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A NOTE ON ULTRAPOWER CARDINALITY
Aleksandar Jovanovié
(Communicated August 5. 1977)

Here we give some evaluations of ultrapower cardinality, obtained by
generalising techniques developed in [1] and [2]. Filter regularity definition
is from [2].

We say that a filter D is (o, B)-regular if D contains a family E such
that

"E|=f and
XTE& X|Za>NX=¢.

Ultrafilters D and E are equally regular if for all « and B D is («,
B)-regular iff E is («, B)-regular.

In the following text we assume that D is an uniform ultrafilter over
an arbitrary cardinal vy.

Proposition. If D is(«, B) regular and v, k are cardinals such that

o<<v{B a<<k<B and

kl=k, then
L. T k[>2¢ and
D
2. T1&r=[TT«].
D D

Corollary.
3. If (of VL =cfy then IAH ofy|” *:)Dﬂ ofvl.

4. If v is strongly inaccessible or (y=A% and 2*=2L1") then

Tlvl-2
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Proof.
I. By assumption, k2 =k, what implies that |[ [ k|=|]] %] and v<k.
D D

Since D is («, B)-regular and v& ([, B], D is (v, B)-regular too. Let ECD be
such that

9 1 El-p
b) if XCE and | X |>v then NX=g.

Let E be well ordered by <. For all i & JE&ED we define:
X(@)={ecE: ice} and
seq () to be the sequence of e~ X (i) ordered by <. Given any g& &y,
we define g’
if seq(i)=<eg|E<<v;<<v) then
g () =<g(ex) [E<v;<v).
X(@)CE and i€ NX(@f). hence by b), |X(i)|<v and thus g’ (i)CkZ. Define
7T Ev—>n ki with mg=g',. We prove that mis 1—1. Let g, AcEv and g+#£h.
D

That means that for some e—FE g(e)#h(e). Let e be e, in seq(i). Hence,
for all ice

g(D=Xg) --ger) --gleg - E<v<vy#(h(e) - -h(e): - -h(e)- -
By vy =H(D).

Since e D, we have that g'psh',. Hence
k|7 -2,

2. k< =k is assumed. So, H_Ik!:!nkl[. We shall prove that
D D

T
i
D

ki <I nkli. To do that it is sufficient to find =, which maps a subset

D
of T1 &< onto *([ [ k). For this, it is sufficient to find a o ¥(%k)—>* (k) such that
D D

(+) if g, A& ("k) and og= poh, then for all E<v, g(€)=ph ().
Since then t can be defined by:

if og=f then (fp)=<{gE)|E<).
D is («, B)-regular and hence («, v)-regular, so there is an ECD such that:
|El=v, and for all XCE, |X|>« implies that N X= 2. Let E be well order-
ed with <. From here E={e;|{<v}. By choice of E, for any ic J E there
is v;<Cv such that ice, but for all £>v;, ie;. Now we define o:

if g&*(k) then (cg) ()={g(2)(®---gE) () - - E<w).

cge&v(ky). We prove (+). Let 6g=,0h and let X={icy:(sg8) (i)=(ch) (i)}.
XE&D. For all E<v we define dy={icy: v;>E&}. Since {iCy: v,>E}= Ue,, we
A>3
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see that for any £<v, d;& D, and y\dg< D. Hence, for all £<v, dgNXED.
However, for all icd: X we have that v,>& and (¢g) (i) =(c h)(i). Thus,

{iEy:g®W)=hE D} DdNXED,

which implies that g (&)= ph ().

3. D is a uniform ultrafilter over vy therefore it is (¢f(y), ¢f(y))-regular.
cf(Y)”f\(J)ch(y) is assumed, thus we can apply 2. to obtain

Lo =TTl

4. a) if y is strongly inaccessible then ¢fy~=+y and yX =+v. Thus, we have
| TTvi={TTy[r=2v
D D

b) if y is a successor cardinal, say y=A", then ¢fy=1y. Suppose that

continuum hypothesis is true on A ie. 2*=2A* =+. Then we have y¥=vy*=
=2*=+, and, by 3.

Tvl= [T vk-2

From Frayne, Morell and Scott Theorem we know that lnﬂ>y. Now we
D

see that in the cases a) and b) we have H—[ﬂzﬁ or, equally 'Hy‘ does
D D
not depend on the continuum hypothesis at ¥.

We could not answer the following question.

Is it possible that for some cardinal k and some equally regular ultra-
filters D and E

heEhE
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