wording
of 01 (N,); then X: =AUBUC is an ordered subset of power <§, of (0, <);
let us consider the set X, =XU{x,}; of course, X, \X={x}; let <’ be the
order relation in X, obtained by extending (X, <) on setting 4<"x,<<'B, x,||<-C.
As the set (O, <) has the property C(«) there is a point p& O such that the
mapping s of X, satisfying sPX=1Idy and sx,=p be a similarity between
X, <') and (XU{p}, <); this means exactly that p is a point in (0, <)
requested by the condition 01 (,). : ' ’

1:2. Proof of <. Let (0, <) be given and let X be any subset of cardina-
lity <§,; let (X,, <) be any axtension of (X, <{) obtained by adjoining to X
a single point x,X. Consider: '

A:={a.".acX, a<'xy}, B:={b. .bEX, x,<'b}, C: =X\ (4UB).

The 3-un (4, B, C) of subsets of (O, <) satisfies the condition (0:3). As a
matter of fact, 4<'x,<'B thus A<'B and A<B (because 4B O); further
there is no point ¢&C such that c¢<{a for some acA because, in opposite
case, there would be a ¢<'x, i.e. ¢4, A being a left segment of (X, <)
but ¢c&A4 does not hold because CC X\ 4. Analogously one checks easily that
CN\(B, -)= @ . Thus (0: 3), (0,8) hold; then according to 01 (¥,) there is a point
pE O such that A< p<<B and p|| C; then the mapping sMX, such that sPX =Idy
and sx,— p is a requested similarity between (X;, <") and the subset (X U {p}, <),
s extending the identity mapping Idy. This finishes the proof.

1:3. Remark. If one deals with lattices, then one could assume also that not
only A< B but that also 4, B be directed upwards and downwards respectively.
Exactly so proceeded Negrepontis, S. Therefore the intercalation condition
[I. Negrepontis, S. 1969] p. 517 in L. 1:6. (cf. also Comfort — Negrepontis
[1974] p. 124.) should be compared to the intercalation condition C («) in D. Kurepa
[1963] p. 21. We considered the condition still earlier; cf Math. Rev. 52
(1976) 4 2888.

2. In connection with the above intercalation condition 01 (#) it is natural
to consider also the following.
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2:1. Inmtercalation condition 10 (r). Given an ordered. set (O, <) and a cardi-
nal number n. For any 3—un (4, B, C) of subsets of O, of cardinality <n each,
and such that -

A<B, (lAUOB)ﬁC= [o]
there exists a point p=p(4, B, C) of O such that
| A<p<B, pjcC.

2:2. One checks readily that the arguméms of the section 1 hold on permu-
ting the signs 0, 1. In particular, C (o) and 10(N,) are equlvalent condmons
~ Therefore, because of 1 we have the following

2:3. Theorem For any ordered set (O, <) and any ordinal number « the
intercalation conditions C(x), 01 (N,), 10 (N,) are pairwise equivalent.

. 3. On an intercalation 7, (n). The above n-intercalation: =17 (n) was consi-
dered in connection with ramified sets (:== pseudotrees). For any (0, <) we
may examine the folloving intercalation:

3:1. I,(n). For any ordered set (0, <) and any 3-un (4, B C) of subsets, of
cardmahty <n each, the concutlons ,
- | A<B, AUB|C
imply the exiétence of a péint pEO such that
A<p<& rllcC.

- In other words (cf. (0: 3)) I,(n) is obtained from the condition I, (n) on re-
questing moreover that A || C. Therefore we have the following

3:2. Lemma. If (O, <) satisfies the n-mtercalatlon the more (0, <) satlsfxes
L, (n); in other words.

(3:3) I,{m) = I,(n) for any cardinal number #.
On the other ‘hand, one has the following

© (3:4) Lema. 01(n) = L (n).
' Proof. At first,
(3:5) . _AUB|IC = 0AUIBNC=5.

In opposite case, one of the sets 0 4NC, 1 BNC would be # &; assume
that the first case may occur, i.e. that some point ¢ exists such that ¢=C
c<a for some ac A; this would mean that 7.4 || C, contrarily to the assumption
(AUB) || C. So (3:5) holds. Let us now assume that (O, <) satisfies I(n); to
prove that (O, <) satisfies I,(n). As a matter of fact, let (4, B, C) be any
3-un of subsets of (0, <) of power <n each and such that A<B, (4UB)|| C;
then according to (3:5) the assumptions for application of 01 () occur and one
has a point p& O such that A<p<B, plj C, as was requested in the conclusion
- of I,(n).
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3:6. Remark. If one applies 7, (n) to the ordered set (O, >) one gets for
(0, ) the following.

Interclation I' (n). For any. 3-un (4, B, C) of subsets of (0, <) of cardi-
nality <n each, the conditions :

A<B, 4| C
imply the existence of a point pE£ O such that
A<p<B, p|iC

3:7. In [Kurepa 1963] section 8 following question was raised: Exhibit an
ordered set (O, <) having the I(x,)—property but not having the C(x)—pro-
perty. According to 2:3 such a set (O, <) would satisfy renher 01 (x,) nor
10 ().
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